INEQUALITIES

1.1 INTERVALS

A subset of the real line is called an interval if it contains at least two numbers and contains all the
real numbers lying between any two of its elements.

Geometrically, intervals correspond to rays and line segments on the real line, along with the real
line itself. Intervals of numbers corresponding to line segments are:

1. Finite intervals.
2. Infinite intervals.

A finite interval can be classified into:

1. Closed: if it contains both of its endpoints.
2. Half-open: if it contains one endpoint but not the other.
3. Open: if it contains neither endpoint.

The endpoints are also called boundary points; they make up the interval's boundary. The
remaining points of the interval are interior points and together comprise the interval's interior.
Infinite intervals are closed if they contain a finite endpoint, and open otherwise.

Types of Intervals

Notation Set description Type Picture
Finite: (a,b) {x|a < x < b} Open .
a b
[a, b] {xla =x = b} Closed
a b
[a, b) {xla =x < b} Half-open 8
a b
(a,b] {xla <x = b} Half-open
a b
Infinite: (a, ) {x|x = a} Open -
[
[a, o) {x|x = a} Closed
’ a
(—o0, b) {x|x < b} Open -« 0
(=00, b {x|x = b} Closed < 1
(—o0, 00) R (set of all real
numbers) Both open =

and closed
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1.2 INEQUALITIES

The process of finding the interval or intervals of numbers that satisfy an inequality in x is called

solving the inequality

For example, the solution of the following simple equation

5x—-3=2
Is
x=1
But the solution of the following inequality
5x—-3<2
Is
x<1
Orin a set notation
{x:x <1}
Or in interval notation
(=, 1]

The following graphs illustrate the difference between solution of the equation 5x — 3 = 2 and

the solution of the inequality 5x —3 < 2

._10_

The solution of 5x — 3 = 2 is one real number The solution of 5x — 3 < 2 is a set of real numbers
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Rules for Inequalities

If a, b, and ¢ are real numbers, then:

. a<b=a+c<b+c

2. a<b=>a—-—c<b—c

3., a<bandc >0 = ac < bc

4. a < bandc < 0 = bec < ac
Special case:a < b = —b < —a

5. a>0= 120

6. Ifaand b are both positive or both negative, thena < b = ?l) < %

I.

5

EXAMPLES

Example 1.1
Solve the inequality
2x—1<x+3
Solution
2x—x<3+1=>x<4 Ans.

The solution can be written into the following notations:

Interval notation : (—o0,4)
Set notation: {x:x < 4}
Real line notation: — O — X
4
Example 1.2
Solve the inequality
ad <2x+1
—= X
3

Solution

—x<6x+3=>-7x<3

7x > —3 > 3 ( 3 ) A
-3 —— —— .
X X = 7 ns
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To find the root

Negative Solution Positive Solution
———————— ++++++++

- O = (x +3/7)
(x+3/7)<0 =3/7 (x+3/7)>0

(x+3/7)=0
Then the solution is
(-5.%) 4
— — m .
= ns
Example 1.3
Solve the inequality
x+1 >0
xX—2
Solution
x+1=0 =x=-1
x—2=0=>x=2
+++++4+0—————— 0++++++
— O O -
1 2
Ans.(—o0,—2) U (2,)
Example 1.4

Solve the inequality

IA
R |

x+2
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Solution

x—1 1 x(x—1)—(x+2 2_2x-2
1y o =Dy o X2 -2

x+2 x x(x +2) x(x +2)

Find the roots for the numerator
x2=2x—-2=0

To find the roots of the above “Quadratic Equation” use the following general formula

) —B ¥+VB?% - 4AC

If Ax*+Bx+C=0 then x=
2A
Then
2F /22 —-4(1)(-2) 2FV12 2FV4x3 2F2V3 _

2 2 2 2
Or(x—l—\/§)(x—1+\/§)=0
Find the roots for the denominator
x = 0 (Denominator # 0,i.e.,x # 0)
x = —2 (Denominator # 0,i.e.,x # —2)

++++0——-——0++++4+0————— 0++++
- O @ O @ -
-2 1-+/3 0 1++/3

Ans.(—=2,1-+/3] U (0,1++V3]

Example 1.5
Solve the inequality

x? -1
x+2

<1

Solution

One can rewrite the above inequality in terms of intersection notation as follows

1<xz_1 n x2_1<1
x+ 2 x+ 2
Or
x2 -1 ) x2—1<1
x+2 x+2
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x? -1

> —1
x+2

x% -1
x+2

x2—14x+2
x+ 2

X2 4+x+1
x+2
X2 4+x+1=0

+1>0

Then the roots are complex
(i.e., there is no real root)
And x2 + x + 1 > 0 for any value of x

x+2=0>x=-2

Ans.(—1.3,2.3)

1F¥+13
2

x;=—-13 and x, =23

x+2=0>x=-2

- ——0+++0—-———-0+++
-2 -1.3 2.3

{(—0,-2) U (~1.3,2.3)}
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HOMEWORK

Solve the following inequalities and show their solution sets on the real line.

HW 1.1

HW 1.2

HW1. 3

HW 1.4

HW 1.5

HW 1.6

HW 1.7

HW 1.8

HW 1.9

HW 1.10

5x—3<7-3x

2 1>7+7
Xx—5zTx+=

(x+3)?2<2
x2—x-22>0

x+5 12+ 3x
<
2 4
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1.3 ABSOLUTE VALUE

The absolute value of a number x, denoted by |x| , is defined by the formula

|x|—{x ,x =0
T lex x<0

Geometrically, the absolute value of x is the distance from x to 0 on the real number line. Since
distances are always positive or 0, we see that |x| = 0 for every real number x, and |x| = 0 if and
only if x = 0. Also,

|x — y| = the distance between x and y

on the real line

y X

- I I =

l<=—distance —

Definition of the absolute value by using the square root

x| = /x?

Note: Remember that Va2 = Fa, ifa = 0, then Va? = a.

The absolute value has the following properties

Absolute Value Properties

. |—a|=]a| A number and its additive inverse or negative have
the same absolute value.
2. |ab| = |a||b| The absolute value of a product is the product of
the absolute values.
al _ @ The absolute value of a quotient is the quotient
b |b] of the absolute values.
4. |a + b| = |a| + |b] The triangle inequality. The absolute value of the

sum of two numbers is less than or equal to the
sum of their absolute values.
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The following statements are all consequences of the definition of absolute value and are often
helpful when solving equations or inequalities involving absolute values

Absolute Values and Intervals
If a is any positive number, then
5. |x]=a ifand only if x = +a
6. [x]<a ifand only if —a <x < a
7. |x|>a ifandonly if x > @ or x << —a
8 |x|=a ifandonly if —a =x =a
9. |x|=a ifandonly if x = a or x = —a
- O O - x| < a
—a a
— O O — x| > a
—a a
- ® ® - |x] < a
—a a
— o @ — x| = a
—a a
EXAMPLES
Example 2.1
Solve the equation
[2x = 3| =7

Solution
2x—3 =47 & |x|=a then x = Fa
Either2x —3 =47 =2 x=5 or 2x—-3=-7 = x=-2

Then the solutionsarex = 5andx = —2 Ans.
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Example 2.2

Solve the equation

x?—=2|x|-3=0

Solution
The solution will be
x2=2x—-3=0 for x>0
x2+2x—-3=0 for x<0
Simplify the above equations, yields

x—=3)x+1)=0 for x=0

Either x = 3

Or x = —1 this solution should be ignored because x = 0
x+3)(x—1)=0 for x<0

Either x = —3

Or x = 1 this solution should be ignored because x < 0

Then the solutions are x = 3and x = —3 Ans.

Example 2.3

Solve the inequality
2
52 <
x
Solution
Use property 6, |x| <a e —a<x<a

2 2 1
-1<5—-—-<1 & -6<—-——-<-4 & -3<-—-—-<-2
X X X

Then the solution is
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Example 2.4

Solve the inequality

|x+2|<1
lx — 1]
Solution
|x+2 1
x—1
x+2
-1< <1
x—1
Or
1 x+2 n x+2<1
x—1 x—1
x+2<1 A x+2> L
x—1 x—1
x+2 x+2
-1<0 N +1>0
x—1 x—1
3 <0 n 2x+1>O
x—1 x—1
- At 3
1 x—1
B R T et tttt 2x+1
~1/2 1 x=1

Or
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Example 2.5

Solve the inequality

|x — 1]
<
x+2
Solution
| | {x—l when x—1=20=>x>1
x—1| =
—(x—1) when x—1<0=>x<1
|x — 1| L<o0
x+2 -
when x—1>20=>x>1 when x—1<0=>x<1
{(x_l 1<0)n >1} U {(_(x_l) 1<0)n <1}
x+2 - (x=1) x+ 2 = (x )
x—1—(x+2) —(x-1)—-(x+2)
< > <
e R )l
e I [
X+ 2 - (x_ ) x+2 = (x )
{( 3 <0>n 1 >o} U {(_Zx_1<o)n 1 <0}
x+2 (x )= x+2 (x )
The solution will be
[1,0) U (=0, —2)U[-1/2,1)

or[1,00) U {(—o0,-2)U[-1/2,1)} = (—0,2) U[—1/2,) Ans.

ettt ittt e x—1
1
-3
t++t++ [ — —
-~ o = x+2
-2
——————————————————— Sttt Y —1

1
——————— S e —2x -1

_5 —1/2 x+2

Y
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Example 2.6

Solve the inequality

2x+5
e
X
Solution
2x+5 2x+5
=>1 U <-1
X X
2x+5 2x+5
—1>0 U +1<0
X
2x+5—x 2x+5+x
—=0 U —=<0
X X
x+5 3x+5
=0 U <0
X X
The roots are
5
x = =5, x#0 U x=—§, x#0
bttt ————— Attt x+5
-5 0 X
B ks s kP FH++++++ 3x+5
~5/3 0 x
The solution will be
{(—00,=5] U (0, )} U [—5/3,0)

or

(=00, =5] U [-5/3,0) U (0, ) Ans.
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HOMEWORK

Solve the following inequalities and show their solution sets on the real line.

HW 2.1

HW 2.2

HW 2.3

HW 2.4

HW 2.5

HW 2.6

HW 2.7

HW 2.8

HW 2.9

HW 2.10

‘3x S 2
5 5

2
2oy <s
X

2

>1
|x — 1]

|x — 2|

<|x+2|

24+ x|+ |x+1] <16

5

>1
[x —2x2| " x

|x+3

2|x —2
x+1‘< Ix |

1+4x 14+x

3 2x
| |S4

[2x + 6]
—>1
x—1

1 1 5
+ <=
x34+3  |x|+2l76
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FUNCTIONS

2.1 FUNCTIONS AND THEIR GRAPHS

Functions are the major objects we deal with in calculus because they are key to describing the
real world in mathematical terms. This section reviews the ideas of functions, their graphs, and
ways of representing them.

Functions; Domain and Range

If the value of one variable y is completely determined by the value of x (that is, y depends on the
value of x) we say that y is a function of x. Often the value of y is given by a rule or formula that
says how to calculate it from the variable x. For instance, the equation A = nr? is a rule that
calculates the area A of a circle from its radius 7.

A symbolic way to say y is a function of x is by writing

y=fkx) (yequalsf of x)
In this notation:

e The symbol f represents the function.
e The letter x, called the independent variable, represents the input value of f.
e 1y, the dependent variable, represents the corresponding output value of f at x.

Definition of a Function

DEFINITION Function

A function from a set D to a set Y is a rule that assigns a unique (single) element
f(x) e Y to each element x € D.

The set D of all possible input values is called the domain of the function. The set of all values of
f(x) as x varies throughout D is called the range of the function. The range may not include every
elementin the setY.

X e—— f r—- f(X')
Input Output
(domain) (range)
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A function can also be pictured as an arrow diagram. Each arrow associates an element of the
domain D to a unique or single element in the set Y.

./

-_//’ — \ f(a) L)

X

D = domain set Y = set containing
the range

For real-valued domains and ranges, the following points should be satisfied:

1. We cannot divide by zero. The denominator cannot be zero.
2. Anyvalue under the square root cannot be negative.

EXAMPLES

Example 2.1

Verify the domains and ranges of the following functions

Function Domain (x) Range (y)

y=x (=00, 00) [0, 00)

v =1x (=00, 0)U (0, 00) (=00, 0)U (0, c0)
y=Vax [0. 00) [0, 00)
y=V4—x (—00, 4] [0, 00)
v=VI1-x [—1, 1] [0, 1]

Solution

Example 2.1a

<
I
=

The domain is Dy = (—o0, o)

One can substitute the domain into the function to find the range. Or on can find x as a function of
y to find the range:

x =y ,y >0

MATHEMATICS I BY BALQUEES ABDULWAHID, B.Sc., M.Sc., BAGHDAD UNIVERSITY, CIVIL ENGINEERING. 27 I



UNIVERSITY OF BAGHDAD, COLLEGE OF ENGINEERING, CIVIL ENGINEERING DEPT. ((g 5\

y cannot be negative Ry = [0, )

Example 2.1b
Y= 1
X
x#0
Then the domain is Dy = (—o0,0) U (0, o)
1
x ==
y
y#0
Then the range is Ry = (—0,0) U (0, ©)
Example 2.1c
y=+x
>0

Then the domain is Dy = [0, )
By substituting the domain into y one can find the range

The range is Ry = [0, ©)

Example 2.1d

y=Vi—x

4—x>20 = x<4 => y=0
Then the domain is Dy = (—oo, 4]
By substituting the domain into y one can find the range
The range is Ry = [0, )
Or
y2=4—-x = x=4-—vy% but y=>0

Then Ry = (—00,0) N [0, ) = [0, o)
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Example 2.1e
y=+1—x2
1-x220 = x2<1 = Jx2<V1l > |x]|<1 = -1<x<1
The domainis Dy = [-1,1]
From the above function
y =0 (Generally)
But
y2=1-x% = x2=1-y2 = x2=,1-)2
1-y2>20=> -1<y<1
ThenR, ={y 20}n{-1<y <1} =[0,1]

Example 2.2

Find the domain and range of the function

Solution
x—2+0 = x+2
The domain is Dy = (—, 2) U (2, ©)
From the above function
—o <y< o (Generally)
But

The range is Ry = (—,0) U (0, )
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Example 2.3

Find the domain and range of the function

y=JVvx—1
Solution
V=120 = J/x=>1 = x>1
The domain is Dy = [1, )
From the above function
y =0 (Generally)
But
yi=Vvx—-1 = VJx=y*+1 = x=@*+1)>
-0 <y <™
Then Ry = {y 20} N {—o0 <y < o} = [0, )

Example 2.4

Find the domain and range of the function

Solution

y2=1-x% = Jy2=y1—-x2 = y=41-—x2
1-x2>0 = —-1<x<1

The domainis Dy = [—-1,1]
x?=1-y? = Jx2=1-y2 = x==1,1-y?
1-y2>0 = -1<y<1

The range is Ry = [—1,1]
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Example 2.5

Find the domain and range of the function
y=+x%-2x-3

Solution

x2-2x-320 > (x-3)(x+1)=0

tHt ettt ——————————— ++++++++
® @
-1 3

m——

The domain is Dy = (—o0, —1] U [3, )
From the above function

y =0 (Generally)
But

yi=x?—-2x—-3 = x*-2x—3+y*)=0

2+,4+43+y?
(o 2EY 2( ) 14 favye

44+4y2>0 or 4+y?+—ve

—0 <y <o
Then Ry = {y 2 0} N {—o0 <y < o} = [0, )

Example 2.6
Find the domain and range of the function

_x2+1
y_xz—l

Solution

x2=1#0 = x#+1
The domainis Dy = R\ {—1,1}

Where R = (—0, ), the set of real numbers

(x—-3)(x+1)
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y(x? -1 =x*4+1 = yx*—y—-x*—-1=0

y—1 y—1
2y—-1D=y+1 = x*= = = [——
»o-D=y X y+1 X y+1
~1oo
y+1
B bttt F bbb G-1
The range is Ry = (—0, —1] U [1, ©)
HOMEWORK
Find the domains and ranges of following functions
HW 2.1
x2_y2:1
HW 2.2
y=+x—Vx—-3
HW 2.3
Jy+5xVx—3=4
HW 2.4
Vx+5-.,y—-3=4
HW 2.5
y=Vx+
x—1
HW 2.6
_|x=3
Y= la=x
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2.2 IDENTIFYING FUNCTIONS AND MATHEMATICAL MODELS

One can classify the ordinary functions into the followings:
1. Algebraic Functions. These functions can be subdivided into the following functions:

a. Linear Functions.

b. Nonlinear Functions. This family of functions includes; Power Functions,

Polynomials and Rational Functions.
2. Transcendental Functions. These functions are not algebraic they include:
a. Trigonometric Functions.
b. Exponential Functions.

c. Logarithmic Functions.

Algebraic Functions

An algebraic function is a function constructed from polynomials using algebraic operations
(addition, subtraction, multiplication, division, and taking roots).

Linear Functions
A function of the form
f(x) =mx+ b,

for constants m and b, is called a linear function.

=)
=)

T

|
e |

| .
X

o T 2
FIG! e collection of lines

v = mx has slope m and all lines pass FIGI sonstant function
through the origin. has slopem = 0.
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Power Functions

A function

where a is a constant, is called a power function. There are several important cases to consider.

a. a = n, a positive integer.

f(x) =x®

The graphs of f(x) =x", for n=1,2,3,4,5, are displayed in figure shown. These
functions are defined for all real values of x. Notice that as the power gets larger, the
curves tend to flatten toward the x —axis on the interval ( 1,1) , and also rise more steeply
for [x| > 1. Each curve passes through the point (1, 1) and through the origin.

.\‘
.

- v

b. a=-1

The graphs of the functions f (x) =x 1 =1/x and g(x) = x 2= 1/x?

Graphs of f(x) = x". n

or a=-2

1.2.3. 4, 5defined for —oco < x <

-1

|
1 0 1

.“:xs N
/ \]
e —

are shown in

the figure. Both functions are defined for all x # 0 (you can never divide by zero). The
graph of y = 1/x is the hyperbola xy = 1 which approaches the coordinate axes far from
the origin. The graph of y = 1/x? also approaches the coordinate axes.

Domain: x = 0

Range: v# 0 0 1
Domain: x # 0
Range: y=0
(a) (b)
FIi aphs of the power functions f(x) = x“ for part
(a)a = —1 and for part (b)a = —2.
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| |

and

N | W

11
a. a—z,g,

wIlN

The functions f(x) = x/?2 = \/x and g(x) = x/3 = {/x are the square root and cube
root functions, respectively. The domain of the square root function is [0, o), but the cube
root function is defined for all real x. Their graphs are displayed in the following figures.

—
y=Vx
3
1E v="Vux
| /
I X | X
0 1 04 1
Domain: 0= x < = Domain: — << x << =
Range: 0=y< Range: - <y< =
.\\
.‘\
3/
y =13
3
v = x2/3
1~ l /
| X | X
0 | 0 1
Domain: 0= x < = Domain: —oc < x << o
Range: O0=y<= Range: 0=y <=

Polynomials

A function p is a polynomial if
p(x) =ax"+ap_x" 1+ -+ ax+a,

where n is a nonnegative integer and the numbers a, ,a,, a,, ... , a, are real constants (called the
coefficients of the polynomial). All polynomials have domain (—oo, o). If the leading coefficient
a, # 0andn > 0, then nis called the degree of the polynomial.

Polynomials of degree 1, p(x) = a,x + a,, are called Linear functions.
Polynomials of degree 2, p(x) = ax? + bx + c, are called Quadratic functions.
Polynomials of degree 3, p(x) = ax® + bx? + ex + d, are called Cubic functions.

The figure below shows the graphs of three polynomials.
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y v St — 4x3 — 92 4+ 11x — 1 v=x—2%+ D¥x—1)

| -
X

(a) (b} (c)

Graph of three Polynomial Functions

Rational Functions

A rational function is a quotient or ratio of two polynomials:

_PW
fx) = e

where p and g are polynomials. The domain of a rational function is the set of all real x for which

q(x) # 0. For example, the function
2x% -3
fe = 7x + 4

is a rational function with domain{x:x # 4/7}. The graph of these type types of functions are
shown below

AU S S PR |
i S
.‘I
4k v
L ¥y v 82 — 14x% — 0x2 + 11x — 1 v=(x—2%r+ DAx—1)
r=e AR : 16
2_
L | x
1 2
Lo T
-4 =] 0 2 4 I o | X
- -1 0 1 2
ok
_16
4k
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Also, the following figure shows general algebraic functions

v y=x(1 —x?*

[y

Transcendental Functions

These are functions that are not algebraic. They include the trigonometric, inverse trigonometric,
exponential, and logarithmic functions.

Exponential Functions
Functions of the form
f ) =a*
where the base a > 0 is a positive constant and a # 1, are called exponential functions.

All exponential functions have domain Dy = (—0, ) and range Rr = (0, ). so an exponential

function never assumes the value 0. The graphs of some exponential functions are shown in the
figure below.

v= 10" y=10-"
12 12
10~ 10+~
S+ S
y=3" 6
4
y=27" 2r
#ﬁﬁ“"’ | |. . | | -‘"":‘Fﬁ‘% T
-1 05 0 05 1 -1 =05 0 03 1
() y=2%y=3y=10" by y=2"y=3"y=10""
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Trigonometric Functions

These functions include sin x, cos x,tanx, .
.ﬁl
J' ™
/‘\ /\h : /‘\
| | | | | .- | | L oy
- ’ r\_/zn- \ \/ ’ z\/ \/
71 -1+ :

(a) flx) =sinx (b) fix)=cosx

Logarithmic Functions
These are the functions

f(x) =logg x,

where the base a # 1 is a positive constant. They are the inverse functions of the exponential
functions. See the figure below
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Even and Odd Functions

DEFINITIONS  Even Function, Odd Function

A function y = f(x) is an
even function of x if f(—x) = f(x),
odd function of x if f(—x) = —f(x),

for every x in the function’s domain.

EXAMPLES

Example 1

Recognize if the functions are even or odd:

a. f(x)=x2
b. f(x) =x%+1.
c. f(x)=x3
d f(x)=x

e. fx)=x+1
Solution
Solution a:

f(—=x) = (—x)?=x2=f(x) forallx

Then the function is Even and it is Symmetric about y — axis.

N |7
(—x, ¥) (x, v)
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Solution b:
fl=x)=(x)?+1=x*+1=f(x) forallx

Then the function is Even and it is Symmetric about y — axis.

Solution c:

fl(=x)=(—x)3=-x3=—f(x) forallx

Then the function is Even and it is Symmetric about the origin.

Solution d:

f(=x) =(—x) =—x=—f(x) forallx

Then the function is Even and it is Symmetric about the origin.
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Solution e:
f(—x)=(—x)+1=—-x+1+#f(x) =x+ 1 Noteven

f(=x)=(—x)+1=—-x+1#—f(x) =—x—1 Notodd
Then the function is not Even nor odd.

Then the function is not Even nor odd.

Piecewise-Defined Functions

Sometimes a function is described by using different formulas on different parts of its domain.

One example is the absolute value function

x, x=0
|x| =
—x, x<0
|‘1
v =[x
y=—x O
V=X
2_
]_
| L L L 5 x
-3 =2 -1 0 1 2 3

Df = [—OO, OO], Rf = [0' OO]
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Example 2.7

Graph the following function

Solution

Sighum Function
It derives its name from the Latin word for “sign”. The definition of this function sgn x is as follows
(—1, ifx<0
|
sgnx=4 0, ifx=0
1, ifx>0

therefore the domain of the function is [—o0, o] and the range of the function is {—1, 0, 1}.

15 1y
10 >
y =sgnx 05
X
T T T T G' T T T T :
4 3 2 -1 1 2 3 4
-0.5
- =)
1.5 4
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Example 2.8

Graph the following functions:
a. y=sgn((x?-1).
b. y=uxsgn(x+2).

c. y=+/xsgn (x2x+1).

Solution 8.a:
-1, ifx?—1<0>x|<1=>-1<x<1
sgn(x2—1)=JO, ifx2—1=0>x=7%1
|
kl, ifx?=1>0>x|>1=>@xG<-1DUux>1)
then
Df:(—OO’OO)' Rf:{_lloll} ‘
1
24 Y
- O 1 4 O >
X
T T T .C . T T T -
-4 3 2 1 (] 1 2 3 4
OO
_2-

Solution8.b:

((—1)><x=—x, ifx+2<0=>x<-2
xsgn (x + 2).= 0, ifx+2=0=>x=-2

(Dxx = x, ifx+2>0=>x>-2
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A

4. y

3 4

2 A

3 X
f T —@——F5 T T T Y -
-4 3 /- 1 2 3 4

-2 4

-3 4

Then from the graph
Df = (—OO, OO), Rf = (_2' 00)

Solution8.c:
x2+1
X
( x?
—x, if <0Nx>20=>x2+1#0,x#0=>x<0nNx=0=>0
ox%2+1
=< 0, if " =0=2x241#0,x#0=>0
xZ
| VX, if >0Nx>20=>x2+1#0,x#0=>x>0Nx=0=>x>0

D

Dy = (0,00), R, = (0,)
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The Greatest Integer Function

The function whose value at any number x is the greatest integer less than or equal to x is called

the greatest integer function or the integer floor function. It is denoted | x|, or, in some books, [x]

or [[x]] or int x. See the figure shown. Observe that

[24]=2, [19]=1  [0]=0, [-12]=-2

[2]=2 [02]=0, [-03]=-1[-2]=-2

| > X

Properties of the Greatest Integer Function

1 |[]] = 1

2. [x+n]=[x]*Fn,

Example 2.9

where n is an integer number.

Find the value of x for the following greatest integer functions:

f. [x2+1]=2.
g. [2x+1]=-1.
h. [x2-2]=3.

Solution

By using the definition of [x]:

x [x]
—3<x< -2 -3
—2<x<-1 -2
-1<x<0 -1
0<x<1 0
1<x<1 1
2<x<3 2
Then
Solution 9.a:

2<x*41<3 =

1<x2<2 = 1<x2<V2 = 1<|x|<V2

1<x<vV2 U—=V/2<x<-1 Ans.

b —
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Solution 9.b:

-1<2x+1<0 =

Solution 9.c:

3<x?2-2<4 = 5<x?<6 = V5<x2<6
V5<x<vV6 U —V6<x<—V5 Ans.

Example 10:

Graph the following functions:

a. y=3x[2x], [-2,2]

b. y=L28L" [_gg[

[x+1]’

Solution 10.a:

By using the definition of [x]:

—2<2x<-1

1<<1
<X >

=

X [2x] y = 3x [2x]
—-2<x<-15 —4 —12x
-15<x< -1 -3 —9x
-1<x<-05 -2 —6x

-05<x<0 -1 —3x
0<x<05 0 0
05<x<1 1 3x
1<x<15 2 6x
15<x<2 3 9x

Then

V5 < |x] <6

V=
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Solution 10.b:
IETE .
lx + 1] ’
x [f] y = 3x [2x]
3
—6<x<-3 —2 -2 2
—(x+1) x+1
—3<x<-1 -1 -1 1
-3<x<0 —(x+1) x+1
-1
-1<x<0
x x+1)
0<x<3 0 0
3<x<6 1 1
X y
| Y
: -6 -2/5
1
| 3 1
1
1
: i -3 -1/2
' X
: — —0 2 -1
I I I I 1 ‘ I I \J I I =
: -1 -00
1
1
: -1 -00
1
: 0.5 2
1
0 -1
0 0
3 0
3 1/4
6 1/7

HW.:y = x2 E + 1], [-6,6[
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SHIFTING AND SCALING GRAPHS

SHIFTING GRAPHS

To shift the graph of a function y = f (x) straight up, add a positive constant to the right-

hand side of the formulay = f(x).

To shift the graph of a function y = f(x) straight down, add a negative constant to the right-

hand side of the formula y = f(x).

To shift the graph of y = f(x) to the left, add a positive constant to x.

To shift the graph of y = f(x) to the right, add a negative constant to x

Shift Formulas

Vertical Shifts

y=flx) +k Shifts the graph of fup k units it k& = 0
Shifts it down | k| units if £ < 0

Horizontal Shifts

y=flx +h) Shifts the graph of fleft h units if h = 0
Shifts it Fight | h| units if h < 0

EXAMPLES
Example 1 Add a positive Add a negative
Graph the following functions: constant to x. constant to x.
: < -
a. y=(x—2)* y=(x+3) y=x> [yv=(x—-2)?

b. y=(x+ 3)?

Solution L1

See the figure to the right hand side.

FIGURE 1.55 To shift the graph of y = x? to the

lett. we add a positive constant to .x. To shift the

graph to the right, we add a negative constant to x
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Example 2

Graph the following functions:

a. y=x2+1

b. y=x?+2

c. y=x2-2
Solution

See the figure to the right hand side.

Example 3

Graph the following function:

y=Ix-2-1
Solution
.\‘
a4l y=lh-2[-1
| | \ | | |
-4 -2 | N 4 6

FI(

down (Ex

hifting the graph of
v = |x| 2 units to the right and 1 unit

y=x>+2
.\‘=)c2+]
y =x2
y=x2-2
1 unit
L X L X
-2 0 |\2
_]_-l- 2 units
2l

FIGURE 1.54 To shift the graph
of f(x) = x?up (or down), we add
positive (or negative) constants to
the formula for f (Example 4a

and b).

MATHEMATICS I BY BALQUEES ABDULWAHID, B.Sc., M.Sc., BAGHDAD UNIVERSITY, CIVIL ENGINEERING. 27 I



SCALING GRAPHS

To scale the graph of a function y = f (x) is to stretch or compress it, vertically or horizontally.
This is accomplished by multiplying the function f(x), or the independent variable x, by an
appropriate constant c.

Reflections across the coordinate axes are special cases where ¢ = —1.
Vertical and Horizontal Scaling and Reflecting Formulas
Forec = 1,
v = cf(x) Stretches the graph of f vertically by a factor of ¢.
y= %f(r) Compresses the graph of f vertically by a factor of ¢.
v = flex) Compresses the graph of f horizontally by a factor of c.
v = flx/c) Stretches the graph of f horizontally by a factor of c.
Forc = —1,
v = —f(x) Reflects the graph of f across the x-axis.
v = f(—x) Reflects the graph of f across the y-axis.
EXAMPLES
Example 1
Graph the following functions: A
a. y=3Vx
1
b y = Eﬁ
. |
Solution 1

the fi to the right h ide.
See the figure to the right hand side Vertically stretching and

compressing the graph y = Vxbya
factor of 3
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Example 2

Graph the following functions:
a. y=+vV3x
b. y=,x/3

Solution

See the figure to the right hand side.

Example 3

Graph the following functions:

a. y=+v—x
b. y=—Vx
Solution

See the figure to the right hand side.

s
I I

[

V= Vix

compress _
Vi

\ ,m

td |

Horizontally stretching and

compressing the graph y = “\/x by a factor of

3

Reflections of the graph

¥ = Vx across the coordinate axes
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ADDITIONAL EXAMPLES
Example 1
Graph the following functions:
-1
a. y=—
1
b. y = m
Solution
See the figures below.
A y
Ly
1\
y=3 05 N

JRSPRRRPU  5  E
=
=2}
oo
=
o
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Example 2

Graph the following functions:
a. y=(x—-2)?2+4
b. y=—(x+4)*+2

Solution

See the figures below.

y=(x—-2)+4

X
6 5 4 3 2 1 q 1 2 3 a4 5 6
A
LY 6 y i
\ /
\ ] — A2
A ! -_ x
\ 4 | _— y
y= _(x + 4)2 + 2 ‘\‘ ’r'
\ \\\ ) /’!
\\“ /,t X
e -
8 7 5 4 3 2 1 ( 1 2 3 4
-2
-4
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Example 3

Graph the following functions:
a. y=|(x+2)?-14|
b. y=—/(x—-2)+2

Solution

See the figures below.

y =1(x+2)*—4|

Y

\ I
£y /!
N f’
\\‘ ,,:
||
3 2 A 1 2 3
y=+x

4
b
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Example 4

Graph the following functions:

1

a. =
y |x+2

b. ¥y =1[(x—-2)°-1]

Solution

See the figures below.

e

N B¢
| 1 | 4 1
i P E \ Y= %
: \‘ /
\ | e
E w—--—_- X o
s 6 - 47~ =$ 2 4 6 8

]
2
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One — to One Functions

Functions like y = sinx and y = x? can assign the same output to different inputs,

sin(0) = 0, sin(r) =0
f=x% f=1, fCD=1

Other functions , however, like y = Vx , and y = x3, never assign an output number more than
once. Functions like these are called one —to —one (1 - 1).

/ | 3 ‘ / y= x> > y
/ \ ) _
| : ] - Same y-value
\/ 05 ‘/ \ / /
1 1 X ™ - X

¥ =sinx

Not one-to-one: Graph meets one or

. . One-to-one: Graph meets each
more horizontal lines more than once.

horizontal line at most once.

The function defined by reversing a one to one continuous function f(x) is called the inverse of f.
The symbol for the inverse is f 71, read "f inverse".

y = f(x), Dy, Ry
1), Df—1 = Ry, Rf—1 = Dy
To express f 1 as a function of x:
1. Switch x and y,
2. Solve the equation x = f(y) for y in terms of x
The resulting formula willbe y = f~1(x)

fHfe)) =x

To draw the graph of f ~1,we have to reconstruct it from the graph of f in the following way, we
reflect the graph of y = f(x) across the line y = x.
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Example
Find the inverse of the function

y=+x
Solution
fX)=+vx, Dpx=0, Rpy=0
f7'(x), Df1=Rr=x20
R-1=D;=y>0
To find f~1:

y=vx = x=\y = y=x2 = [lx)=x

FF10)) = Va2 = x

MATHEMATICS I BY BALQUEES ABDULWAHID, B.Sc., M.Sc., BAGHDAD UNIVERSITY, CIVIL ENGINEERING. 27 I



UNIVERSITY OF BAGHDAD, COLLEGE OF ENGINEERING, CIVIL ENGINEERING DEPT. ((g%

TRIGONOMETRIC FUNCTIONS

3.1 TRIGONOMETRIC FUNCTIONS

Radian Measure

The radian measure of the angle ACB at the center of the unit By
circle (see the figure shown) equals the length of the arc that /

5 o . / — O
ACB cuts from the unit circle. f ,.-/ Y A
'. e ,.\___7__1;?; |
The figure shows that \%r & /
s =718 Ciferorrad™

is the length of arc cut from a circle of radius r when the
subtending angle 8 producing the arc is measured in radians.

Since the circumference of the circle is 2 and one complete revolution of a circle is 360°, the
relation between radians and degrees is given by the following conversion formula

‘ Conversion Formulas

1 degree = I‘?;O (#0.02) radians

Degrees to radians: multiply by 180

1 radian = @{ =57) degrees

Radians to degrees: multiply by ]IS%O

An angle in the xy-plane is said to be in standard position if its vertex lies at the origin and its
initial ray lies along the positive x-axis (see the figure below). Angles measured counter-clockwise
from the positive x-axis are assigned positive measures; angles measured clock-wise are assigned
negative measures.

| Degrees Radians |

Terminal ray

Initial ray
;

i X

Positive Initial ray ot o
k - N v .- ’ \ k
| measure ! Terminal N“vi‘“_“
| Itk b é measure

fay

(]

V'3

60 90
1 1
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When angles are used to describe counterclockwise rotations, our measurements can go
arbitrarily far beyond 2m radians or 360°. Similarly, angles describing clockwise rotations can have
negative measures of all sizes (see the figure below).

25
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y

.‘I .‘\

3w

The Six Basic Trigonometric Functions

The trigonometric functions of an acute angle in terms of the sides of a right triangle is shown in
the figure below

] T
siﬂﬁzo—p_p CSC&ZE
hyp opp
adj hyp hypotenuse -~ )
cosf=——  secH=— e opposite
hyp adj
adj :
mﬂH=0p1,} cotf = -3 e ,—
adj OPP adjacent

We extend this definition to obtuse and negative angles by first placing the angle in standard
position in a circle of radius r. We then define the trigonometric functions in terms of the
coordinates of the point P(x, y) where the angle's terminal ray intersects the circle.

. . ¥ ) r
sine:  smb =5 cosecant: cscH = 5

. . X . ¥
cosine: cosf = 7 secant: secl = ¥
Sy . X

tangent: tan® = cotangent: cotfl = v

and from the above definition on can get the following

. sin # : I
tan # = . tH = .
n cos o tan ¢
secfl = ] . cscfl = .1 .
cos sin H
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Periodicity
When an angle of measure 8 and an angle of measure 8 + 2w are in standard position, their
terminal rays coincide. The two angles therefore have the same trigonometric function values:

cos(# + 27) = cos# sin(# + 27) = sin @ tan(# + 27) = tan#
sec(f + 27) = sech cse(0 + 27) = csch cot(# + 27) = cotf

DEFINITION  Periodic Function
A function f(x) is periodic if there is a positive number p such that
flx + p) = f(x) for every value of x. The smallest such value of p is the period

of f.

Identities

The coordinates of any point P(x,y) in the plane can be expressed in terms of the point's distance
from the origin and the angle that ray OP makes with the positive x-axis.

cos®f + sin® 8 = 1.

| 4+ tan® 0 = sec’ h.
| 4+ cot? § = csct b

Addition Formulas
cos(4 + B) = cosAcos B — sin A sin 2
sin(4 + B) = sind cos B + cos AsinB

Double-Angle Formulas
cos 28 = cos™#H — sin“ #

sin 20 = 2 sinf cosf
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Half-Angle Formulas

2. | + cos2#

cos“H = ——=——

C 2 | — cos2#

sintH = —————
Picos 8, sin &':__ N

Additional Trigonometric Identities

cos (,1' - 7) = sinx cOos (x + %) = —sinx
= =

. T\ _

sin{ x — — | = —cosx
=

. T
sm(x + 7) = COsSX
=

Law of Cosines

[
[2¥]

ct=a* 4+ b* — 2abcos b

sinAcosB=%(sin(A—B)+sin(A+B))
sinAsinBz%(cos(A—B)—cos(A+B))
cosAcosB=%(cos(A—B)+cos(A+B))

tanid + B) =

Blacos #,asing)

__,/:':::.

tand + tan B
l —tan4dtan B

b AB, 0y
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y=sinx

Domain: —w =2 X < =

Range: -l=yv =1
Period: 2
(a)

+ y=secx
| |
Sp-m w0 ¥ 7 3w

] m; ) m.z

Domain: x = +7 +

Range:
Period: 2@

]
3

2T T e

yv=—landv=1

(d)

Nz i
2 ju
| |

Domain: —= < X << =

Range: -l=v=1

Period: 2w

(b)
¥
+ ¥ =CsCX
l U
| | |
- a0 T 4 3w 2w
ﬂ_ 2 [2'\

Domain: x = 0, £, =2m. ...

Range:

Period: 2w

v=-landv=1

(&)

3

]

¥ =tanx

ol
|
5

] -

=

&

3
[
[E]

y=cotx

-
2

Domain: x # 0, £, =27, ...

Range:
Period: o

(f)

—w <y

Graphs of the (a) cosine, (b) sine, (c¢) tangent, (d) secant, (¢) cosecant, and (f) cotangent
functions using radian measure. The shading for each trigonometric function indicates its periodicity.

The above functions have the following properties

| Periods of Trigonometric
Functions

Period 77: tan{x + 7) = tanx

Period 27 :

cot(x + ) = cotx

sin{x +

coslx +
seclx +
csclx +

27) = sinx
27) = cosx
27) = secx
27) = csex

Even

cos(—x) = cosx

sec(—x) = secx

Odd

sin(—x) = —sinx
tan(—x) = —tanx
csc(—x) = —cscx
cot(—x) = —cotx
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Transformation of Trigonometric Functions

The rules for shifting, stretching, compressing, and reflecting the graph of a function apply to the
trigonometric functions. The following diagram will remind you of the controlling parameters

Transformations of Trigonometric Graphs

The rules for shifting, stretching, compressing, and reflecting the graph of a function ap-
ply to the trigonometric functions. The following diagram will remind you of the control-
ling parameters.

Vertical stretch or compression; Vertical shift
reflection about x-axis i |u'._.-|||"-\ /

v =af(blx + ¢)) +d

Horizontal stretch or compression; / \ Horizontal shifi

reflection about y-axis if negaftive

EXAMPLES

Example 1
Graph the following functions
) T
y = 2sin (3x + Z)
Solution

1. Find the roots of the functions (y = 0):

y=0, sin(3x+%)=0<:)sin0=0

when
3x+%:inn, & O=4+nm n=0123,..
Then
T N T 4nm
x:_ﬁi?:_ﬁif' n=20,123,..
or

97 5w w 3w 7w

X = ...I_EJ_EF_EJEIE y e
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2. Find the maximum point of the functions (y = 2):

- 7T — - —
y=2, 51n(3x+z)—+1<:)sm0—+1

when
T T T
3x+Z=§i2nrr, = 0=Ei2nrr n=01273,..
Then
m 2nmt 9w 8nm
x=EiT_E_H’ n=20,1273,
or
m m™ 9m
x:""_ﬁ'ﬁ’ﬁ""

3. Find the minimum point of the functions (y = —2):

y=-2, sin(3x+%)=—1(:>sin0=—1

when
T 3m 3r T
3x + —=—+ 2nm, © O0=—4=+2nm (or —=x2nm) n=0,1,2,3,..
4 2 2 2
Then
x:5_7r+2n_n:5_7r+8n_7r n=0,1,23
12— 3 127 12° T
or
3m 5w
X = LTI
From the above calculations
The period of the function will be 21t /3 or
21
p= Coeff. of x
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Roots

=

Y

Minimum Points

Example 2

Graph the following functions

y = 3cos (Zx + g)

Solution

1. Find the roots of the functions (y = 0):

y=0, C03(2x+%)=0<:>c050=0

when
T T T
2x+§=zinn, = 9=Ein1t n=20,123,..
Then
m nt W 6bnm
x:ﬁi7_ﬁi 7 n=20,123,..
or

11t 57 wm 7w 137w
12’ 12°12’12° 12 ™
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2. Find the maximum point of the functions (y = 3):

T
y =3, cos(2x+§)=+1<:)c050=+1

when
T
2x+§=12nn, & 0=1+2ntr n=0,1,23,..
Then
= T =L YT =0,1,2,3
X = 6 nm = 6_ 6 ) n y 4y &y 9,
or
_ 7w 5w
X = 1] 6; 676'

3. Find the minimum point of the functions (y = —3):

y=-3, COS(2X+g)=—1=)c050=—1

when
T
2x+§=ni2nn, < O0=nt+2ntr n=01273,..
Then
S i =0,1,2,3
x—3_nn—3_3, n=0123,..
or
_ 2n w4
X = ) 3)3!3;"'

The period of the function will be
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Example 3

Graph the following functions

y = 2tan (3x — g)

Solution

4. Find the roots of the functions (y = 0):

y=0, tan(3x—g)=0=>tan9=0

when
3x—g=inﬂ, & 6=+nm n=0,1,23,..
Then
T nm T 2nm
x=gi?=€i7' n=20,123,..
T 3m
=T e

5. Find the asymptotes of functions (y = t0):

T
y =+to0, tan(3x—5):ioo<:>tan0=-_i-oo
when
gx—C =l 0="1 0,1,2,3
—_—=— = =— =
> z_nn, z_mt n
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| &=/
v,

Then

T T
x#-—+—, n=0123,.. or x#-—3,0,3,

HOMEWORK

Graph the following trigonometric functions.

HW 1:

HW 2:

y = sinx cos x

Hint: Use the identity sin x cos x = %sin 2x
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HW 3:

y = sin?x

Hint: Use the identity sin® x = % (1 — cos 2x)

HW 4:

y = cos?x

Hint: Use the identity cos? x = % (1 + cos 2x)

HW 5:

y=35ec(2x+g)

Hint: Try to use the graph y = 3 cos (Zx + g)
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HW 6:
T
y = 2csc(3x+Z)
Hint: Try to use the graph y = 2 sin (3x + %)

HW 7:
y = §(|COS x| — cos mwx)

cosmx, when cosmtx =0
Hint: Use the definition of the absolute value |cos x| =

—cosmx, when cosmtx <0
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3.2 Inverse Trigonometric Functions

The six basic trigonometric functions are not one to one (their values repeat periodically). However
we can restrict their domains to intervals on which they are one to one. The sine function increase

from -1 at x=-m/2to +1 at x =m/2. By restricting its domain to the interval[— gg] we make it

one-to-one, so that it has an inverse sin"x. Similar domain restrictions can be applied to all six

trigonometric functions.
The Arc Sine:

y=arcsinx or y=sintx
y=sin X

Df:[—z E] Re: [—1,1]

2’2
¥
-~
|
[
|
|
| : | X
_ T O ar '
Z,I" 2
|
The Arc Cosine:
y=arccosXx or y=cos?tx
Y= COS X
Di:[0,m] Re:[-1,1]
¥
A
L5
() i aw
2 |
|
|

y =sintx
Drl:[-1,1] Rfl: —E,E]
2”2
-—}1
A
L5, L
2 /
| /I 5
=1 g 4
[ | =
A 2
y =costx

Drl:[-1,1] Rft:[0,m]
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The Arc Tangent:

y=arctanx or y=tanlx
y =tan x

Dt :(—g,g) Rf:[—o0, 0]

o Tt

X

|
l\Jl:}i_.
0 ==
W

r\;__:%:

/('J

The Arc Cotangent:

Y =arccotx or y=cot!x
Y=cot x
Df:(0,m) Rf:[—, 0]

¥
|
|
\\ {
' L 5y
a aT
0 5\ |
|
|
\|
|

X
E|_
2/
| | | | e
=] 1 2
T
- s

y = cot? x
Dfl:[—o0,] Rfl:(0,m)
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The Arc Cosecant:

y=arccsc X or y=csclx

Y= CSC X

Df:[—%,z] Ux#0 Re:lyl=1

2
k4
A

The Arc Secant:

____..__;-‘_]:il_

Y =arcsecx or y=seclx

Y=sec X

DfZ[O,Tl’]UX:/:g Re:lyl =1

3

o~

Y

y =csct x
Det:|x| > 1 Rf'l:[—z,E]Uy;tO
2’2
¥
A
L8 -
2 K\
| | I [
\—A\~l ] 2
i
ek 2
y =sec? x
Drt:|x| >1 Rf'l:[O,T[]Uy;tg
& L 77

X
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v,

The properties:

1. sin"'x +cos™lx = g
1 1 T
tan"'x + cot™lx = >
i
sec t+cesclx ==
2
2. sin"!(—x) = —sin™'x  odd function
tan"!(—x) = —tan"'x odd function
csc i(=x) = —csc™lx  odd function

3. cosi(—x)+coslx=m
cot™I(—=x) +cot™lx=m
sec’i(—x)+sec lx=m

4 (1 _

4. sec 1(;)zcos Tx
1 (1 .

sec 1(—)=sm Ty

X

cot™1(x) = (%) —tan"1x

Example 1
Draw the function
y = 2sin™1(3x — 1). X |y

Solution 0 | —m
Di: =1 <3x-1<1 5

0<3x<?2 3|7

0<x <2

3 1
Ri: —Z<sin?(3x-1) <~ % 0
—-n<2sin"!Bx—-1)<n

A

T
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Example 2
Draw the function

y = % cos t(x + 1).
Solution

Di: -1 <x+1<1
-2 <x <0 X y

Ri: 0 <cos'(x+1) <m
1 s 0 0
0<-cos'(x+1) <= —
2 2 A 1 T
4
5 T
2
Example 3
Draw the functions
y=2cos t(2x —1) and y = 2sec”1(2x — 1).
Solution
Dit -1 <2x-1<1= 0<2x <2 = 0<x <1 X |y
Ri:0 <cos!(2x—1)<m = 0 <2cos'(2x—1)<2nm 1 o
S
—|m
2
0 |2m

2arccos(2x-1)

2arcsec(2x-1)
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Example 4

Draw the function

= 35j -1 2
e
i = 3sin~ (=) = -1 Xt
Solution y = 3sin (x+1)—3csc (2 )
Dr.x # -1
Draw the functiony = 3 csc™?! xTH by drawing y = 3sin™! xzj
Dr: -1 <&V <1 = 2<x4+41<2 = —3<x<1
Ri: -2 <sin7tX2 < — 3 c3gip 12 30
) v 2 T2 2 2 T2
1 X y
am 3 |-
2 2
-1 0
AT T L L L] L L T L L L T L l: 1 3_1-[
-8 2 -1 ¢ 1 2 3 4 5 6 2
3
T2
\
Example 5
Draw the function
=2 -1 1
YEEse T
Solution
Dr: -1 <3x+1<1 = —2<x<0Ux# —
Ri: 0 <cos™!(3x+1)<m = 0<2cos!(Bx+1)<2m
X |y
0 0
1
- s
3
2
—— 2n
3

2 1
3 3
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Example 6
Prove that
cos(sin"lx) = V1 — x2 :
Solution
A X
N V1 —x2
LetA =sin"lx= sind = x = cosA = 11x = V1 —x2
Example 7
Prove that
(2cosTx) = =
sec(2cos 'x)=—7—.
2x2— 1
Solution
= -1 =5 = 1
Let A cos " x cos A X m
_ 1 _ 1 A
sec24 = cos24  COSZA-sin2 A A
X
. 1 . 1 1
o (1)2_ 1-x2\  x2— 1+x2 2x2—-1
1 1
Example 8

Find the value of x: (with using calculator)

Solution

1.x =sin™! G) =30

2.x =tan"1v/3 =60

_ -1(_ 1) _
3.x = cos ( ﬁ)—135
_ -1 _ -11 _
4. x = sec” 12 = cos ﬁ—45
5.x = csc 12 =sin‘1%=30
—csc(=2) = sin-1 (28) = —
6. x = csc (ﬁ)—sm (2)— 60

7.x=cot_1\/§=§—tan_1\/§=90—60=3O

12y = B 0577

8. x = tan(sin™ .

9. tan(sec™! 1) + sin(csc™! —2) = _71

10. x = sec(cot™* V3 + csc1(=1)) = L

cos(( g —tan~1+/3)+sin"1(-1)) =
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Example 9
Find the value of x. (without using calculator ) c
_ 14, . 112 3
x = cos(cos™ =+ sin"" =) /
5 13
A
Solution J
4

14 4
let A = cos 15 = cosA = E

. 112 . 12 13
let B=sin"!—= = sinB= — 12
13 13

x = cos(A + B) = cosA cosB —sinAsinB / B
4 15 3 12
= — % — — — % —

5 13 5 13 5
Example 10

Evaluate the following expression:
-1 2x
cos(sin > )

w

2x

Solution
A 4
let A =sin™?! 2 = coS A = 9-4x? V9 — 4x?
3
Example 11
Sketch the graph
y = cot(csc™1 x)
Solution

LetA =csclx = «c¢scA = x
y = cotA = le_1= Vxz -1

Drx?2—-120 =x2>21= |x| =21

[ ]
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HOMEWORK

Find the value of x to the following:

1

2.

3.

8.

9.

1

o 11 . _1 3
. x = sin(cos NG + sin _\/ﬁ)
1
x =tan™! St tan~13

1

ullw

45 _
X = sec 1§+cos

sin(tan™! #} (Evaluate the expression)
x = sin2(cos™?! %)
. x =tan™! § + cot™13 Ans.x = sin‘lg
. x =sin™! % + cos™! \/%
x = cos(2tan™?! g)

s -1 1 A 3
X =sin(cos™ —=+sin” - —
( V5 \/10)

0.x =tan~?! § +tan~13
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LIMITS

One of the important things to know about a function f is how its outputs will change when the
inputs change. If the inputs get closer and closer to some specific value ¢ , for example, will the
outputs get closer to some specific value L ? If they do, we want to know that, because it means
we can control the outputs by controlling the inputs. To talk sensibly about this, we need the
language of limits.

Definition:

If the values of a function f(x) approach the value L as x approaches ¢ , we say f has limit L as

x approaches c and we write lim f(x) = L (Read " the limit of f of x as approaches ¢ equals
X—C

L").

3_
For example f(x) = 9;—_11 , x#+=1, f(1) =7
15 - " y
1 1.25 | 3.813
1.1 | 3.310
9 4
1 ?
6 -
3 999 | 2.997
/ 99 |2.97
0 T T T 1
0 1 2 3 4
. . ox3-1
From the fig. lim =3
x->1 x-1

Or we can simplify the formula by factoring the numerator and canceling common factors:

3_ _ 2
lim = 1=1imM=1im(x2+ x+1)=1+1+1=3
x—1 x—1 x-1 (x-1) x—1
Ex: lim 2 = 2 =

x—>12x-1 1
After substitution if f has limit without using factorial analysis = f(x) is defined at x=c¢

2_ —
Ex: lim = 4=9=lim(xz)ﬂ=lim(x+2)=4
x -2 x=2 0 x-2 (x=2) x -2

If f(x) is not defined at x = ¢, but after factorial analysis we can find the limit = f(x) is hole atx =c

iy X240 () (x42) e xH2 4
EX.}CI_I’pZ (x-2)2 0 }cl—rg (x=2)(x-2) alclinzx—z 0
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If f(x) is not defined at x = c and after factorial analysis the limit not exist = x=c is asymptote
The properties:

If lim f;(x) =L; and lim f,(x) = L, , then:
X—C X—C

1.limK = K (K = any number)
2.1im K f,(x) = K lim f,(x) = KLy

3. Im(f1(x) + f2 (1)) =lim f1(x) + lim fo.(x) = Ly + Ly
4.Tm(f1(x) = fo () =1lim f(x) — lim fo(x) = Ly — Ly

5. Im(f1(x) * f (x)) = lim f1,(x) = lim fo(x) = Ly * Ly

lim f;(x)
6. lim 2% = x=c 1 I
x—c f2 (x) }}_{T}fz X) L,

1
7.1im %Y fi(x) = "/lim filx) = L] L, > 0,n = even number
X —C X —C

8. lim| (0] = [lim(£()| = IL4|

If L, # 0

x%+2x-24 (x+6)(x—4)

Ex: lim ———— = lim————== lim(x + 6) = 10
x—-4 x4 x >4 x—4 X >4
1 1 2—(x+1) ) 1 1
iy 252 2(x+1) —X- — T —X —
Ex: chl_rg x—1 }cl_r}} x—1 chl_r)ri 2 (x—1)(x+1) chl_r)ri 2 (x—l-g(x+1)
-(x-1) . -1 -1
xo1 2 (x-1)(x+1) x512 (x+1) 4
3_ _2)(x2
Ex: lim =27 = |jp DX +3049) lim(x? + 3x +9) = 27
x—3 x—3 x—3 x=3 x>3
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1 1-vV2x+1

Ex:lim Gl lim —ZFL — iy 2, IR Verd]
x>0 X Xx-0 X X0 xV2x+1  1++2x+1

im 1-(2x+1) = lim _ 2 = lim —2
x—0 xV2x+1 (1+vV2x+1)  x50xV2x+1 (1+V2x+1)  x-0 xV2x+1 (1+vV2x+1)

-1

Ex: lim x2-1 im x?-1 . 2B+ x1B+1) L (21?4 xB+1)
o1 Wx—1 xo13¥x—1 (x2B+x1/3+1) xo1 x—1 o

lim (x-1D(x+1)(x2/34+ x1/34 1) _

x—1 x—1

6

2 1 1
z (1+h)3-1)((1+h)3+ 1
Ex:limw = lim ( )< ) *

h—0 h h—0 h ¥

2 1

1
(1+R)3+ (1+h)3+1 _ (1+h—1)((1+h)§+ 1)

(1+1)3+ (1+h)3+ 1 h=0 h<(1+h)3+ (1+h)3+ 1)

h((1+h)%+ 1) _ 2 X

lim
h-0 h((1+h)§+ (1+h)%+ 1) 3

The Sandwich Theorem:

Suppose that g(x) < f(x) <h(x)

for all x # c in some interval about c and that,
limg(x) = limh(x) =1L

X—=C X—=C

Then: lim f(x) = L
X—C

. sinx
Ex: lim
X—oo X
. 1 sinx 1
—1<sinx <1 = —-< < -
X X X
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(25 ) &2

. 1
hm; =0 sinx
e = lim =0
lim— =20 x—oeo X
X—oo X

Right — hand Limits and Left — hand Limits:

Sometimes the values of a function f(x) tend to different limits as x approaches a
number c from different sides. y

Right limit (RL): L )= )
RL = lim f(x) = lim f(a + €) /\
x—at €—0
Left limit (LL): e g
LL= lim f(x) = limf(a— ¢€) \
x—a~ €—0 7 : ']z 3\ ‘L x
A function f(x) has a limit as x approaches a if and only if

the right-hand and left-hand limits at a exist and are equal.

Ex: For the function f(x) shown in figure find the following limits.
Atx=0: )Cllr(l)l+f(x) =1
Atx=1: linll_f(x) =0 eventhough f(1) =1

x—

S =1

f(x) has no limitas x - 1 (RL # LL)
Atx=2: lim f(x) =1

xX—2~

A S =1

lirr% f(x) =1 eventhough f(2) = 2

xX—

a g

Atx=3: lim f(x) = lim f(x) = lim f(x) = f(3) =2 .

x—3~ x—3% x-3

Atx=4: lim f(x) =1
x4~

2 - —
Ex: lim = 1 _ lim Ge-Dx+1) _ lim (Vx=1)(Vx+1)(x+1) _

x—1t Vx—1 x—>1t V-1 x—1t Vx-1

lim(Vx+1)(x+1) = lim(Vi+e + 1) (1+e+1) =4
x-1t €-0
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. Vs
sinx X = "

Ex: f(x) =

I
coSsx x < Z

Required: lim f(x ) , lim f(x).

x—— xX—=

4 2
solution
. T
RL: 11171r1+f(x) = }Clgl_rsmx =5
X—>Z 4
LL: lim f(x) = lim cosx = -
x—»% x—% V2
LL=RL=—= = limf(x) =—
V2 P V2
lim f(x) = limsinx =1
Ex: lim z2-025 _ . (z—0.5)(z+0.5) R
"z-05 105-z| 7505 05—z
0.5 —z| =
{0.5—2 05-z>20 = —z>-05 = z<05
—(05-2z) 05-z<0 = —z<-05 = z>05
T (z—0.5)(z+0.5) — . —(0.5-z)(z+0.5) — . _
RL: ZB(I)I.IS+ -(0.5-2) z-05%  —(0.5-2) ZE(I)T.}#(Z +05) =1
L lim S0 o iy ERIED gy (7 40.5) = ~1
"z-05-  (0.5-2) z-05~  —(Z-0.5) Z-0.5" '

RL = LL

Limits Involving Infinity:

xX) =-—
fl) =<
1 )
lim==e¢ or lim==e x>0
x-0t X X—0 X
.1 .1
lim == —oeo or lim==—c0 x<0
x-0" X x-0X
L1
lim==0
X—o0 X
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Properties of oo :
1) oo +oo=00

2) oo = 0o

3) o0 * 0o = 00

4) a 400 = o0
5)a-oco=-00

6)a *oo=00 a>0

= -0c0 a<0

Note: % , E , 00—o00,0x(0,1" = undefined quantities
Note: To find the limit of rational function as x>xe we divide the numerator and denominator by

the highest power of x.

1
. 2x3-x+1 . 22—t 3
Ex: lim ——— = lim —*5* =2
X—oo x3+ 1 X—oo 1 x—3

+ XN|H

VxZ+1 + x x2+1-x2
Ex:lim(Vx2+ 1- x) = lim(Vx?2 — X) ¥ —— = lim ——— =
x:lim (V® + ) = lim (Vx? + ) * ey~ M s

1
lim —=0
x—oooVXZ+ 1 +x

Ex:lim(Vn2 + 10- VvnZ2 + n) =

Nn—eoo

Vn2+ 10 +Vn2+n n?+ 10—(n%+ n)
lim(vn2+ 10- vn¢2+ n )- = i =
TL—)oo(\/ \/ Vn2+ 10 +Vn2+n noeoVNn2+ 10 + Vn2+n

) 10-n )
lim = lim

2 2 -,
n—oooVn2+ 10 + Vn2+n Nn—oo /1+:l_c;+ f1+% 2
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Note: lim f(x) = ¢ = x=a vertical asymptote
xX—a

lim f(x) =»b = x=>b horizontal asymptote
X—00

sin@

=1

Theorem: lim
6-0 6

0.5 0.95
0.1 0.998
0.01 0.9995 | .

N2 N Tir 2P % ”

-0.01 0.9995
-0.1 0.998

. Sin2x . 2sin2x
Ex: lim = lim
x-0 X x-0 2x

=2

2sin2x

2X —
3sin3x

3x

. Sin2x .
Ex: lim — = lim
x—0 Sin3x x—-0

— 2 sin2
xclim YI2S05% _ N () V2 1im SN2 = VZ lim Q) _
x—0 X x—0 x—>0 X

ﬁIH

Example: Evaluate the following limits:

cos(7r x) cos(n) cos0 sin(n) sinx i

cos . - . >y - Py . sinx

1. lim = Y = lim—2—" = lim—2 Z = lim
y_>_ > —y x—0 X x—0 X x—-0 X

=1

_m _ T
Ietx—;—y = y=5-X

71'
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2. lim 2ytan= = lim 2Ztanx = lim 27 X =21
y—o0 y y—e0 X y—oo X COS X
Vs Vs
= - = = —
Let x 5 y=7
y—> o0 =x-0
. s s
. sin 2x+cos 2x . Sin2{y-— J+cos2(y——
3. lim_——————— = lim (-5) ( 8)=
x - —% xX+3 y—0 y
Lety=x+% = x=y—g
s
x—o —o =y 0
. sm(Zy— —) cos(Zy— E) . Sin2y cosg -Ccos2y sing +cos 2y cos% + sin 2y sin%
lim = lim =
y -0 y y =0 y
L sin 2y L cos 2y + L cos 2y + L sin 2y 2 sin 2y
. NA T2 NA NG . N 2 .. sin 2 4
lim ¥ 2 iz iz = lim2Z——= Zlim>5> = —=
y -0 y y-0 ¥ Vzyso V2
2v2
. sin(1- cosx) . sin(1-cosx) 1-cosx . 1-cosx . 1-cosx
4]Jim—— = = lim * = lim———= lim——
x—0 X x—0 x 1—cosx x—0 X x—0 X
1+ cosx . 1- cos?x . sin? x
——=lim—= lim— =
1+ cosx x—0 x(1+ cosx) x—0 x(1+cosx)
. sinx 0
lim 222 4 Jim —2% x—=0
x—0 X x—>0 (1+4cos x) 2
. sin(x+h)-sinx . sinxcosh+sinhcosx—sinx . sinx (cosh—1)+sinh cosx
5.lim = lim = lim =
h—0 h h—0 h h—0 h
. sinx(cosh—-1 sinhcosx . . Cosh- sinh
lim ( )+ lim Z22999% — oin x 1lim <2272 + cosx lim 228 =
h—0 h h—0 h h—0 h h—0 h
. . cosh—1 cosh+1 —sin?h
(sinx lim * ) + cosx = (sinx 11 ——— )+ cosx =
h—0 h cosh+1 —0 h(cosh+1)

. sin
llm—) +cosx =sinx +1 *—+ COSX = COSX
h-0 h h—0 (cos h+1)

. sinx 1 . sinx—1 sinx+1
Ex: lim (tan x — secx) ( — ) = lim * — =
x—>§ x—>§ CosXx  cosx x—>§ cosx  sinx+1
—cos?x . —cosx _ 0
im———— = lim——=-=0
x_>2cosx(smx+1) x_>251nx+1 2
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H.W:

1. lim (g — Xx) tanx

x—-=
2
2. lim(V/x* +2x —x)

. x+sinx+2Vx
3. llm _—
xooo X +Sinx

4. lim f(x) if
X—o0
. 4—x?

> i s

x%— (a+b)x+ab

3x2+5x

3x—4 < f(x) <

X x2

6.lim
x-a X—a

cot4x

7.1im
x—0 cot3x

. cosx—sinx
8.lim ————
T X——
.X'—>Z 4

9. lim tan(x—sinx)

x—0 X
10.If f(x) = 5x2 find lim Z2-L2
X

- xX—2

12. Find the vertical and horizontal asymptotes to the following function.

_ x+l
VY= s
2x%— x+ 5
b =
)y 6x2+ 5x -1

Continuous Functions :

The function y = f(x) is continuous at x = c if and only if all three of the following statements
are true:

1. f(c) exists (c lies in the domain of f)

2.}}2 f(x) exists (f has a limit as x—c)

3. }Ci_r)rgf(x) = f(c) (the limit equals the function value)

(The limit in the continuity test is to be two sided if ¢ an interior point of the domain of f , it is to

be the appropriate one-sided limit if ¢ is an end point of the domain).
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For example: for the function shown in the Figure.

a) f is continuous at x = 0 because

i) f(0) exists (it equals 1)

ii) xl_igl f(x) = 1(f hasa limit as x—0")

iii) xl_i)rggr f(x) = £(0) (the limit equals the function value)

b) f is discontinuous at x = 1 because )1(1_1)111 f (x) does not exist.(LLzRL)

c) f is discontinuous at x = 2 because lirr21 fx) #f(2)
xX—

d) f is continuous at x = 3 because :

i) f(3) exists (it equals 2)

ii) }Cllg f(x) =2 (fhas a limit as x—3)

iii) chl_r>r31 f(x) = f(3) (the limit equals the function value)

e) f is continuous at x=4 because

i) f(4) exists (it equals 1)

ii) xl_lgl_ f(x) =1(f hasalimitasx=> 4)

iii) xl_i)gfn_ f(x) = f(4) (the limit equals the function value)

Theorem:
If the following fand g are continuous at x=c, then the following combinations are continuous at
X=C
f+a, f-a, f*a, k*g(k=any number), f/g (g(c)0), fog , gof, Y/f (fic) >0, n=even).
Some functions are always continuous:
1. polynomials functions
F(x)=agx, + ay xp_q +.....+ a,
2. The functions cos x and sin x.
3. Rational functions (a rational function is continuous

everywhere except at the point where the denominator is zero). ¥

(3%
-
I}
=
-
=

Theorem:
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If f is continuous on [a, b] , and if f(a) and f(b) have opposite signs, then there is at least one

solution of the equation f(x)=0 in the interval (a, b). F(a)>0

F(x) =
F(b) <0

Example:

If the function f(x) is continuous in all points in the interval, find a, and b.

-1 x<0
f(x)={ax+b 0<x<1
1 x=>1

Solution.

atx=0 = f(o)=-1

U= lip £ = ling—1= -1
RL=xl_i)1g;r flx) = )lcl_r)l(’)l ax+b=>»

“RL=LL = b=-1 /\

at x=1 = f(1)=1

LL= lim f(x) = limax+b=a+b
x—-1" x—1

RL:,C]HE f(x) =)lcl_1)1111 =1

“RL=LL = a+b=1 = a-1=1 = a=2
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DIFFERENTIATION

Tangent lines and rates of change:

On question that motivated the development of calculus was a geometry problem, the tangent

problem. This problem asks, "What is the slope of the tangent

y
line to the graph of a function y=f(x) at a point P on its graph?"
Tange:ﬁ line
T to fat P
X
The tangent line L; to the graph of a function y = f(x)
. . . . . Vi A
at a point P necessarily contains the point P. To find an Vo — (x 1)
equation for L; using the point —slope from of the // ¥y = fx) = (%1, Foq))
"Ly
equation of a line, it remains to find the slope muan of the ¥ p P = (c, f(c))
tangent line. ¢ %

Suppose that the coordinates of the point P are

(c, f(c)).Locate another point Q = (x, f(x)) on the graph of f. The line containing P and Q is a

secant line. The slope of msec of the secant line is

Fx)-f(©)
Msec =~

Now look at figure. As we move along the graph of f from Q toward P, we obtain a succession of
secant lines. The closer we get to P, the closer the secant line is to the tangent line L;. The limiting

position of these secant lines is to the tangent line L;. Therefore, the limiting value of the slopes of
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these secant lines equals the slope of the tangent line. But, as we move from Q towards P, the

value of x get closer to ¢ . Therefore,

. . f0)-f(e)
Mean = }Cl_l’)ré Msec = }CI_IET
y
Or Mg, = }11_13(1) f(xo"'h’)l— f(x0)
h)— f(xo)

flrot
Or we can sa "(x) = lim
yf () = lim P

Where f'(x)isread " prime of x "

Q(XO + h, f(xﬂ + h)) o

y=f) f

|
| flxg + 1) = fixo)

0 xq xg+ h
Ex: Let f(x) =x2+1
a) Find f'(x) b) f(2),f(0), f(-2)
Sol.
o) = 1 fath) - f) _ (x+h)?*+ 1) —(x*+ 1)
[ = jim h = oo h
- x4+ 2xh+h?*+ 1 —-x>—1 _ 2xh+h?> _ hQx+h)
= lim = lim = lim

ho0 h h—0 h—0 h

= lim(2x + h) = 2x
fl2)=2+2=4

£'(0) =0

f(-2) = —4

H.W. Find the tangent slope to the curve f(x) = T1—1 at x=1
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The Derivative

Definition: The function f’ defined by the formula

fx+h) - f(x)
h

"(x) = lim
f'@) = lim
Is called the derivative with respect to x of the function f . The domain of f'consists of all x for
which the limit exists.
f"is the function whose value at x is the slope of the tangent line to the graph of f at x.

or f" is the function whose value at x is the instantaneous rate of change of y with respect to x at

the point x.
Differentiable function: a function that is differentiable at every point of its domain.
Differentiable at the point : a function that has a derivative at a point x.

The most common notations for the derivative of a function y=f(x), beside f' (x), are:

’ d af d
y;d_i:;aer(f)'a(f)

Ex: a) Find the derivative of y = +/x for x> 0.

b) Find the tangent line to the curve y = Vx at x = 4.

Sol.

' i ft)-f(x) . Vxth—Vx . Vx+th—vx | Vx+h +Vx . x+h-x
a) f1(x) = im—=— ———= lIm———=lim ==« o= lim s =
lim—n -1
oo A(Vx+h+vx) — 2vx

is F1(4) = — =1
b)the slope of the curve atx=4is f'(4) = Tt

the tangent is the line through the point ( 4, 2) with slope
1/4 :

1 1
=2+ -(x—4) >y=-x+1
y +4(x ) y=gx+
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Differentiation Rules:

If u and v are differentiable functions at x.

1.% k = 0 (k = constant number)

a . ny _ n—-1
Z.dx(x )=nx

a _ g
3; (kU)—k ax

i ny — n—-1
4. — (cx™)=cnx

d d d
5.~ (U+v)="=+=—

dx dx dx
6.i(u—v) =4y

dx dx dx

d dv du
73( v)—ud—+ ™

d (u Uﬂ—uﬂ

2 (Z2) — dx dx
..()="" 0m=0

Higher Derivatives:

If the derivative f'of a function f itself differentiable, then the derivative of f'is denoted by f ' and
is called second derivative of f. Aslong as we have differentiability, we can continue the process

of differentiating derivative to obtain third, fourth, fifth, and even higher derivative of f .

., . d dy' d (dy d?y
freg, oyt m e E(E)‘W

n i d 144 dy” d d dy d3y
eyt g g a(aa)—ﬁ
F () ) e
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Derivative of Trigonometric Functions:

SANEE A A

D, sinx = cosx

D, cosx = —sinx
D, tanx = sec?x

D, cotx = —csc?x
D, secx = secxtanx

D, cscx = —cscxcotx

Ex: Prove that D, sinx = cos x.

. . sin(x+ h) — sinx . Sinxcosh+sinhcosx — sinx
D,sinx =lim = lim
h—0 h h—0 h
. sinx (cosh— 1) +sinhcosx
= lim
-0 h
. _sinx(cosh — 1) . sinhcosx
= lim + lim—
-0 h h—0 h
) . cosh—1 . sinh
=sinxlim————+4 cosx lim
h—0 h h—-0 h
= (sinx limCOSh_ 1 coshtl ) + cosx
o h>0 h cosh+1
—sinh

= (sinx }llg% h(cosh+ 1)) + cosx = cosx

Derivative of The Inverse Trigonometric Functions:

1.

D, sin"lx = —
D,cos™lx = 1__1xz
D tan™tx = 1+1xz

D, cot™lx = 1;;2
D,sec”lx = leac%
D,csclx = le;%

MATHEMATICS I BY BALQUEES ABDULWAHID, B.Sc., M.Sc., BAGHDAD UNIVERSITY, CIVIL ENGINEERING.  5-19 I



UNIVERSITY OF BAGHDAD, COLLEGE OF ENGINEERING, CIVIL ENGINEERING DEPT. (( %‘é\)
| &=/
v,

Example: Prove that D, sin"1 x =

1-x2 °
. . -1 T
Y=sinlx = x=siny — Sys3
dy
l=cosy—
ydx
dy 1 1 1

dx  cosy J1-sinZy T V1-x2
Existence of Derivative:

1. acorner, where the one — sided derivative differ.

LD #RD

2. acusp, where the slope of PQ approaches oo from one side and

- oo from the other  §2

/ | 2

a vertical tangent, where the slope of PQ approaches o from

P
both sides or approaches -o= from both sides (here, -=o) \

3. adiscontinuity .

Theorem:
If f has a derivative at x = ¢, then fis continuous at x = c.

RD and LD:
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Right derivative =RD = lim f'(x) =lim f'(a + €)
x—at €0

Left derivative = LD = lim f'(x) =lim f'(a — €)
x-a~ -0

et

If LD =RD = differentiable function
Ex: Show that f(x) = |x| is not differentiable at x = 0. y=- y=1

x=0

X

X 0
Sol.: f(x) = [x| = { N
f( ) | I —X x<0 ¥ not defined at x = 0:
right-hand derivative
I} _ 1 x=0 # left-hand derivative
flx) =
-1 x<0

RD=xl_1>Ig1rf(x)=chl_r)r(}1=1

LD = lim f'(x) = lim —-1=-1
x—0~ x—0

RD # LD

Ex: y = +/x is not differentiable at x=0.

fl=52 =[O =F=

The graph has a vertical tangent at the origin.

The Chain Rule:
If f(u)is differentiable at the point u = g(x) and g(x) is differentiable at x, then the composite
function (f 0 g))(x)=f(g(x)) is differentiable at x, and

(f 0 9)'(x)=f"(a(x))g'(x).
If y = f(u) and u = g(x), then

dy dy du
dx du dx
Example: y=sin 2y find y’
Solution.
y'=COS 2y (2) = ZCOS 2y CILI[T‘?LISIEC_""‘H
R\u of cha t'l?:‘&ll
Andif y=f(u), u=g(v), v=h(x) TR TN
o ¢
Y:f(g (h (X))) ','/ Rate of c['fl\mgc Rate \?t' c}};at1gc \“
p atxis glx). ?F at glx) is £ glx)). s m.\ﬂ

dy dy du dv
dx du dv dx
Example: y = sec?+/x findy'.
y' = 2secV/x -secyx -tanvx (%)
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Example: Find (Z—V: if w=tanx and a = 4t3 +t

dw _ dw dx

dt dx dt
= i(tanx) - % (4t3+ t) =sec?x(12t?+ 1)=sec?(4t3+ t)-(12t%>+ 1)
Example: Fmd Lf y = t?secVw

dy 2 sec vwt tanvw

dt

Example: Find y"' if y = 2xsin™1 2x + V1 — 4x2.

2 —8x
"= 2% ——+sin"12x)(2) + ——
Y V1 —4x? 2V1 — 4x?
_ 1 _ 4x — -1
W+231n 2x Rl 2sin™" 2x
T 2 B 4
Y V1—4x2 V1 -—4x?
. -1 T3 16x
y =4<7)(—8x)(1—4x )2 =—
(1 —4x?)2
. Lo/ p 2 1(% x 2 _ 2
H.W.: Prove thatd x% ify= ( )sm (a)+ (2) a X
d 2 ! 2
a = x —2x
—y=—*L+——+— a? — x?
dx 2 1 x2 2 2\ a? — x?2 2
~a?

Parametric Equations:
If x and y are given as functions x = f(t), y = g(t) over an interval of t-values, then the set of
points (x,y) = (f(t), g(t)) defined by these equations is a parametric curve. The equations are

parametric equations for the curve.

Slopes of Parameterized Curves:

A Parameterized curve x = f(t) and y = g(t) is differentiable at t if f and g differentiable at t.

dy
dy _ dt
dx  dx
dt
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dy'
d*y _ dr
dx? dx

dat

.o d? . . _
Example: Find d_szl from the parametric equations y = sec™!

Solution: y = cos 1 V1 — t2
dy 1 —2t 2t 1

1
Vi-tZz '’

At [I-(-0) 2Vi- 20yi-02 Vi-¢2

—2t t?
VI—t2 -t ————— V112 + ——
dx _ V1 —t% _ Vi—t? _
— 12 — 2 3
dt 1—t 1-t (1 — 2%
d 4y v/ 2 1 3
= — 12
Y _dt _ V1—t2 _ (1-t)7 =(1-1t2)
de dx 1 Vi—t2
3
@ q-z
dy’
d’y _ 4t —2t 2y>
o de 1 = =2t(1—-t*)2
3
&y

H.W.: For the following parametric equation = cot™*+/t , y = ey

Lody -1 d_x_
Solution: Frimieeyy 0 ( )

y =1 \/—
dy 4dr  (@+1D* B
BT dx T T 1T {s T+ 0(2v) =75

dt 1+t 2Vt

1
14+t)—=-—2Vt

2 y ( )\/t—
d°y _ dt _ (1 —1t)? _ 2
dx?  dx -1 3

. (1+00Vr)
Implicit Differentiation:
y=vxZ+1 y fct. Of x (explicit/y)
2. y2+xy=2 y fct. Of x (implicit/y)

Example: Find % if 5y% + siny = x2.

Solution: 10yy’ + cosy (¥') = 2x =y’ = _10yiios y
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H.W.: Find 2 if — — —2— =2
dx x+y x-y

x—y—(x+y)
x+y)(x—y)

-2y =2(x+y)(x —y)
—y =x*+xy —xy —y*

=2=x—-y—-x—-y=2x+y)(x—y)

2x
2y —1

y2—y—x2=0=2yy -y -2x=0 =>y'Qy-1)=2x = y' =

Example: Find the points of function x? — xy + y? = 1 at which the tangent is horizontal line.
Solution.

2x —(xy'+y)+2yy' =0 = 2x—xy' —y+2yy' =0

’ _ _ ; __Y—2x
yQ2y-x)=y-2x = y ==
dy y—2x

The tangent is horizontal = = 0= =0=>y=2x

2y—x

sinx

H.W. : Find Z—z if tan( ) + ycsex = x2y.

COoSX
Sol.: sec?(tanx) sec? x + y(—cotxcscx) + cscx (y') = x%y' + 2xy
y'(cscx — x?) = 2xy — sec?(tan x) sec? x + y cotx cscx

; _ 2xy—sec?(tanx)sec? x+y cotx cscx

y_

cscx—x2

H.w. Find y' for cot‘li = xy.

Sol.:

———jrz(—y‘2y9==xy“+y

1-r(§)

yixyr (1
FTITy_xyzy::y<w+4_x>=y

H.W.: Find the slope of the tangent line at (4, 0) to the graph of 7y* + x3y + x = 4.
Sol.: 28y3y’' + x3y' + y(3x2) + 1 =0
y'(28y3y' + x3) = —3yx? -1

,  —3yx?-1 dy -1
y 28y3+x3 dx @(4,0) 64
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Displacement, Velocity, and Acceleration:

Suppose that an object is moving along a coordinate line (say an s-

Position at time 1 ... and at time 1 + At
As

axis)so that we know its position s on that line as a function of time t:

s = f(t)

The displacement of the object over the time interval from t to t + At is:

As = f(t + At) = £(¢),

and the average velocity of the objective over that time interval is:

s
s=fin 54+ As = fr + An

_ displacement As f(t+At) —f(t)
Vav = T avel time At At

To find the body's velocity at the exact instant t, we take the limit of the average velocity over the

interval from t to t + At as At shrinks to zero. This limit is the derivative of f with respect to t.

ds o f+AY) - f(0)
v®) = = im

Acceleration is the derivative of velocity with respect to time. If a body's position at time t is at
time t is s = f(t), then the body's acceleration at time t is:

dv  d?s
)= =qz

Related Rates

In this section we look at problems that ask for the rate at which some variable change. In each
case the rate is a derivative that has to compute from the rate is a derivative that has to be
computed from the rate at which some other variable (or perhaps several variables) is known to
change.

Related Rates Equations

Suppose we are pumping air into a spherical balloon. Both the volume and radius of the balloon

are increasing over time. If V is the volume and r is the radius of the balloon at an instant of time

then
4
V==nr3
3 r
Using the chain rule, we differentiate to find the related rates equation
dV_dV dr 4 , ar
dt  dr dt " de
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So if we know the radius r of the balloon and the rate dV/dt at
which the volume is increasing at a given instant of time, then
we can solve this last equation for dr/dt to find how fast the
radius is increasing at that instant.

Example: Water runs into a conical tank at the rate of 9 ft3/min.
The tank stands point down and has a height of 10 ft and a base
radius of 5 ft. How fast is the water level rising when the water
is 6 ft deep?

Solution:

The figure shows a partially filled conical tank. The variables in
the problem are
V=volume (ft3), x=radius(ft), y=depth(ft)

av .
y=6 and E=9ft3/mm
V=2rmx2y

3
E=2 o x=%
y 10 2

_l (), = s
Therefore, V—Bn(z) y=45Y

av _m o, o2dy T o dy
ac 12 Y ar T a dt
d d 1
9="(6?2 = ZL=-x032
4 dt dt bis
Linearization

dy
dt
wheny = 6t

—

dv _ 9 ft%min
dt

As we can see the tangent to the curve y = x? lies close to the curve near the point of tangency.
For a brief interval to either side, the y-values along the tangent line give good approximation to

the y-values on the curve.
If f is differentiable at x = a, then the approximating
function

L) =f(a) + f'(a)(x — a)

is the linearization of f at a . The approximation

f(x) = L(x)
of f by L is the standard linear approximation of f at
a. The point x = a is the center of the

approximation.

v

7’"

0 | a

12
0 A1
v =flx) Tangent and curve very close throughout
Slope = f'(a) entire x-interval shown.
(a. fla))

1.003

0.9974!
0.997

Tangent and curve closer still. Computer
screen cannot distinguish tangent from
curve on this x-interval.
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Solution:

) =7+ A

We havef(0) = 1and f'(0) = %, giving the linearization "o 0
X

Lix)=f(a)+ f'(a)(x—a) = 1+%(x—0) = 1+2

Look at how accurate the approximationv1l +x = 1 + ;—C for values of x near 0.

As we move away from zero, we lose accuracy. For example, for x=2, the linearization gives 2 as

the approximation forv3 , which is not even accurate to one decimal place.

Approximation True value | True value — approximation |
Vizs 1+ % = 1.10 1.095445 <107
V105 ~ 1+ 22— 1025 1024605 <107
V19.005 =~ 1 + 0'{:’205 = 1.00250 1.002497 <107°

Example2:Find the linearization of f(x) = V1 +x at x = 3.

Solution: f(3) =2, f'(3)=2(1+x) =1
L@ =247 - =245

At x=3.2, the linearization in example 2 gives

Vitx =Vi+32 z1+%=2.6

Which differs from the true value V4.2 =~ 2.04939 by less than 1073
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Intervals of Increasing and Decreasing:

A —>

increasing decreasing increasing constant

Theorem: Let f be a function that is continuous on a closed interval [a, b] and differentiable on
the open interval (a, b).

a) If f'(x) > 0 for every value of xin (a, b) ,then f is increasing on [a, b].

b) If f'(x) < 0 for every value of x in (a, b) ,then f is decreasing on [a, b].

c) If f'(x) = 0 for every value of x in (a, b) ,then f is constant on [a, b].

A A A
Tangent line have positive Tangent line have negative Tangent line has zero
™ b4
slope  tanf 0 <6 <3 slope  tang <6 <m slopes f'(x) =0
fl(x)<0 fl(x) <0
Concavity:

The graph of a differentiable = f(x) . (T=transition point)
a) Concave up on aninterval (a, b) if f' is increasing on (a, b)

b) Concave down on an interval (a, b) if ' is decreasing on (a, b)

A A
T(f' =0)
T(f' =0)
‘+++(I)———‘ B ———Q+++
f'e) v/' \AV ) ~a el .
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The second derivative test for concavity:
The graph of y = f(x) is:
Concave down on any interval where y" < 0.

Concave up on any interval where y" > 0.

Points of inflection:

.

A point on the graph of a differentiable function where concavity changes is called a point of

inflection.

£ (x) +++++0—————

U N

Maxima and Minima-Relative vs. Absolute:

A

fll>0

!

fll<0

v

A function f has a local maximum value at an interior point c of its domain if f(x) < f(c) for all x

in the same open interval about c. The function has an absolute maximum value at c if

f(x) < f(c) forall xin the domain.

Similarly, f has a local minimum value at an interior point c of its domain if f(x) = f(c) for all x

in an open interval about c. The function has an absolute minimum value at c if f(x) = f(c) for

all x in the domain.

Local maximum
No greater value of
f nearby.

Absolute minimum /
No smaller value of /
f anywhere. Also a |
local minimum. |

¥ =_r'l\|//

/TN

Absolute maximum
No greater value of fanywhere.
Also a local maximum
)
\
/N
Y, N\
\ ..
Local minimum
Y No smaller value
of f nearby.

s

cocal minimum

I No smaller value of
f ll\‘nlli}'.

a

Example: Find the max. and min. values of function y = x? — =

Solution:

—X
el ={"7

X,

d b

,[—3,—1].

x|

x<O0
x=0
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— 2 -
y=x"+-
, 1 2x3 -1 3 3 1
y=2x—F=O:> 2 =0= 2x°—-1=0= x° == :>sz
1
X = ¢ [-3,—-1
z &

f(=3)=9+ _is =9 — 31 = 8.67 Absolute max.

f-1)=1+(-1)=0 Absolute min.

Example: Find the max. and min. values to the function y = sinx — cos x ,to the interval [0, ].
Solution:

y' =cosx +sinx =0

T 37

cosx = —sinx = tanx= -1 = x = -7 € [0, ]

1) x=0= f(0) =sin0—cos0 =-1 Absolute min.
3w 3 . 3m 3

2) x= iiand f(T) =sin—-—cos—-= V2 Absolute max.

3) x=nn= f(r) =sinmt—cosm =1

H.W:y =secx + tanx , —%,g].

Sol ..y’ =secxtanx + sec?x = 0 = secx (tanx + secx) = 0

sinx -1 .
secx #0 ,tanx+secx=0 = tanx = —secx > — = = sinx = —1
Cos X Cos X
m 31 T T
X=—-—-—-,— -,
22 e[ 4’3]

1) x= —% =f (— g) = 0414 Absolute min.

2) x= g = f(g) = 3.732 Absolute max.

Applied Optimization Problems:
Example: A rectangle is to be inscribed in a semicircle of
radius 2. What is the largest area the rectangle can have, and

what are its dimensions?

Solution: Let length=2x, height =\/4 — x?, 5 \
area=2x - V4 — x? 2 0 e
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A(x) = 2x V4 — x? on the domain[0,2]
dA —2x?
—=—— 424«
dx Ty + x

—2x?
V4 — x?
—2x242(4-x2)=0 =8—-4x2=0 = x2=2 = x=+V2.

+2J4-x2 =0

x =—J2 & Area domain
Critical — point value: A(\/f) =2\2V4—-2 =4
End point values: A(0) =0, A(2)=0.

The max. area =4 when h=2v2
Graphs of Polynomials and Rational Functions:
Strategy for Graphing y = f(x)

I. Identify the domain of f and any symmetries the curve may have.

Find y" and »".

(]
.

3. Find the critical points of f, and identify the function’s behavior at each one.

4. Find where the curve is increasing and where it is decreasing.

5. Find the points of inflection, if any occur, and determine the concavity of the
curve.

6. Identify any asymptotes.

7. Plot key points, such as the intercepts and the points found in Steps 3-5, and
sketch the curve.

2

Example: Draw the function y = xx3

Solution:
Dy: (—o0,20)/x = 0.

!

x3(2x) — (x%? — 1)(3x? 2x* —3x* +3x% —x*+3x?

_ @) - DB : == T 0 S —xt43x2=0
X X X

x2(—x2+3)=0 =x=00r x =+V3

— =0t toot 40— —— -

f’(x)4 \—\/§/v 0 /V\/§ \;
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x0(—4x3 + 6x) — (—x* + 3x2)6x> —4x° + 6x7 —18x7 2x° —12x7
= 12 = 12 = 12 =0
x x X

12}

—— = =0+ ++teo————0++++
< i >
f'x) n -v6 u 0 n V6 U
5 1 1 0
. Xt — . x  x3
1 =1 =—=0
xl—r>£1° X xl—{g 1 1
: 11
. T X x3_ Y
xllrpx 3 ,lcll?o 1 1 0
. -1 _ g (0+e?-1 -1
xl—lglr x3 €50 (04€)3 0
limxz_l=1im(0_6)2_1=(_6)2_1=l=
x-0-  x3 -0 (0 - 6)3 (—6)3 0
2_ —_
y=0=>x l_0=x=TF1
x"3

—0.5 6
1 0
—1 0 v

x2

x2-1 "'

H.W.: Draw the function. y =

L'Hopital's Rule:
Suppose that f(a) = g(a) = 0, that f'(a) and g(a) exist, and that g'(a) # 0.
Then

lim @ = lim

i L) 110 _ 0
xoag(x) x-agix) xoag'(x) O
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Ll 1—cosx_0_l_ smx_l_ cosx_l

‘Y00 3x2 0 x50 6x A0 6 6

-1 1
_ 8 I

. cot 1\/;_T 1+x<2\/7> 0 . -1 -1
211n} 771 =11rr} > —IIH} 3 =3

X * x T axz (14 x)

_ 1 . x —sinx _ 1—cosx _ sinx 0
3.lim(————) = lim———— = lim - = lim - =—
x-0'sinx x x->0 XSin x x-0XCOSX +sinx  x-0—xSin X + cosx + cosx 2

=0
cot2t o  —2c¢sc?2t 2. sin?3t 2. 6sin3tcos3t 2 3sin6t

'tl—r>rc}cot3t 0 tl—I}(} —3c¢sc?3t :?tl—r}(}sinz ZtZ?tl—%ALsinZtcosZt :?tl—rBZsinl}t
2 ~18cos6t 2 18 3

:?tl—{% 8 cos 4t _?.3_ 2

T

) s . X7y 1 . )

5.1lim (x——)tanx = lim = lim ——— = lim —sin?x = —1
T 2 T T

b4 T cotx T —cscx L
x=7 ) xX=3 )

o (xog)sinx

x_% COS X

HW.:
_ V14t2 -1
1.lim
t—0 t2
x —cot 1 —
2.lim
x—0 X
_ csc% -1
-

4. lim(x — sin™1 x) csc3 x
x—0
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INTEGRATION

Integration by Parts:

Integration by parts is a technique used mainly for simplifying integrals of the form,

j () g(x) dx

The formula for integration by parts comes from the product rule,

d( )= dv+ du
dx w _udx vdx

In its differential form, the rule becomes:

dluv) =udv+vdu
udv=d(uv) — vdu

And integrated to give the following formula,

fudvzuv—fvdu

The equivalent formula for definite integrals is:

vy Uz
f udv = uy,v, —u vy — f vdu
V1 Uug

Example 1: Evaluate the integral
fxln x? dx

Solution

fxlnx2 dx = 2fxlnxdx

u=Ilnx, du = —dx
X

dv = xd _x

v = xdx, v—z
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dx

Ll

xZ xZ
= 2<71nx>—2]7

=x%lnx— | xdx
2
2
=x“lnx——+c¢
2

=

Example 2: Evaluate the integral

X
fsin‘lz dx
Solution
X
fsin*i dx
1
.1 X 5 dx dx
u=sin""—, du = =
2 \/1 x)z V4 — x2
- (3
dv = dx, V=X
—xsin‘lf—dex
2 V4 — x2
X %vél-—xz
=xsinTl-+&£2——+¢
2 1
2

Example 3: Evaluate the integral
f xtan™! 2x dx

Solution

f xtan~12x dx

tan~12 d - d !
u = tan X, u=———m-ax —
2+4x2 4
dv = x dx, v=x7 4x%2 +1 | x?
Tx2F 2
i , S S
=Ztan"12x — [——dx —-
2 1+4 x 4
1
—xzt -12 f ! 4 d
Topan e 4 axzy1 [V
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2

=2 tan12 1 +—1t “12x +
= n n
> a X X 8a X c

Example 4: Evaluate the integral

f(l + x) sin2x dx
Solution

f(l + x) sin 2x dx

u=1+x, du = dx
1
dv = sin 2x, v = —Ecos 2x

1 1
= —5(1 + x) cos 2x + fECOSZX dx

1
= —5c052x+zsin2x

Example 5: Evaluate the integral

fcosx/x+1 dx

Solution
fcosx/x+1 dx
Lety=vx+1

y2=x+1
2y dy = dx
=2fycosydy
u=y, du =dy

dv = cosy dy, v =—siny
=—ysiny+jsinydy = —ysiny —cosy +c¢

fxze_x dx

Example 6: Evaluate the integral

Solution

fxze_x dx

u = x?, du = 2x dx
dv = e *dx, v=—e*
= —x%e™*+2 f x e *dx
u=x, du = dx
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dv = e *dx, v=—e*

= —x%e X +2 [—xe‘x + j e dx] = —x%e X —2xe *—-2e ¥+

Example 7: Evaluate the integral

f sec3 x dx
Solution
f sec3 x dx
Uu = secx, du = secx tanx dx
dv = sec? x dx v =tanx

=secxtanx—fsecxtan2xdx
fsec3xdx=secxtanx—fsecx(seczx—1)dx
fsec3xdx=secxtanx—fsec3xdx—fsecxdx

2fsec3xdx=secxtanx—fsecxdx

fsec3xdx = E[secxtanx —In|secx + tanx|] + ¢

Example 8: Evaluate the integral

f sec x tan? x dx
Solution

f sec x tan? x dx

u = tanx, du = sec? x dx
dv = secxtanx dx vV =secx

=tanxsecx—fsec3xdx
=tanxsecx—fsecx(tan2x+1)dx
=tanxsecx—J.secxtanzxdx+fsecxdx

2fsecxtan2xdx=tanxsecx+fsecxdx
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1
f secx tan® x dx = E[tanxsecx + In|secx + tanx|] + ¢

Example 9: Evaluate the integral

je‘x cosx dx
Solution
f e *cosx dx
u=-e™*, du = —e *dx
dv = cosx dx, v =sinx
=e *sinx + f e *sinxdx
u=-e™*, du = —e*dx

dv = sinx dx, V= —COSX

=e *sinx —e *cosx — je"‘cosxdx

Zfe_x cosxdx =e *sinx —e *cosx

1
f e *cosxdx = E[e‘x sinx — e ¥ cos x]

Example 10: Evaluate the integral

fsin Inx dx
Solution
fsin Inx dx
_ coslnx
u = sinlnx, du = —
X
dv = dx, V=X
=xsinlnx — j- coslnxdx
—sinlnx
u = coslnx, du = ——
X
dv = dx, V=X
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=xsinlnx —xcoslnx — fsinlnxdx

X
fsinlnxdx =§[sinlnx—coslnx] +c

Example 11: Evaluate the integral

fex+21nx dx

Solution
fex+21nx dx =fex elnxzdx
= fxzex dx
u = x?, du = 2x dx
dv = e*dx, v=e*
=xzex—2fxexdx
u=x, du = dx
dv = e*dx, v=e*
=xzex—2[xex—jexdx]
=x%e*—-2xe*+2e*+c
Example 12: Evaluate the integral

1/2

f 2x tanh~ 1 x dx
0

Solution

1/2

f 2x tanh™1 x dx

0

dx ‘ 1

1-x? x%2 -1
2
dv =2 xdx, v=x | x?2

u=tanh lx, du =
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1/2 1/2
x? x?
= x?tanh™1x — j dx = x*’tanh ' x + j dx
1— x2 x2 -1
0 0
1/2
1
=x2tanh‘1x+f 1+— dx
x4 —1

0
1/2 1
= [x?tanh™'x + x — tanh™ ! x] é = Ztanh‘1 0.5+ 0.5 —tanh™1 0.5 = 0.088

Tabular Integration

We have seen that integrals of the form [ f(x)g(x)dx, in which f can be differentiated
repeatedly to become zero and g can be integrated repeatedly without difficulty, are natural
candidates for integration by parts. However, if many repetitions are required, the calculations can
be cumbersome. In situations like this, there is a way to organize the calculations that saves a
great deal of work. It is called tabular integration and is illustrated in the following illustrative
examples

Example 13: Evaluate the following integral by using Tabular Integration

sze"dx

With f(x) = x? and g(x) = e* one can list the following derivatives and integrals

Solution

f(x) and its derivatives g(x) and its integrals

1) v

e (\H‘ %
2x &‘ e

0 e

We combine the products of the functions connected by the arrows according to the operation
signs above the arrows to obtain

sze"dx = x?e* — 2xe* +2e*+c Ans.

Example 14: Evaluate the following integral by using Tabular Integration

MATHEMATICS I BY BALQEES ABDULWAHID, B.Sc., M.Sc.,, BAGHDAD UNIVERSITY, CIVIL ENGINEERING. 9-20 I



f x3 sin x dx
Solution

With f(x) = x3 and g(x) = sin x one can list the following derivatives and integrals

f(x) and its derivatives £(x) and its integrals
o \(H‘ sin x
3x? (—) —COoSs X
6x &‘f sin x
6 (—) Cos X

0 \» sin x

We combine the products of the functions connected by the arrows according to the operation

signs above the arrows to obtain

fx3 sinxdx = —x3cosx + 3x?sinx 4+ 6xcosx —6sinx + ¢

Integration of Rational Functions by Partial Functions

2, 3 _2x+D+3x—4) _ 5x—10
x—4 x+1  (x—-4)(x+1)  x2-3x—4

fo_lOd_f 2 d+f 3
X2 —3x—a"" ) x—2 x+1

=2In|x —4|+3In|x+ 1| +¢

5x-10 __A b
x2—-3x—4 (x—4) (x+1)

A(x+1)+B(x—4)=5x—-10
Ax+A+Bx—4B=5x—-10=>x(A+B)+ A—4B =5x — 10
Coefficient of x%: A — 4B = —10 (D

Coefficient of x1: (A+ B) =5 (2)

From Eq.(2), A = B — 5, substitute into Eq. (1) yields
B—5-4B=-10=B =3
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ThenA=3-5=2

Success in writing a rational function f(x)/g(x) as a sum of partial fractions depends on two
things:

e The degree of f(x) must be less than the degree of g(x). That is, the fraction must be
proper. If it isn’t, divide f(x) by g(x) and work with the remainder term.

e We must know the factors of g(x). In theory, any polynomial with real coefficients can be
written as a product of real linear factors and real quadratic factors. In practice, the factors
may be hard to find.

Here is how we find the partial fractions of a proper fraction f(x)/g(x) when the factors of g are
known

Method of Partial Fraction (f(x)/g(x) Proper)

1. Let x — rbea linear factor of g(x). Suppose that (x — )" is the highest
power of x — r that divides g(x). Then, to this factor, assign the sum of the
m partial fractions:
A, A, A,
— + =
A S (x — )"

Do this for each distinct linear factor of g(x).

2. Letx? + px + g be a quadratic factor of g(x). Suppose that (x> + px + g)"
is the highest power of this factor that divides g(x). Then, to this factor,
assign the sum of the » partial fractions:

Bix + (4 n Byx + (5 n n B.x + C,
4+ pr+q (P +px+g) (x2 + px + g’

Do this for each distinct quadratic factor of g(x) that cannot be factored into
linear factors with real coefficients.

(7]
B

Set the original fraction f(x)/g(x) equal to the sum of all these partial
fractions. Clear the resulting equation of fractions and arrange the terms in
decreasing powers of x.

4. Equate the coefficients of corresponding powers of x and solve the resulting

Example 15 : Evaluate the integral

f (x+2) s

x(x—1(x+1)

Solution
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(x+2) A B C
XG—Dx+D) 2 G=D Gt

Ax—1D((x+1)+Bx(x+1)+Cx(x—1)=x+2
Ax? —A+Bx*+Bx+Cx?—Cx=x+2

Coefficient of x°: — A =2 (D
Coefficientof x1: B—C =1 (2)
Coefficientof x2: A+ B+ C =0 (3)

From Eq.(1), A = =2,
From Eq.(2), B = 1 + C, substitute into Eq. (3)

1 1 3
“241+C+C=0>C=3 —B=1+5=>
(x+2) 3/2 1/2
fx(x—l)(x+1)d _f_d j( DUt arp®

= —2In|x]| +§ln|x —1] +§ln|x +1|+c

Example 16 : Evaluate the integral

X
d
f(x—l)z(x+2) X
Solution
Let
X A B C
= + +
x—1?(x+2) (x—-1?2> (x—-1) ((x+2)
Ax+2)+Bx—-1Dx+2)+C(x—1)?=x
Ax+2A+Bx?> + Bx — 2B+ Cx*—-2Cx+C=x+2

Coefficient of x®: 24 — 2B+ C =0 (D
Coefficientof x:: A+ B—2C =1 (2)
Coefficientof x>: B+ C =0 3)

From Eq. (3), B = —C, substitute into Egs. (1)and (2)
2A+2C+C=2= 24+3C=0 4)
A-C-2C=1> A-3C=1 (5)
Then solving Egs. (4)and (5)
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A=, c=-2 =p=2
3 9 9

X _1 dx 2 dx 2 dx
f(x—l)z(x+2)_§f(x—1)2+§f(x—1)_5 G +2)

1 2 2
= T3G=1) + §ln|x - 1| - glnlx + 2|
Example 17 : Evaluate the integral
dx
fxz(x2 + 4)
Solution
1 A B CCx+D

x’(x2+4) x2 x (x?2+4)
Ax*+4) +Bx(x*+4)+ (Cx+ D)x* =1
Ax?+4A+ Bx3® + 4Bx + Cx3 +Dx? =1

Coefficient of x%: 44 = 1 (1)
Coefficient of x1: 4B = 0 (2)
Coefficientof x>: A+ D =0 3)
Coefficientof x3: B+ C =0 (4)

From Egs. (1) and (2)

1
A=- d B=0
7 ™

Substituting into Egs. (3) and (4)
D = ! dC =20
Then

f dx 1 (dx 1f dx 1 11t _1x+
2(x2+4) 4)x2 4) (x2+4) 4x 420 7€

Example 18 : Evaluate the integral
f dx
x3—8

Solution
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dx
fx3 (x=2)(x2+2x+4)

Let
1 A Bx+C
(x—2)(x2+2x+4):x—2+(x2+2x+4)
Ax?+2x+4)+Bx+0)(x—-2)=1
Ax? + 2Ax + 4A+ Bx?* —2Bx+ Cx —2C =1

Coefficient of x%: 44 — 2C =1 (1)
Coefficientof x1: 24 — 2B+ C =0 (2)
Coefficientof x?>: A+ B =0 3

From Eq. (3), B = —A, substitute into Eq. (2)
2A+24+C=0> 4A+C=0 4)
Then solving Egs. (1)and (4)

1 1
3C=—1:>C=—§ and A = —

12
Then
g1
12

11
f dx _ 1f dx 12X 73 _ 1 dx 1 x+4 p
X3—8 12 2T e+ T 2 x—2 12) v+ )

or

dx 1 2x + 8
fx3—8zﬁfx—2 2) s zr D
1 dx 1 2x + 4
[ (xz+2x+4)dx+f(x2+2x+4)dx]

12 x—z_ﬁ
1 2x+ 4
T 12)x—2 24 (x2+2x+4) +f(x+1)2+3dx]
——lnIx—ZI——lnIx +2x+4|—itan_1(x+1>+c
43 V3
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Example 19: Evaluate the integral

dx

f x3—x*+x+2

x3—2x2—x+2

Solution

For the integral
x3—x%+x+2 X

f dx & de
x3—2x%>—x+2 gx)

The degree of f(x) must be less than the degree of g(x). Then one has to divide f(x) by g(x) and

work with the remainder term
1
X3 —2x% —x+2 [ x3—x*4+x+2

x3—2x%—x+2

x% 4 2x

j‘x3—x2+x+2d —f1+ x% 4 2x
x3 —2x2—x+2 = x3—2x2—x+2 x

Also one can simplify the following expression

x3—2x2—x+4+2=x3-2x>-(x-2)=x*(x-2)—-(x—-2)=(x—-2)(x2-1)
=x-2)x—-D(x+1)

Then

x3—x24+x+2 14 x% 4 2x
x3—2x2—x+2 x—-2)(x—D(x+1)

Let
x% + 2x A B C
G-DG-Dax+D) -2 G-D @+D
Ax—DEx+1D+Bx—-2)x+1D)+C(x—2)(x—1) =x%+ 2x
Ax*—1)+B(x?—x—-2)+C(x* —3x+2) = x*> + 2x
Ax? — A+ Bx? —Bx — 2B + Cx?> —3Cx + 2C = x? + 2x

Coefficientof x°: —A—2B+2C =0 (D
Coefficientof x1: —B—-3C =2 (2)
Coefficientof x>: A+ B+ C =1 3)

Solving the above simultaneous equations yields
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A—8
=3

Then

fx3—x2+x+2 p _fd L8 f f 1 dx
B—2xt—x+2 x (x—2) x—-1 6J) (x+1)

or

p=_> i c=_1
-7 @ 76

j x3—xt+x+2

8 3 1
o2y g = xtginlx =2l —Slnlx — 1] —=lnlx + 1 +c

HOMEWORKS

HW 1: Evaluate the integral

f *dx

eX(e?* + 3e* + 2)

Hint: Let y = e* = dy = e*dx the above integral will be transformed into the following
form

[s573575 = 5579
y(y?+3y+2) yy+2)(y+1)

HW 2: Evaluate the integral

f dx
cos x (sin? x — 4)
Hint: Multiply by cos x / cos x yields

j cosx dx _ cosx dx
cos?x (sin2x —4) ) (1 —sin2x)(sin2x — 4)

Lety = sinx = dy = cos x dx the above integral will be transformed into the
following form

/ - %
A-y50*—4) A-y)A+y)(-2)y+2)

HW 3: Evaluate the integral

f dx
tan?x + 2tanx
Hint: Multiply by sec? x / sec? x yields

f sec” x dx _ f sec” x dx
sec2x (tan2x + 2tanx) J (1 +tan2x) (tan2x + 2 tanx)
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Lety = tanx = dy = sec? x dx the above integral will be transformed into the

following form

dy

f A +y2)(*+2y)

One can use the following substitution to transform the trigonometric function to algebraic

functions

Let y = tan(x/2)

thentan™ly =x/2=>x =2tan 1y

Using the following identity and the figure shown one can find

the following expressions

sinx = 2sin(x/2) - cos(x/2)

y 1 2y

:2 =
Ji+y2 1+y2 1+y?

Also

cos x = cos?(x/2) —sin?(x/2)

1 y? _1—y2
14y 14y? 14y?
then
2y
Smx_1+y2
_1-y
cosx—l_l_y2

Example 20 : Evaluate the integral

Solution

J

Trigonometric Substitutions of y = tan(x/2)

_ 2dy
142

dx

dx

2+ sinx
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By using the trigonometric substitution of y = tan x/2

1-y? _2dy
cosx—1+y2, x—1+y2
2dy
2 2d d 2
f 2 22[ 2 g 2 zzfz—y:_tan_ll“LC'
P Sl 21 +y»)+ (1 -y?) y>+3 43 V3
tI:v2
y
2 _, tan(x/2)
=—tan " ——
V3 V3

Example 21 : Evaluate the integral

sin x
f.—dx
sinx + 2
Solution

sinx sinx+2—2 dx dx
[ECLC S FIE 2R C PR Y P Sy
sinx + 2 sinx + 2 sinx + 2 sinx + 2

By using the trigonometric substitution of y = tan x/2

. 2y 2dy
sinx = , dx =
1+ y? 1+ y?
2dy
f dx _f 1+ y2 _j‘ dy _j‘ dy
sinx +2 2y o, Jy+@+y) Jyr+y+1
1+ y?
ty+1=y*+ +1+3—( +>2+3
yrry =Y YT aT =TS 2
d d 2 Y+l
f > Y :f yz =" tan [ =2 |+ ¢
y2+y+1 1 3 3 3/2
(v+2) +1
x 1
sinx 2 tan(z) T3
f_—dxzx—z-—tan‘1 —==]+c
sinx + 2 V3 V3
2
4 2tan(x/2) +1
=x——tan‘1< x/2) >+c
V3 V3

Example 22 : Evaluate the integral

f dx
2secx + 3

Solution
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T
.

dx

f dx ><cosx_f cosx dx _1j'3cosx+2—2
2secx+3 cosx J 2+3cosx 3 3cosx + 2

| e e
3 x 3cosx+2] 3 3cosx + 2

By using the trigonometric substitution of y = tan x/2

_1-y? D = 2dy
Cosx_1+y2' x—1+y2
2dy
f dx _j 1+ y? _zf dy —Zj dy
3cosx+2 3<1—y2) 2_ 3(1 —y2)+2(1 +y2) 5—y2
T+y2) "
y
2 y
= —tan™! (—) +c’
V5 V5

dx 1 2 __(tan(x/2) X 4 __(tan(x/2)
J‘m—glx—Z\/—gtan 1<T>l+6—§—ﬁtan 1<T>+C

Products of Powers of Sines and Cosines

The integrals of the form
f sin™ x cos™ x dx

Where m and n are nonnegative integers (positive or zero). One can divide the work into three
cases:

Case 1: If m is odd, one can write m as 2k + 1 and use the identity sin? x = 1 — cos? x to
obtain

2k+1

sin™ x = sin?**1 x = (sin? x)* sinx = (1 — cos? x)* sinx

Then we combine the single sin x with dx in the integral and set xdx equal to - d(cos x).

Case 2: If m is even and n is odd, one can write n as 2k + 1 and use the identity cos?x = 1 —
sin? x to obtain

2k+1

cos™ x = cos x = (cos? x)*¥ cosx = (1 — sin? x)* cos x

Then we combine the single cos x with dx in the integral and set xdx equal to d(sin x).
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T
.

Case 3: If m and n are both even, one can substitute
1 — cos2x 1+ cos2x

sin?x = —, cos’x = 5

2

To reduce the integral to one in lower powers of cos 2x.

Also, one can use the following general reduction formulas

- . sin"txcos™tx n—-1( .
sin" x cos™ x dx = — sin""“xcos™xdx (n#-m)
m+n m+n
Or
- . sin"*txcos™tx m-—1[ _—
sin" xcos™xdx = — sin™ x cos xdx
m+n m+n

Example 23 : Evaluate the integral

f sin3 x cos? x dx
Solution
The integral having the form

f sin™ x cos™ x dx

With m = 3 odd, one can write m = 3 = 2k + 1 = k = 1 and use the identity sin®x = 1 —
cos? x to obtain

2x1+1 x = (sin® x)'sinx = (1 — cos? x)! sinx

sin® x = sin
f sin3 x cos? x dx = j (1 — cos?x) sin x cos? x dx

Letu = cosx = du = —sinx dx

5 3

u®  u
f(l—coszx)sinxcoszxdx=—j(1—u2) uzduzf(u“—uz)du:?_?_FC'

in3 2 1 5 1 3
SIn~ X CoS XdXZECOS x—§cos xX+c

Example 24 : Evaluate the integral
f cos® x dx

Solution

The integral having the form
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f sin™ x cos™ x dx

Withn = 5 odd and m = 0, one can writen = 5 = 2k + 1 = k = 2 and use the identity cos? x =

1 — sin? x to obtain

COS™ X = COS

Letu = sinx = du = cos x dx

2X2+1

f cos® x dx = f(l — sin? x)? cos x dx

x = (cos? x)? cosx = (1 —sin® x)? cos x

3 5

2 1
j(l—sinzx)zcosxdx=f(l—uz)zduzj(1—2u2+u4)du=u——u3+—u5+c’

5 ; 2 in3 1 in5
CosS xdx=51nx—§sm X+ESII’1 x+c

HOMEWORKS

1. j(Zx + 1)10 x2 dx

dx
o
—x2 + 6x
; sind x 4
| ——=dx
Ycosx

1
10. f sec* x tan2 dx

Vtanx
13. f

1 —sin?x
dx
16.f—
1—secx

NN

X3
[~
(x+2)2
5f dx
) x?2+4x+5
8.fcsc6xdx

11.[\/1 —cos2x dx

14. f cot* 2x dx

dx
o
4x —x%2+5
tan x sec? x

—dx
v1+tanx

3f X 4
2ot

6f dx
") 1 —sin2x

9.jsin2xcoszxdx

sin x

12. | ———
(1 + cosx)? x

15.f Vsin x cos3 x dx

18[ dx
") 4x?2 4+ 2x+3

21fx5_x+1d
JTerr P
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Definite Integral

Sigma notation:

K? = 1% 4+ 2% + 3% + 42

NgE

k=1

1

DK = (=34 (2207 + (-1 + (0 + (1P

k=-3

r

.
1l
ey

ajx) = ayxt + apx? + azx + -+ apx”

i+3
I si (kn)_ . (n)+2. <2n>+3_ <3n>
sin =)= sin z sin z sin z
k=1
Properties:
n n
1 2 kaj = kZ a
j=1 j=1
n n n
Z(ak+bk) :Zak$zbk
2 k=1 k=1 k=1

&
1l
ey
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Summation Formulas:

L N nn+1)
Z:k=1+2+3+4+---+n:_2
k=1
2 n
' Zkz:12+22+32+'--+n2:n(n+1)(2n+1)
k=1 6
3. n X
st 1342343 4 d = [n(n—i-l)]
k=1 2
A
Area under a curve: y

Problem: Find the area of a region R bounded below by
the x-axis, on the sides by the lines x=a ,and x=b, and
above by a curvey = f(x), where f is continuous on

[a,b] and f(x) = 0 forallxin [a,b], AL ?

Solution
a b x

1. Choose an arbitrary positive integer n and divided the interval [a, b] into n subintervals of
width Ax = b%a by points
A = Xg, X1, X2, X3, euny Xig» ey Xp—1,Xn = b \

2. Draw vertical lines through the points
Xo, X1, X2, ..., X to divide the region R into n strips

of uniform width, the lines

Yo = f(a),y1,Y2, Y3 s Yier » Yn—1,Yn = f (D)
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Inscribed rectangle: v A

S_" = Axf(xg) + Axf(xy) + -+ Axf(x,) + -+

Axf (xp_1)
n
= ()
k=1
or Circumscribed rectangles: a b x
Sy = Axf(x;) + Axf(xy) + -+ Axf(xp) + -+ + Axf (x,)
n y |
= ) dxf(x)
k=1 _
S, <Ab<s, V|
a b x

If we allow n to increase, the widths of the rectangles will get smaller, so that the approximation
of R will get better as the smaller rectangles fill in more of the gaps under the curve. Thus we can

consider the exact areas of R to be the limit of the areas of the approximately regions as n goes to

plus infinity.
n n
Ab = lim S, = lim S, = Ab = lim Z Axf(x) = lim Z Axf (x)
n—oo n—oo — n—-oco Ax—0
k=1 k=1
Properties:
1. A2=0 (Ax = 0)
2. A¢=-4Ab (Ax < 0)

3. Ab = AC + AP
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Definite Integrals:

The limit in the definition above is so important that there is some special notation for it. We write

b n
[ redx = Jim > axr o
a k=1

or

4 = [area undery f(x)] ff(x)dx

over [a, b]

Theorem: The Fundamental Theorem of Calculus, Part 1
If f is continuous on [a, b] and differentiable on (a, b) and its derivative is f (x);

v area = Fix)

d X
F'(x) = ﬁf f(®)dt = f(x). A

Proof of Theorem:

F(x) = ff(t) dt

0 > [
F(x+h)—F(x) ¥
= F(x) = lim == :
h—>0 h [
F(x+h)—F(x)=hf(x) 2=
f(x)
- - > [
Ol a X x+h b
Ex d pxdt 1

Tdxd1l t+1 0 x+1

,d uds 1
"duv0 s2-1 u?-1
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Ex: dfl dt -1
dx J, vtz +1 dxJ; VtZ+1 Vx2+1

IfFCo) = [279% f(o)dt
d (v d
) = f F(D)dt -d—;‘

= fQ) 5

Ex: find F', F"' to the function F(x) = fosmx\/1 —t? dt.
Sol.: F'(x) = V1 —sin? x - cos x = cos? x

F'""(x) = —2cosxsinx = —sin 2x

., d d? .
Example: Find =% and —= to the function y = fcosx
dx dxz Sinx

Solution:
cosXx sinx coS X
f dt+f = j ‘ dt+f ‘ dt
Smx\/l—t2 \/1—t2 J V1 -—t? J V1 —t?
dy —sinx N COS X (= sinx)
—— =———-Cc0SX - (—sinx
dx /1 —sin2x V1 —cos? x

= —sinx — cosx

d?y

—— = —CoSXx +sinx
dx?
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Theorem: The Fundamental Theorem of Calculus, Part 2

If f is continuous at every point of [a, b] and F is any antiderivative of f on [a, b],

then

b

ff(x) dx = F(b) — F(a).
Proof:

Find the area under the line y = x to the interval [0,b].
Solution: We compute the area in two ways.

(a) To compute the definite integral as the limit of Riemann

b_
sums,
b—0 b iy
Ax = = —
n n b
X
b 2b 3b nb kb 0 b
P = {O,—,—,—, ,—} and x;, = —.
nn n n n
So
lim Yy f(x)Ax =
n—-oo y
n
_ kb b bl
lim z — ==
n—-oo n n y=ux
k=1
b
n kb? al
llm —2 = a
n—oo n ’
k=1 X
0 a b
b2 n l—b — a—]|
— lim Z k =
n< n-oo
k=1
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. b> n(n+1) . b2<1+1)_b2
ngrgoﬁ 2 _n1—1>10107 n) 2
2
(b)A = (%) ‘bbb = b? . Therefore,
b
b2
dx = —.
fx X >
0
To find the area to the interval [a, b].
b 0 b
jxdx =dex+jxdx
a a 0

= —foax dx+f0bxdx
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Rules satisfied by definite integrals

a b
1. Order of Integration: / flx)dx = — f flx) dx A Definition
b a
2. Zero Width Interval: ] flx)dx =0 Also a Definition
b b
3. Constant Multiple: / kf(x)dx = k / flx) dx Any Number

b b
/ —flx) dx = —f flx) dx k= —

b b b
4. Sum and Difference: f (f(x) + glx)) dx = / flx)dx + / glx) dx
b c c
5. Additivity: f flx) dx + / flx)dx = / flx) dx
a b a

6. Max-Min Inequality: 1f f has maximum value max f and minimum value
min f on [a, b], then

b
min f-(b — a) = / flx)dx = max f-(b — a).
b b
7. Domination: fix) = g(x)on [a, b] = ff(x} dx = /g[x) dx

b
f(x) = 0on[a, b] = /f(x) dx = 0 (Special Case)

¥ ¥ ¥

¥ =20
¥ = flx) + glx)
v =fx) /\/"
v=glx)
v=flx)
¥ =f(x)
X x
of a b ol a b
(a) Zero Width Interval: (b) Constant Multiple: (c) Sum:
a b (:] b (:] b
/ flx)dx = 0. [ kfix)dc = k[ flx)dx. / (flx) + glx))dx = / flx)dx + f olx)dr
(The area over a point is 0.) (Shown for k = 2.) (Areas add)
v y
max [
c
.[ff-r)eir min f /\/—\‘ ~f®
flx)dre b
of 4 b c ol a b T
(d) Additivity for definite integrals: (e) Max-Min Inequality: (f) Domination:
b € c b
/ flx)dx + fﬂ.ﬂ dx = [ﬂx}d_\' min f - (b — a) ﬁf flx)dx fix) = glx) on[a, b]
a b Ja a b b
=max f-(b—a) :f f[x}a’x&/g{x}ci\'
a a
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Example: Find the area under the curve y = x3 fromx = —1tox = 1.

Solution:

y=0 when x =0

1 0 1
Al = flf(x)ldxz fx3dx + fx"’dx
“1 21 0
ol el 2o+t —ol 22
- 4]—1| 1o _|O 4|+|4 0|_2'

Example: Find the area under the curve y = sinx cos? 2x fromx = 0to x = g

Solution:

sinxcos?2x=0 = sinx=0 when x=0

NI

or cos?2x =0 when2x=- = x

N

3
2
sin x cos? 2x dx| + fsinxcos2 2x dx
L
4

N
SN
Il
S —— aln

1+ cos4x

10 . 10 .
> dx=§fsmxdx+§fsmxcos4xdx

fsinxcos2 Zxdxzfsinx(

1 1
= —Ecosx + Zf(sin(l —4)x +sin(1 + 4)x) dx

= —%cos x + if(sin(—3x) + sin 5x) dx

1 1,1 1
= —Ecosx+z(gcos3x—50055x) +c
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s

A%— ! +1 ! 3 5 %+ +1 ! 3 ! 5 2

0= 2cosx 4(3cosx 5cos x)]O 2cosx 4(3cosx 5cos x)]%
= 7/15

Theorem: The Mean Value Theorem For Definite Integrals

If f is continuous on [a, b], then at some point c in [a, b], v y
b _
1 i T
@ =5 [ redx |

[f(e), average
a l height

X

|

|

I N
1

0 a ¢ b

f— b= ——]

Example: Find the average value of f(x) = sinmxon the

interval [-1,1].

Solution:

1
1
fsin nxdsz(O) =0

1
f(C)=1_—(_1)

xX+2
V9—4x2

Example: Find the average value off(x) = to the interval [0, 1].

Solution:

1
x+2

1 1
d f - d+2f d
X = | —F———=dx a—
0.J V9 —4x2 ) V9 — 42 2 V9 — 4x?

1
f(©) ==

1
_1(9-4x?)2.1q .
= _ET] o 1 sin

2

2% 11 V5 3 .12
1=l =——+>+sin"'=
370 4 4 3
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Example: Find the average value of y = x + |x| to the interval [-1,2].
Solution:

|x|:{—x, x<0
X, x=>0

2 0 2
f(c) =2_;(_1)_f1(x+|x|)dx=% _jl-(x—x)dx+0f(x+x)dx

Example: Evaluate the integral f_zlf(x) dx if,

f(x)_{cosnx —1<x<1
x4+ 1 1<x<?2

Solution:

1

2 2
_jlf(x)dxz jcosnx+1f\/mdx

-1

1 2
1
= 2fcos7rxdx+](x+1)§dx
0 1

3
_ 1 (x+1)2. 2 442
=;(smnx)0+— = 2V3

3 14 3

2
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7 APPLICATIONS OF DEFINITE INTEGRALS

Example: Find the area bounded by the curve y = x? — 2x — 3 and linesy = 0,x = 0,x = 2.
Solution:

First we sketch the area. The limits of integration are found by found the points of intersection of
the area.

v

y' =2x—-2=0=x=1,y =—-4 = (1,—4) Transition point.

x=0=>y=-3 i

x=2 =y=-3 \ \//

dA = |f(x)|dx = |y = x? — 2x — 3|dx v

3

2 2
2 2 _ _ — 2 _ _ _x__ 2 _ 2_|§_ _ |_E rr2
Ao—flx 2x 3|dx—jx 2x — 3dx| = 3 X 3x0—3 4 6—3unlt.
0 0

AREAS BETWEEN CURVES

Area under the curve can be found by using two
approaches of integrations:

1. Integration with respect to x. Upper curve

dA = |y, — yyldx = |f(x) — g(x)|dx

4= fabdA - jab|f(x) — g(0)ldx N

yz = g(x) Lrl\Ar'Pl' onrveg

A (e
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2. Integration with respect to y.

dA = |x; —x;|dy = |f(y) —g()Idy

4= fcddA - fcd|f(y) — g)ldy

d-

X = g(v)

X, =9) x = f()

Example 1: Find the area of the region enclosed by the parabolay = 2 — x? and the liney = —x.

Solution
.\‘
First one should sketch the two curves.
(x, f(x))
lety, =2 —x%andy, = —x V22
(-1, 1) ~ '
The limits of integration can be found by solving the —1 dx
equation = | | |
q Yi=DY2 3 0 ] 5 %
2—x2=—x>x2-x-2=0 \
x+Dx-2)=0 (x, g(x))
L V==X N(2.-2)
x=—-landx =2
Thena=—-1andb =2
dA = |y, — y,ldx =12 — x? + x|dx
2 2 x2 53 2
A =f |2 —x2 + x|dx = f Q-x*+x)dx|=||2x +=———
-1 -1 2 3
-1
—|(4+4 8) ( 2+1+1)|—9 A
- 273 273)| T2 A
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Example 2: Find the area of the region in the first quadrant that is bounded above by y = v/x and

below by the x-axis and the liney = x — 2.

Solution

First one should sketch the two curves.
From the sketch there are two regions:
Region 4

y1=+xandy, =0

Region B

y; =+vxandy, = x — 2

Find the limits of each region

The limits of region A

.v

4
Area :/(\/} —x+ 2) dx
20

2 B ‘\""-\ V= Vix
2F Area = Ox/.x; dx "-‘,\I(,x',f(x)) 7
(o f) ] AN
I B\ —> i\ix: 2
£ (x, 2(x)
<«—dx + 8L
1 X
0 / y=072 4
(x, g(x))
-

The lower limit is ay = 0 (satisfy the first quadrant). To find the upper limitletx —2 =0=x = 2

then by = 2.

The limits of region B

The lower limitis ag = 2 to find the upper limit let y; =y,

Vi=x—-2=2x=(x-2)2=2>x2-5x+4=0=>(x—-1D(x-4)=0

Either x = 1 < ap lower limit, neglected

Orx =4 >ap 0K, thenbg =4

Then
Region A Region B
Limits a=0andb =2 a=2andb =4
Functions y; =+vxandy, =0 y; =+vxandy, = x — 2
dA |y1—y2|dx=\/§dx ly1 — y2ldx = |\/§—(x—2)|dx
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~

2 3 x?
+|[5x2 — =+ 2x
2 2

2 4 2 312
A=AA+AB=f |\/§|dx+f |\/§—(x—2)|dx=‘[§x7] 3
0 2 0

2(2)§—0| + |(§(4)§—8+8> - (%(2%—2 +4>| =% Ans.

Example 3: Find the area of the region in
Example 2 by integrating with respect to y. 1

(g(y). y)
Solution )
[l RS .
From the sketch of the graph there are one region (f(¥). )
, , [=F () — g7
Find x as a function of y, x = f(y) |

of y=0 72 4
y=x—-2=2x=y+2=>fy)=y+2

y=+vx=y?=xorgQy) =y?

Then the functions are

f)=x,=y+2

gy =x, = y?

Find the limits of integration

The lower limit is ¢ = 0 (satisfy the first quadrant).

To find the upper limit let x; = x, then
y+2=y2=2y2—y-2=0=>(@+1DHy-2)=0

Either y = —1 < ¢, this point gives a point of intersection below the x-axis, neglected

Ory=2>c 0K.thend =2

dA = |x; — x,|dy

10
= — Ans.

2 Z 7
y+ 3

2
y: oy
2 3

0

2 2 2
A=f Iy — xldy = f (xl—xz)dy|= f (y+2—y2>d;v‘=
0 0 0
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Example 4: Find the area of the region in Example 2 by using a combined method of calculus and

geometry v
5L (4.2)
Solution v = \Vx
The area will be the area between the curves y; = /x, L !
and y, = 0 (x-axis) within the intervala = 0 and b = e 2Are’1 _5 1
4, minus the area of a triangle with base 2 and height I <_de/ S|
2. 0 y=10 2 .
VX 4 1
A= Az;o - ATriangle = f dA _EBH
0

dA = |y, — y,|ldx = |\/§— 0|dx = |\/§|dx

* 1 * 2 31t 10

A =] [Vx|dx —=(2)(2) = ] Vxdx|—2 = —xi] —2=— Ans.
0 2 0 37 1 3

Example 5: Prove that the area of a circle with radius a is wa?.

Solution |
The equation of a circle is
x% 4+ y? = g2

Or in piece-wise form and as function of x

+ya? — x? s

y =

—Jaz — x2
ify, = VaZ —x2
Theny, = -y,

dA = (y; —y)dx = (y; — (=y1))dx = 2y,dx = 2./a? — x? dx
a a a a

Azf dAzf 2 az—xzdxzz.f 2 az—xzdx=4f va? —x?dx even function
-a -a 0 0

letx =asinf = 0 =sin~?! (g)

dx =acosf db
Find the limits of @
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x=0=>0=0=sin"1(0)=0

a s
x=a=60=sin"?! (E) =sin71(1) = >

NE

s
2
A =4f \/az—(asine)z acosf do =4f
0 n 0
2

—4612[t9+1 i 29]
= 2sm

2 2

0

s
4a? (2
a?cos?0 do = Tf (1 + cos208) db
0

T 1 T 1
= 2a? [§+§sin——<0+—sin0)]:na2 0.K.

Solution Il
24052 — 2 yA
From the figure Ay T (x,y)
y=asinf and x =acosf = dx = —asinf dx
The limits of integrationis 0 < 8 < 2m X
—-a a

dA = ydx = |asin@ (—asin0)|d = a? sin? 8 dO

21 27T az 2
Azf dA:f a’sin?0dfd =— | (1—cos26)do
0 0 2 Jy
a? 1 mo g2
=7[9—§sm26]0 =7(2T[)
=a’mr O.K.

Example: Find the area of the region enclosed by the curves x = y*and the curve x = 2 — y*.

Solution:
A
DE=4y3=0= y=0x=0 x =yt
dy S~
E S
dx
2)E=—4y3=0=>y=0,x=2 , >
A
yr=2—-y* = 2y*=2=y*=1=y=F1,x=1 . x=2-yt
(1,1)and (1, —1) Intersection points il

dA = |x; — x,|dy = |2 — y* — y*|dy = |2 — 2y*|dy

1

AE]_:-[

-1

1 1
511
-2y =2 [2-2y* ay| = 4|[ -y ay :4| —%M
0

0
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B 5 5

Example: Find the area of the region enclosed by the curve y = +/x andthelinesy = —x + 6,
y=0.
Solution: A

’ 1

y' = V3 > 0 Increasing function
\/;=—X+6 y=—-x+6 y=+x
x+Vx +6=0

(VF-2)(F +3) =0 ——

v

Vx =2 = x =4,y = 2 (4,2) Intersection points
Vx # -3

dA = |(x; — x)ldy = |(6 —y) — y?|dy

2 2 5 5
Aj =f|6—y—y2|dy= f6—y—y2 dy =6y—y7—yg (2)=23—2
0 0
Example: Find the area of the region enclosed by the curves y = x%2 — 2,y = 2x2 + x — 4.
Solution:
Dy =2x=0=x =0,y = -2 (0,—2) Transition point
)y =4x+1=0=>x= —i,y = —3'73 = —4.125 Transition point

X2 —2=2x*+x—-4 +

x*+x—-2=0

A
v

x+2)(x—-1)=0
x=—-2=y=2

x=1=y=-1

(—2,2), (1, —1) Intersection points v
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A=y, —yldx = |x? =2 — 2x% + x — 4)|dx = |—x% — x + 2|dx

1
1 2 2 x® x?
Al, = ||—x*—x+2|dx = —x“—x+2dx|=|—-——-——+ 2x

) —2‘

-2

| 1 1 +2 8 2—-4)| =

3 2 G )| =
Example: Find the area of the region enclosed by the curves y = x? — 2x and,y = 4x — x2.
Solution:

1)y =2x—2=0=x=1,y =—1(1,—1) Transition point
2) vy =4-2x=0 = x =2,y =4 (2,4) Transition point
x? — 2x = 4x — x? A

2x2—6x=0 =2 2x(x—3)=0 =x=0,y=0

=x=3,y=3

A
v

(0,0),(3,3) Intersection point

A=y, — y,ldx = |4x — x? — (x? — 2x)|dx = |6x — 2x?|dx

v

3 ) ) 6x? 54 54
Ay = | |6x — 2x%|ldx = || 6x — 2x“ dx| = |— — — —_———
APPLICATIONS OF DEFINITE INTEGRALS
Volumes by Slicing:
, 4
1) Volumes by cross sections dx A(x)

Perpendicular to the x-axis.

b
V(x) = fA(x) dx NAmmmm - SECEEEEEEE -

a

Y
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2) Volumes by cross sections

Perpendicular to the y-axis. y A
1
d  |7-""7 - 1
1
| AW)
S
d N
Viy) = |, Ay) dy —F v
1
|
I R L
______ LIEN
c RN
- X
Example: A pyramid 3m high has a square base that is
3m on a side. Find the volume of the pyramid. )
Solution: Typical cross-section
1. A sketch.
2. Aformula for A(x). 01 3
3. The limit of integration ! -] ,_
e - \
4. Integrate to find the volume 7
3 ° 3 %313 \‘-\‘(mJ
— — 2 4, = X7|3 = 3 \
V=[ Ax)dx = [ x*dx = 3]0—9m
3
Example: Find the volume of the solid that the base is curve y = sinx fromx =0
tox = m and y = 0 if the if the vertical section on the x-axis is,
a) Square b) Half circle y
Solution: i
a) A(x) =y? =sin?x
dV = sin? x dx y = sinx
Y 1 7T
Ve =J, sin®x dx = [ (1 cos2x)dx =
Iy —1g T _to_ =" x
z[x 25m2x]0 = 2(1‘[ 0) = >
MATHEMATICS I BY BALQEES ABDULWAHID, B.Sc., M.Sc., BAGHDAD UNIVERSITY, CIVIL ENGINEERING, 7-2

M.ASCE.



2
b) A(x)=§(%) :%sinzx

dV = —sin?
T — n
851 X

V= [T Esin? x dx = g-%f{fu —cos2x) dx =
2
[x——stx] —
16 0 16

Example: Find the volume of the solid that the base is the area enclosed be the curves y = sinx
and y = cos x and the line x = 0 if the vertical section on the x-axis is square.

Solution:

. T
sinx = cosx =>tanx=1=>x=z

A(x) = y?dx = (cosx —sinx)? = cos? x — 2 cos x sinx + sin? x
=1—-sin2x
dV = (1 —sin 2x)dx

V”é4—fn/4(1—51n2x) dx = [x+ cost]”é‘*z%—%

Solid of Revolution:
1. The Disk Method
Example: (Rotation About the x-Axis)

The region between the curve y = Vx ,0 < x < 4 ,and the x-axis is revolved about the x-axis to
generate a solid. Find its volume.

Solution: v
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Y= Vi R(x) = Vx

Example: (Volume of a Sphere)
The circle x? + y? = a?is rotated about the x-axis to generate a sphere. Find its volume.

Solution:

R(x) =y =+Va? — x?

Alx) =my? = n(a? — x?)

a a

V= fA(x) dx = fn(az —x?)dx
-a -a
x3l a 4
_ 2, % _ 3
—n[ax 3]—(1 7@

Example: (Rotation About the Line y = 1)
Find the volume of the solid generated by revolving the region bounded by y = v/x and the lines
y=1,x =4abouttheliney = 1.
Solution:

R(x)=+x —1

AC0) = m[R(0)]?

MATHEMATICS I BY BALQEES ABDULWAHID, B.Sc., M.Sc.,, BAGHDAD UNIVERSITY, CIVIL ENGINEERING, 7-2
M.ASCE.



Example: (Rotation About the y-Axis)

Find the volume of the solid generated by revolving the region between the y-axis and the curve

X = 5 ,1 <y <4, about the y-axis.
Solution:
A

x' = —% < 0 = Decreasing fct.
y

n

4
= —Z > 0 = Concave up
y

V= ['n[RO)?dy

v
4

4 4]
y
1
4
= —_— = T[ — —
y2 1
1 2
S =3 )
= 41T — = 37T
4
=
R) =5
5 ;
X
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Example:(Rotation About a vertical Axis)
Find the volume of the solid generated by revolving the region between the parabola x = y% + 1
and the line x = 3 about the line x = 3.

Solution: Y Ry =3-0"+1
x'=2y=0=>y=0x=1 =2-7 65
(1,0) T point Var L ABV2)
3=y24+1 =y=+4V2 T '
(3,\/5), (3, —\/2_) Intersection points 0 1{ 3 L o
ROy)=3—-x=3—-(Q?+1)=2—y? i

AR T G v

V= f%n[R(y)]zdy

vz
= fﬂ[Z—yZ]zdy .
vz
vz
=7 f(4—4y2+y4)dy L x
-V
I S )
B A R P T

2. The Washer Method

¥ ' _: (x, R(x))

e

T
y I
X~ [ ‘
‘\\\“*x
Outer radius:R(x) Y
Washer
Inner radius: r(x)
A(x) =m([R()]? = [r()]?)
b b
v = [ 4G dx = [ (RGP - [r@1) dx
a a
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Example: (Rotation About the x-Axis)

The region bounded by the curve y = x? + 1 and the line y = —x + 3 is revolved about the x-axis

to generate a solid. Find the volume of the solid.

Solution:

y=2x=0=>x=0,y=1

(0,1)T point

x*+1=—-x+3=>x*4+x-2=0

x+2)x—-1)=0=>x=-2,y=5
orx=1,y=2

(—=2,5), (1,2)Intersection points

R(x)=—x+3

r(x) =x%2+1

A() = n([R()]? —r(x)?)

=n([—x+3]* =[x+ 1]*) = (8 — 6x — x% — x%)

1 1
V—fA d—.[86 2 Ydx=m|8 32x3 x51_117n
= (x)dx = | n( X —x°—x%)dx =mn|8x —3x T Tl 2=
=2 )

Interval of W/
integration

Washer cross section
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Example: (Rotation About the y-Axis)

The region bounded by the parabola y = x2and the line y = 2x in the first quadrant is revolved
about the y-axis to generate a solid. Find the volume of the solid.

Solution:

=2x =t —2x=0=x(x—2)=0
x=0,y=0 or x=2,y =4

R =y , 1) =3

A(x) =n([RD]* —r(?)

=n <[\/ﬂ2 - [%D =n(y - yjz)

2 3

=g - Z)ay =21

,“
R(yv) = Vy
) ' (2.4)
R
v
- r(y) = 5
2 PE——
E vy = 2xor
3 ) oy
= r=3
g
= 2
Lo VYV = X~ Or
X = \/T
L | -
0 2 t
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3. The Cylindrical Shells Method:
Example:(Finding a Volume Using Shells)

The region enclosed by the x-axis and the parabolay = f(x) = 3x — x? is revolved about the

vertical line x = —1 to generate the shape of a solid. Find the volume of the solid.
Solution:
y Y
éﬁ y = 3x — x2
2 B }
\ | '
Ll \ .
\ I F
\ | Ly
I I | . e S T
3 -1 o0 1 2 3 e
1k =
Axis of .
s o Axis of
revolution | -2 )
_ revolution
x= —1
x=-1
.\.‘
. dx r=x+1
[ 4
—— 1 }
[
[ |
. -
[ |
» | |
y [ |
l |
[ 1
=
h=y
Y, I 2 | _L
7 dx
[~ =]
2n(x + 1)
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y'=3-2x=0=x=>,y=225= (15.2.25)T point
y=3x—x2=0=x(B3-x)=0=x=0 or x=3 = (0,0),(3,0) Intersection points.

dV = 2m (shell radius)(shell height)dx = 2m r h dx

3

|

0

|4

3 3
av = f 2(x + 1)(3x — x?)dx = 27tf(3x2 —x3+3x—x%)dx
0 0

2x? —x3 +3xdx =2m|———+ =—

3
_Zf 2x3  x* 3x23_457t
- or 3 4" 20072
0

Example: (Cylindrical Shells Revolving About the y-Axis)

The region bounded by the curve y = Vx the x-axis,and the line x = 4 is revolved about the y-axis
to generate a solid. Find the volume of the solid.

Solution:
y v Shell mdius
Shell radius y/
@T? f/. ‘\": \/;
y = Vix - |
2 , Shell
. ' T height
fx) = Vx

e Interval of

l > X A integration
0 X 4 /—1/ c

Interval of integration

b
V=f27rrhdx
a

r=x, h=y=+x

4 4

3 2 514 128w
V=|2rn(x)(Wx)dx =2 | x2dx =2m|=x2| =——
5 10 5
0 0
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Example: (Cylindrical Shells Revolving About the x-Axis)
The region bounded by the curve y = Vx , the x-axis, and the line x = 4 is revolved about the
x-axis to generate a solid. Find the volume of the solid.

Solution:

,\‘

A 4 — \2 -

Shell height Shell height
£ N

2

v : N »/,(4. 2)
\\/<
1 \f;\\ . 0 “c - \1
QZ/ o ¥
Shell

radius

Interval of
integration
-
|

dV =2nrhdy

r=y, h=4—-—x=4—y?

2 2

y*]2
V=fzﬂ(y)(4—y2)dy=fZﬂ(4y—y3)dy=Zﬂ 2y* == 8m
0 0

HOMEWORKS

H.W.1: Derive the formula for the volume of a sphere of radius a.
a) by using disk method b) by using cylindrical shells

H.W.2: Find the volume of the solid generated by revolving the region bounded by y = x2,y = 0
and x = 2,

a)about y =10 b) about y =4 c)about x =0 d) about x = 2

H.W.3: Find the volume of the solid generated by revolving x2 + y? = 4 about x = 3.

H.W.4: Find the volume of the solid generated by revolving the region bounded by y = V4 — x?
and the line y = 1 about the x-axis.
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Length of Curve in the Plane:

|u|

If the function f has a continuous first derivative throughout the interval [a,b], the length of the

curvey = f(x) froma to bis:

ds? = (dx)? + (dy)?

ds = /(dx)? + (dy)?

4

A

U
<

[y I

v

1. If y=f(x) a<x<bh
d 2
ds= |1+ (—y) dx
dx
b
dy 2
LZ = f 1+ (a) dx
a
2. If x=g90) c<y<d
ds = (dx)z +14d
S dy y
d
= [ (%) 41
c — dy y
C
3. fx=f(),y=f() t;<t<t,
as= |(2) +(2) a
5= \ar dt
t2 2 2
= [ &) +(@)
tr dt dt
t1
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Example: Find the length of the circle of radius r defined parametrically by

x=rcost and y=rsint, 0<t<2m.
Solution:
ta
= [ (%) +(2) a
tr dt dt
t1
dx

int dy t
— = —rsint , ——=rcos
dt dt

2 2
(ﬂ) + (d—y) = r?(sin®t + cos?t ) = r?

dt dt

2m
21
sz\/ﬁdtzr[t] 0 = 2nr
0

Example: Find the length of the curve y = f;c vcost dtfromt =0 to t = %

Solution:
d 2
ds= |1+ (—y) dx
dx
dy _
T COS X

ds =Vv1+cosx dx
L= fon/zm dx = fon/z 2 cos? (g) dx = \/Z_fon/z cos (’2—6) dx =2 [2 sin (g)] "62 = 2.

Areas of Surfaces of Revolution:

If the function f(x) = 0 is continuously differentiable on [a, b], the area of the surface generated
by revolving the curve y = f(x) about the x-axis is

dS =2myds
b b T2
S=onyds=onf(x) 1+<E> dx
a a

Or S=f;27rpds

Where p =distance between the curve and Axis of

revolution

the line of revolution
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Example: Find the area of the surface generated by revolving the curve y = 24/x,1 < x < 2,
about the x-axis .
Solution: A

f2np ’1+ dx
1,

a=
’ /1

dx +
_ 1+1 x+1 Vx+1
= = " N

NI

&

‘ Vx+1 ‘ 2 2 8
+
5=J2n-2\/? ’i/_ dx=4nf\/x+1dx=47t-§(x+1)3/2]1=?n(3\/§—2\/§).
X
1 1

Example: The standard parameterization of the circle of radius 1 centered at the point (0, 1) in the
xy-plane is

x=cost, y=1+sint, 0<t<2m.
Use this parameterization to find the area of the surface generated by revolving the circle about

the x-axis.
Circle y
Solution: X = cost
yv=1+4sint
b O=t=27w
5= [2ny (&Y +(2) @
=) Y \ar dt
a
2T . .
= [57 2m (1 +sint) /(= sint)? + (cost)? dt ~

=J(1+sint)dt
0

21
= 2n[t — cost] 0= 42
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TRANSCENDENTAL FUNCTIONS

Functions can be classified into two broad groups. Polynomial functions are called algebraic, as are
functions obtained from them by addition, multiplication, division, or taking powers and roots.
Functions that are not algebraic are called transcendental. The trigonometric, exponential,
logarithmic, and hyperbolic functions are transcendental, as are their inverses.

Natural Logarithms

X
1
lnxzf?dt, x>0
1

1
1
1n1=f—dt=0
t
1

v X -|
- i ) 1, 1
IF0 < x = I, then In x Tt ;e!!
P | X

gives the negative of this area.

" Ifx = lthenlnx =/
A

gives this area.

x

Inx >0 when x>1
Inx =0 when x=1
Inx <0 when 0<x<1 Tk

|
i dt -

— y=Inx

*]
If v = 1. then In.x / ,lr‘!’ 0.
o1

Definition: ( The Number e)
The number e is that number in the domain of the natural logarithm satisfying

In(e) =1
(Geometrically, the number e corresponds to the point on the x-axis for which the area under the
graph of y = %and above the interval [1, e] is the exact area of the unit square.

The Derivative of y = Inx
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d . _1

dx nx—x

d1 _1du >0
dx 4 T udx u

Example: Derivative of Natural Logarithms
d 1 1
@) aanx = (2) = T

1
3x2+4

6x
3x2+4

(b) =~ In(3x% + 4) = (6x) =

Properties of logarithms:

1. Inax=1lna+Ilnx
2. ln%zlna—lnx

3 In-=-Inx (n1=0)
4, Inx" =nlnx

Example: (Applying the Properties to Function Formulas)
(@) InVcosx = %ln oS x
(b) In4 + Insinx = In(4 sin x)
() ln% =In(x + 1) — In(2x — 3)
(d) Insecx = lnﬁ = —Incosx

The Integral [ idu

1
f—du=lnu+c
u

fl du = fL d(—u) =In(—u) + ¢
u (—uw)

1
f—du =Inlu| + ¢
u

|u|
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Logarithmic Differentiation

Example: (Using Logarithmic Differentiation)

. ay . _ 5 [x2 (x+3)3 (x2-1)
Find dx it Y= \/ (x+2)(x+1)

Solution:

s[x? (x+3)3 (x2—-1)
Iny =1In

x+2)(x+1)

Iny = %[2 Inx +3In(x +3) + In(x? — 1) — (In(x + 2) +In(x + 1))]

y’_1[2+ 3, 1 1 ]
y Slx x+3 x2-1 x+4+2 x+1
,_y[2+ 3 N 2x 1 1 ]
Y =53 x+3 x2-1 x42 x+1
dy_lsxz(x+3)3(x2—1) [2 3 N 2x 1 1
dx 5 x+2)(x+1) x x+3 x?2—-1 x+2 x+1

The Graph of Inx :

Df:ix >0 y=Inx

d 1 . . .
alnx =-> 0 increasing function

Y

d?y 1
— = —— < 0 concave dowen 1
dx? x2

limlnx = o0
X—00

limlnx = —
x—-0

Inx

Example: Draw the function = —.

Solution:

Df:x> 0
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(2.7,0.36)T point

1
) X2 (_ E) —(1-Inx)(2x) —3x+2xInx
o = - T

_21nx—3 _

4
3 3
:>lnx=§ =x=e2=x =448,y =0.33

(4.48,0.33)Inflection point

~ Inx o 1 y
lim— = ——=1lim—-Inx = o0(—0) = —o0
x>0 X 0 x-o0x
1
. Inx oo . x
lim—=—=1im==0
x—-o X oo x-00 1

Inx
—=0=>hx=0=x=1

x
(1,0)Intersection point with x — axis
x—1

Example: Draw the function y = In x—;l

Solution:

x—1>O

x+1

x=1 -ttt ==== F+++
x=-1 -1 1

Df:(—OO,—l) U (1,)

y=In(x—-1)—-In(x + 1)
, 1 B 1 x+1-(xx-1)
Y Ty 1 T x+1 - DxE+D

=77 > 0 increasing function

[}
Y

, 2(-D(2x)  —4x

= =0 0 -1
G- GE-n T

<0 =>x>1
>0 =2>x< -1

Il
I
8

lim 1
o1 x 1
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-1
lim In =
x--1 x+1
x_ 1
lim In =lim%—2% =1limln1=0
X—00 x + 1 x—>oo£ l X—00
X X
x 1
. X — . x x .
lim In = lim = lim In1=0
X——00 X x—>—oo£+1 X—>—00
X X

Sketch to Some Functions:

y=In—x,—Inx ,In|x| ,Inx?, Inx3, In(x — 1),In(x + 2),In|x + 1|

Infx] Inx3 = 3inx
Inx? =2Ilnx
Inx

Inx = ln1
X

Inx In|x + 1] |
/

/

Note: lim In
x—-0

X
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The Exponential Function exp(x) = e*

The natural logarithm function (In x), is one-to-one function with domain (0, o) and range
(—o0, ), has an inverse whose domain is (—oo , o) and the range is (0, ). We call the inverse

exp(x), the exponential function of x.
e* =exp(x) =In"1x

eln* = x x>0
In(e*) = x all x (—oo , )

Example: (Using the Inverse Equations)

a) Ilne? =
b) Inve ==
¢) Ine’i"* =sinx

d) eln2=2
€) e3In2 — ,In2® _ 93

Laws of e*:

For all numbers x, x;,and x,,
1. eX1:-e¥2 = gX1tX2

-x _ 1

2. e ==
e*1 _

3. Tzzexl *2
e

4, (exl)xz = eX1X2 = (exz)x1
Example: (Applying the Exponent Laws)

a) ex+1nx = eX - elnz = 2e¥
—lnx _ 1 _l
b) ez T elnx T
e?* _
C) T:eZJc 1

The Derivative and Integral of e*

y=e* = x=Iny
!
1:y— :}y’:y
y
_._iex:ex
dx
and L et = ou .2
dx dx

fe“ du=¢e%+¢

v=InTy
or

T v =Iny
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Example: Findy'if y = tan™1 e* + In

Solution:

1
y =tan"le* + > [In(e® + 1) — In(e?* — 1)]

4 —

Y = ez+1 T2
e* e

= + —_
e?x +1 e2x4+1 e2x—-1

2x er

Example: Find y" if x = %(et +e™h), y= %(et —eb).

Solution:

dx 1 dy 1

(ot _ ot ot —t
dt z(e e dt z(e te)

(et —e Dt —e ) —(et+e Het +e)

eX 1[ 2e%* 2e%%
e?x +1 e2x—1

d?y B (ef —et)2

5 =
dx %(et—e_t)

et —1—14+e 2t —(e?*+1+1+e%)

% (et — e—t)3
—4 -8

%(et —et)3 - (et —e7t)3

1_,x

Note:sin"le ™ =cscle
The Graph of e* :

Ds: (—o0, )
Rf: (O , 00)

x=0>y=e"=1

y' =e* > 0 increasing function
y'"' =e* >0 concave up
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lim e* =e® =
X—00
lim e¥*=e"* =0

X——00

Sketch to some functions:

y =e”*, e %, —e”, —e™¥, elxl eX +e™¥, e*—e* =(e*+(—e™))

e
N
N
N

|

Example: Draw the function = e**1n*
Solution:

Y

y = eXtinx — px . plnx — 4 px —Q
y' =xe*+e* =e*(x+1) > 0increasing function
e*>0 and x>0

y'=e*+ (x+1e* =e*(1+ (x+ 1)) = e*(x + 2) > 0 concave up

limxe*=0-1=0
x—-0

lim x e*¥ = 00-00 = ©
X—00

Example: Draw the function = x e* .

Solution:

~
-y
/
V\\
eX — e~ %
\\ N
X ~
~ »,—€ > —x
\\ ,, _e
\
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Df: (=00, 00)

y=xe*+e*=e*(x+1)=0
e*+0 or x=-1,y=-0.36

(—1,—-0.36) T point o~ B

y'=e*+e*(x+1)=e*(x+2)=0
e*#0 or x=-2,y= -0.27
(=2,-0.27) Inflection point

lim x e* = 00:00 =

X—00
: . —o 1 1

lim xe* =—-0-0= lim —=—= lim —=—=0

X——00 X—>—0 e o0 X—>—00 —@ —Q00

Example: Find the area enclosed by the curve y = =~ Z__x and the x-axis from x = 0 to x = In 2

(draw the function).
Solution:
Ds: (—o0, )

(et e™M)(eF+ eF)—(eF— eM)(e¥— e*) (e + eX)?2 — (e* — e¥)?

!

(eX + e=%)2 (e + eX)2
e +2+e % — (e2* -2 + e %) 4 -0 ing functi
— = increasing function
(e + e™%)? (e* + e=%)2 g

_4@2)(e*+ eTM)(e* — e™)
B (e*+ e™x)*

n

=0=((*"+ e™®)(e*— e *)=0

e+ e *#0 or e¥— e *=0 = ¢e*=e* =x=0,y=0= (0,0)Inflection point

ex_ e—x ex_ e—x e X 1-— e—2x
li = = lim =1
x—oweX + e7¥  xowe¥ 4 ¥ eX  xow]l 4+ e7H
eX — e7* eX — e™* e* e —1
=lim —————=lim ————=-1
xo—weX + e™X  xo-cweX + e™X eX¥ xo-w e2¥ 41
eX — e~x . TmmmmmmmmAm T
dA=ydx = ——dx
e+ e™*
In2
4 fex_e_xd nle* + e*] " = In2 — In2
= | ———dx =1Inle e =ln=-1n
e*+ e X 0 2

0
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The Function a*

For any numbers a > 0 and X, the exponential function with base a is

X xlna

a” =e

Example:(Evaluating Exponential Functions)
a) 2V3 =eV3In2 5 120 ~ 332

b) om — pmin2 o 5,218  gg

Laws of Exponents:

l) ax1 . axz — ax1+x2
2) a ==
3) a_xl = q*17*2

a*2
4) (ax1)x2 —_ (axz)x1 —_ ax1x2
5 a’=1
6) (a-b)* =a*-b*

The Derivative of a* :

iax = iexlna =e*"a.lng = g*lna
dx dx
If a > 0 and u is a differential function of x, then a* is a differential function of x and

C gt _du
dxa =a na I

These equations show why e* is the exponential function preferred in calculus. If a = e, then
Ina = 1 and the derivative of a* simplifies to

—e* =e*lne =e*
dx

Example: (Differentiating General Exponential Functions)

AN\ _d oy 5ex, (=) = —9—x
a) dx(z) =£2%=2%In2-(-1)=-27%In2 <0
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b) %35“‘" = 3%1"%.n 3 - (cos x)
Note: a® = o a>1
a® =0 0<ax1
The Integral of a* :

Ifa+1sothat Ina #0

au
fa“ du=—+c¢
Ina

Example: Draw the functions y = 2*.
Solution:
Df: (=00, 00)

y'=2%¥In2 >0 increasing function

"N _ X 2
y'" =2*(Inx)* >0 concave up I

A
Y

lim 2% = 2% = o
X—00
lim 2*=2""=0

= e Y

20=1

Example: Sketch the function y = 27% .

=)
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Logarithm with Basic a (log, x)

As we saw, if a is any positive number other than 1, the function a* is one-to-one and has a
nonzero derivative at every point. It therefore has a differentiable inverse. We call the inverse the
logarithm of x with base a and denote it by log, x.

Definition log, x

For any positive number a # 1,
log,, x is the inverse function of a* .

The graph of y = log, x can be obtained by
reflecting the graph of y = a* across the
line y =x.

logg x, Df:(0,0)
Rf: (—o00,00)

When a = e, we have log, x = inverse of e* = Inx. Since log, x and a* are inverses of one
another, composing them in either order gives the identity function.

Inverse Equation for a* and log, x:

alo8a* = x x>0
log,(a*) = x all x (—oo, )

Example: (Applying the Inverse Equations)
a) log,(2%) =5 b) log,,(1077) = =7
c) 20823 =3 d) 108104 = 4
Evaluation of log, x

| _lnx
08a X " Ina

We can derive this equation from equation a'°8a* = x

alogax=x

In a!°8a* =1nx

1 Ina=1 1 Inx
og, xlna=Inx = log, x = —
ga ga 1na
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In2 __ 0.69315

For example, log;o 2 = ~ 0.30103

In10  2.30259

Rules for base a logarithms

For any numbers x > 0 and y > 0,

1. log,xy =log,x +log,y
2. loga§ = log, x —log,y
3. loga Io— log, y

4. log, xy ylog, x

5. logaa=1

6. log,1=0

Derivatives and Integrals Involving log, x

(l )_d(lnu)_ 1 d _ 1 ldu
08a U Ina/ Ina dx nu) Ina udx
1 1du
—(10ga u) = na ndx
Example:
a) log10(3x +1= In10 3x+10( ) = (In 10)(3x+1)

log, x 1 rlnx 1 In x)2
b) [lB2Xgy= L mXgy= L. OO,
x In2 X L In2 2

) Dy loglox:Dx(lnx)EZ%(l )_% - =%(10g10x)_%-

In10 In10 xIn10

Example: Draw the function log; x

xIn10

log; x

Solution:
D¢: (0, ), Rg: (=00, )
y'= ZIn3 > 0 Increasing function
y' = 213 < 0 Concave down .
1 1 l lnx
= —00
1m 0gsz x = lim 01n3
1 1 y Inx
= = 00
i logs ¥ = lim 773
I 0% ) Snx=o0 1
= —_— — = e = - =
0g3 X 3 nx X
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Example: Sketch the function log: x .
3

Solution: 1
083 X

log: x = —logz x
3

—log; x

Example: Find the value of x to the following:

a) logsx =5
Inx
—=5=Inx=5In3 =2lhx=In3>=x=3°
In3
b) 10g0.01 100:x
In100
=x =>In100=xIn0.01 = In100 =1n0.01*
In0.01

=100=001*=10?=10"*=2=-2x =>x =—1

c) logg(x+1)+loggx =1
Inx(x + 1)
logsx(x+1)=1=,~T=1ﬁlnx(x+1)=ln6
Sx(x+1)=6=x*+x+6=0=>((x+3)(x—-2)=0
x=—-3&Df or x=2

d) 43%1=5
In43* 1 =In5= (3x —1)In4 =In5=3xIn4—1In4 =In5
3 _ln5+ln4:> _In5+In4
x= In 4 x= 3In4

e) e*+e* =

(e*+e™=3) xe*
e?*4+1=3e*=e**—-3e*+1=0

3FV9—4 3F+5 3F+5
* = 5 =— = x =1In

e

f) In(x+Vx2+1)=4
x+yx2+1 =et*= Jx2+1 =et—x=x%2+1=(e*—x)?
e®—1

x24+1=e8%—2xet*+x2=2xe*=e8-1 =x= 5ot
e
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2x_2—x

) 1
9 Jxi—x T 3

CaL . N et Y SN YO SR P
2%X 4 2-x 2x 2 22x 41 2 B

222%) —2=2%*4+1 =22 =3 = In2?*=1n3
In3

= 2xIn2=In3 = x =
xIn n X TIn 2

Example: Find the inverse to the function = ln%.

Solution:
x—1 y—1
=] Sef=" > e* D=y-—-1
SR ¢ y+1 e+ =y
1+e*
e*y+e*=y-1 =>ex+1=y—exy=>y:1_ex

The Function x*
y = x¥ = lnx* = gxlnx Dfix >0
To draw the function x*

y' = elnxx(x-i+ Inx) =e™**(141Inx) =0
e 20 or 1+4lnx=0 =Inx=—-1 = x=0.36,y=0.6

X 1 X
y'" = elnx -;+ (1+1nx)2e™* >0 Concave up

lim e"*" = ¢® = w0

X—00

lim eln ™ =
x—-0

l 1

nx =
limlnx* = limxInx = 0-—o0 = lim—— = lim—% =lim(—x) = 0
x—-0 x—0 x—0 l x—>0—_1 x—-0

X x2
=e%=1

Example: Find y’ if y = (In x2)?**3

Solution:

2)2x+3 — eln(lnx2)2x+3 = p(2x+3) In(In x?)

y=(nx

yr = g(2x+3) In(In x?) (2x + 3) ]

2x+21 In x2
Inx2 x2 n(ln x%)

Y
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Example: Find the tangent equation to the curve y = (cos x)$"* in (0, 1).

Solution:

i sinx
y = (cos x)sinx = eln(cos x)

—sinx

y' = eSinxIncosx (sinx - + cos x In cos x)
cos x

y'@(0,1) =e®(0+0) =0
Tangent equation = i—:; =0

Note: 1°,0°, 000 Indeterminate powers

Example: lim (sin 2x)tan*2x — 1

x—o=
4
= ]im e!nGin 2x)tan? 2x = lim etanz(ZX) In(sin 2x)
x—% x—%
In sin 2 2 cos 2x
nsin2x SinZx
lim tan?(2x) In(sin 2x) = llm— = lim Sin
X (2%) In( ) = cot? 2x X0 4 cot 2x csc? 2x
1 1

=lim———=—

x_,%Z csc22x 2
1

- e2

HOMEWORK

H.W (1) Find the value of x to the following:
a) 310g3 7 + Zlogz 5 _ 510g5x

b) X = 10g27 g + 10g1000 0.01 - 10g8 2

H.W (2) Evaluate the following integrals:

dx 2x+3
a) [ Vet —1 b) [ —— — xz
3
C) [(sin3x)* cos 3x dx d) f (CE’SSH’:)x;l

H.W (3) Evaluate the following limits:

eX+e ¥—x2-2 Insi
a) lim————— b) lim ——= ¢) lim x'
x—0 sin? x—x? x—0 Intanx X0
1
d) lim(1 + cos x)3secx e) lim(1 — x?)x
r x—0

N
X732
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Hyperbolic Functions

The hyperbolic functions are found by taking combination of the two exponential functions e* and
e~ . The hyperbolic functions simplify many mathematical expressions and they are important in
application.

The six basic hyperbolic functions:

Hyperbolic sine of x:

Hyperbolic cosine of x:

eX+e*

hx =
cosnx 2
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Hyperbolic tangent:

sinhx _ e*-e™

tanhx = =
coshx eX¥+e™>

Hyperbolic cotangent

coshx  e*+e™

cothx = =
Hyperbolic secant: y
A
2
sechx = —— =—— ,
y=1
2 -10{ |1 2
y = sech x
Hyperbolic cosecant: 1)\7
1 2
cschx = —— = e

1_

| / > X
- | 1/2
y = cschx
e
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Identities for hyperbolic functions:
cosh? x —sinh?x =1

coshx + sinhx = e*
coshx —sinhx =e™*

sinh(x + y) = sinh x cosh y + cosh x sinhy
sinh 2x = 2 sinh x cosh x

cosh(x + y) = coshx coshy + sinh x sinh y

cosh 2x = cosh? x + sinh? x

2 = cosh2x +1
cosh® x = >

h2 cosh2x —1
sinh® x = 5

tanh? x = 1 — sech? x
coth? x = 1 + csch? x
The first equation is obtained as follows:

cosh? x — sinh? x =

e + e\ 2 eX — g%\ ?
( 2 >_( 2 )‘

1
_(82x —2 4+ e—Zx) =1

1
—(e** +2+e7%%) — 2

4
And the fourth equation is obtained as follows:

ex+y — e_(x+y) ex . ey — e_x . e_y

sinh(x + y) = 5 = z

[(coshx + sinh x) - (cosh y + sinhy) — (cosh x — sinh x) - (cosh y — sinh y)]

1
kK
=3 (cosh x coshy + cosh x sinh y + sinh x coshy + sinh x sinhy

— cosh x cosh y + cosh x sinh y + sinh x cosh y — sinh x sinh y) = sinh x cosh y + cosh x sinh y

The others are obtain similarly
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Derivatives of hyperbolic functions:

inh ) = cosh du
I (sinhu) = cos U

ha) = sinh du
I (coshu) = sin udx

4 (tanhu) = sech?u 2
dx(an u) = sec udx

d thu) = h2 du
dx(co U) = —csc udx

4 (sechu) = — sechu tanhu 2
dx(sec u) = —sechutan udx

u
Tx (cschu) = —cschucothu Tx

The derivative formulas are derived from the derivative of e :

wdu  _,du
d ) = d(eu—e‘”)_e dxt€ dx e‘tetdu b du
dx (sin u)_dx 2 N 2 N 2 dx_coS udx
d ) — d( 1 )_ coshudu_ 1 coshudu_ b th du
dx (csc u)_dx sinhu/  sinh2udx  sinhusinhudx csehuco udx

The others are obtain similarly.

Integral formula for hyperbolic functions:

fsinhu du = coshu +c
fcoshu du = sinhu +c
fsechzu du = tanhu + ¢
fcschzu du = —cothu + ¢

fsechutanhudu = —sechu +c
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Example:

- sech? /1 + t2

d t
— (tanhy/1+t2 ) = ——
at ¢ ) Vi+t

H.W. Draw the following function: (using the graphing strategy)

a) y =tanhx b) y = cothx C)y =sechx d) y = cschx

Inverse Hyperbolic Functions

y = sinh™1x —0<x < Y y=sinhx y=x
A 1 -
= ! Ve
y=sinhtx =In(x +Vx2+1) - >
[ £ & 7= sinh™ x
. [ (x = sinh v)
2F /2
l _,//
N A o AR B A
-6 -4 -2 L 2 4 6
74
Z/ —
Fom |
" Sl | —
/ 1
/ 1 —
Fe i |
/ ]
/7 1 1
/ 1
7 1
y = cosh™1x x=>1 y y = cosh x,
) [ x=0 y =X
_ 8 !
— 1, — 2 _ <
y = cosh x—ln(x+ X 1) 2L ] L
6 / e
The function y = cosh x is not one-to-one. 5 / e
The restricted function y = coshx, x > 0, however, 4 /7
is one-to-one function 3k I,’ ot
2F 1 y = cosh™' x
17 (x = coshy,y=0)
1 1 1 1 1 1 > X
0l 1234567
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y =sech™lx 0<x<1

V1—=x2 )
y =sech™x =1n (%) Yy y = X
y = sech™ x e
. . i , %
Like y = coshx, the function y = sechx = —— 3 (x = sechy, e
fails to be one-to-one, but its restricted to nonnegative ) y=0) e
values of x does have an inverse. e
2 /
g
//
| y = sech x
\\\\\ X :Z 0
[T===pooooy X
0 1 2 3
.‘l
y =tanh™1x x| <1 | n I
1
B 41 1+x \ I :
y = tanh x—Elnl_x y =Itanh_.r :
I I
| |
| .
1| 0 T
=i |
I I
I I
| |
I I
I I
I I
.\’
y = coth™1x x| > 1 | A \
| |
th-1 1l x+1 ! | |
= CO X =—In ! = CO X1 |
y 2" % -1 ) | |
| |
| |
| [ -
| T > X
-1, 0 1
| |
| |
| |
| |
| |
| |
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y =csch™x x#0 y

A

L 1 V1+x? x=cschy

y=cschx=In(-+——7F 1
x I y = csch™'x
> X
0

Example: Prove that tanh™! x = % lni—i
Solution:

1 ey — e_y

=tanh™'x = x =tanhy =

y Y eY+e™V
ey —eV e¥ e -1 e?y —1

— = = Y= —
eY+eV e¥ e+1 ey +1

2y 14+ x —3 1 1+ x
e = = 1n
1—x y=myZ

Identities for inverse hyperbolic functions:

-1 -1 1
sech™ x = cosh™ —
X

—_

csch ™l x = sinh™1—

=

1
coth™lx = tanh™1—

=

Derivatives:

d . h-ly — 1 du

I sinh™u = T T dx

d ho1y — 1 du 51

I cos u= < dx u
tanh~ty = — | < 1

dx M U E T T dx u
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th™lu= 1 du lul > 1
dx *° ST W dx v
 ech—ly = —— M O<u<1
gy Sech T u= T dx u
d p-t -1 du £ 0
—cschtu=—r-—""-—— u
dx lulvV1 + u? dx
Example: Prove that = cosh™! x = —
dx x2-1
Solution:
Lety = cosh™lx
x = coshy
dy
1 =sinhy—
smhydx
dy 1 1 1

dx  sinhx Jcosh2y—1 ~ Vxz-1
Example: Find %to the function y = sinh™!(tan x) + coth™v/x + csch™! 2%,

Solution:

dy 1 11 1

— = -sec’x + ' — 2% +In2
dx V1+tan?x 1-x 2Vx |2%|/1+ (2%)2

Integrals leading to inverse hyperbolic functions:

[ o = s (5) + >0
——— =5sin —)+c, a
VaZ +u? a
f du  _ h‘l(u)+ >a>0
m—cos ) te u>a
1 u
f du atanh‘1 (E)+c if u?> < a?
2_3z )1 u
a Ecoth‘1 (E)+c if u? > a?
du 1 u
f—=——sech_1(—)+c, O<u<a
uva? —u? a a
du 1 u
f—z——csch‘1|—|+c, uz0anda>0
uvaz + u? a a
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INTEGRATION

Integration:

1. Indefinite Integrals
2. Definite Integrals

Indefinite Integrals:

If the function f(x) is a derivative, then the set of all anti derivatives of f is called the indefinite
integral of f ,denoted by the symbol

jf(x)dx

As indefinite integrals , the symbol f is called an integral sign.
The function f is integrand of the integral and x is the variable of integration.

ff(x)dx =F(x)+c

d
2 FO) +0) =F(x) = f(x)

Summary of Basic Integration Formulas and Techniques

Basic Rules

1. jdu=u+c
2. jkdu=ku+c

3. f(du+dv)=fdu+fdv

Power Functions

un+1

4. fu"duz +c (n#-1)

n+1

du
5. f—=ln|u|+c
u
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Trigonometric Functions

6. ]sinudu=—cosu+c
7. fcosuduzsinu+c

8. jcoszudu =tanu +c

9. jcsczudu=—cotu+c
10. fsecutanuduzsecu+c
11. fcscucotudu=—cscu+c

sinx
12. ftanu du = f dx = —In|cosu| + ¢ =In|secu| + ¢
cos x

cos x _
13. fcotu du = j ——dx = In|sinu| + ¢ = —In|cscu| + ¢
sinx

14. jsecu du = In|secu + tanu| + ¢

dx = In|secu + tanu| + ¢

secu + tanu ]sec2u+secu tanu

because: fsecu du =fsecu.

secu + tanu secu + tanu

15.fcscu du = —In|cscu + cotu| + ¢
1

16. j sin ax cos bx dx = Ef(sin(a —b)x + sin(a + b) x) dx
1

17. j cosax cos bx dx = Ef(cos(a — b)x + cos(a + b) x) dx
1

18. f sinax sin bx dx = Ej(cos(a —b)x —cos (a+ b)x)dx

Rational Functions

. _1 u
= sin (—) +c
a

29 f du
) Vaz = u2

. _1u
=sin""—+c¢

\/ﬁ:fa\/l_—(%f:.f\/l_—(%)z a

because: f
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du 1 Uu
_ = -1(_
30. fa2+u2 —<a)tan (a)+c

1
du du 1 adu 1 _u
because:faz_l_uzzf 3 :E,f—:_tan E+C
(1 +(g))

du 1 LU
31. f—=(—>sec 1|—|+c
uvu? — a? a a

j du f du aj ;7 du 1f 7 du
because: = __|l_a  __|_a
uvu? — a? ,(E)Z 4 a (2)2 . a u (E)Z .
ua\a u\} a a\J a
1
= —sec u/al + ¢
a
du Uu
32. | —=sinh™ (- , >0
f TraZ sin (a) +c a
du Uu
i -1 —_
33. = cosh (a) +c,
u>a>0
du 1 Uu
= _(z -1(=2
34. faz — (a) tanh (a) +c,
if u? < a?
du 1 u
35. f— = — (—) sech™! (—) +c,
uva? —u? a a
O<u<a
du 1 LU
36.f—= —(—)csch 1|—| +c,
uva? + u? a a

u0anda>0

Integration Factors

dx
37. f—
1—cosx

Multiply the integral by the following factor

dx
38. f—
1+ sinx

1+cosx
14+cosx
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1-sinx

Multiply the integral by the following factor

39[ dx
"] 1—-sinx

Multiply the integral by the following factor

1-sinx

1+sinx
1+sinx

40, f\/1+sinx dx

V1-sinx
Vv1-sinx

Multiply the integral by the following factor

41. f\/l—cosx dx

Vv1+cosx
V1+cosx

Multiply the integral by the following factor

42, f\/1+cosx dx

Vv1—-cosx
V1-cosx

Multiply the integral by the following factor

Trigonometric Substitutions

43, f(a2 —u?)"du = Letu =asinf
44, f(az +u®)*du = Letu=atan0

45, f(u2 —a®*)" du = Letu = asecf

EXAMPLES

Example 1(Making a Simplifying Substitution): Evaluate the integral

2x—9
— dx
Vx2—9x +1
Solution

1
2x—9 p du f 1 uz
—_—  dx = ] —_—
Vx2 —9x + 1 Vu %

letu=x>—-9x+1, du=2x-9
Example 2: Evaluate the integral

1 1
uz2du=—4—+c=2uz+c=2x*-9x+1)2+¢
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fv2x+1 dx

Solution

3
1 du 1 u2 1 3
fv2x+1dx=fu§-7=§-?+c=§(2x+1)5+c
2

letu=2x+1, du=2dx=>dx=d7u

Example 3: Evaluate the following integrals (Trigonometric Functions)

1
a.fcost dx =§sin2x+c

x2 x2
b.fxsm7 dx=—cos7+c

2
secZ/x
c. | ———dx =2tanVx +¢
Vi
. 5 —cos3x
d. | sinxcos”xdx = T+c
1
cosx sinz x :
e.fmdx— : + ¢ = 2vsinx + ¢
cos3 x dx (1 —sin? x) cos x ! 3
fi]l——= T = | cosx (sinx) 2dx — | cosx (sinx)Z dx
(sinx)2 (sinx)2

1 5
(sinx)z  (sinx)2
T s
2 2

Example 4: Evaluate the integral

f dx

V1 —x?
Solution

=sin"lx+c

=

Example 5: Evaluate the integral
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f dx
V1 — 4x2

Solution

2 dx 1
=—sin"12x + ¢

f%%fﬁ 2

Example 6: Evaluate the integral

f x dx
V1 — 4x2
Solution
1
f x dx 1 [ —8xdx 1 (1-4x?):2 N
—_— - = = = C
Vi—4xzZ  8J)V1—4xz 8 %
Example 7: Evaluate the integral
f x dx
V4 — 9x*
Solution
f x dx 1[ 6x dx 1. 3x?
——— == | ——==-sin""—+¢
VA—9x* 6J) [a—_(3x2)2 6 2
Example 8: Evaluate the integral
f x3 dx
V4 — 9x*
Solution
1
x3 dx 1 f —36 x3 dx 1 (4-9x%)2 N
e - == = c
/ 1 1
Example 9: Evaluate the integral
f dx
9 + 4x2

Solution
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f dx _1.[ 2dx _1t _12x+
9+4x2 2J9+(x? 60 3TC

Example 10: Evaluate the integral

f dx
Q2x—1)J(2x —1)2 — 4
Solution

2x—1
2

f dx = lsec‘1
Cx—-1J(2x-1)2-4 4

| +c
Example 11: Evaluate the integral

sintcost
dx

Vv3sint+5

Solution

) u—>5 du
V3sint +5 Vu 9 9

u— du
letu =3sint+5 :SintzT , du=3€ostdt=>costdt=?
3 1
S22 2 2 Gsine +5) — = (3sint +5)7 +
=3 3 T c-27 sin 3 sin c
2 2

Example 12: Evaluate the integral

tan 2x

—dx
Vsec?2x — 4

Solution
tan 2x sec 2x tan 2x
f—dx = dx
Vsec?2x — 4 sec2x Vsec?2x — 4

letu = sec2x, du = 2sec2xtan2x dx

_1[ du 11 _1|u|+ I S sec2x|+
=2) = 2 5 SecT |7 + ¢ = gsec > c

Example 13: Evaluate the integral
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dx
(1 +x2)(1+ (tan~1x)?)
Solution
letu=tan"lx, du= i
1+ x?

dx _ du R 1
f(1+x2)(1+(tan‘1x)2) _f1+u2 =tan "u+c=tan (tan""x) +c¢
Example 14: Evaluate the integral

sin x
et
Solution
letu = cosx, du = —sinx dx
sinx —du 1 u 1 cos x
fmdx = fl6—+uzz —Ztan‘1 (Z) +c= —Ztan‘l( 2 )+c

Example 15(Completing the Square): Evaluate the integral

J‘ dx
V8x — x2
Solution

8x—x2=—-(x?—-8x)=—-(x>—-8x+16—-16) = —(x>—8x +16) + 16 = 16 — (x — 4)?

=sin™?! (g) +c¢=sin"t? <x ; 4) +c

j dx _ j dx _ j du
V8x — x? V16 — (x —4)2 va? —u?
Example 16: Evaluate the integral

f dx
x2+2x+5
Solution

X2 +2x+5=x>+2x+14+4=(x+1)?*+4

f dx _f dx _1t _1(x+1>+
2+2x+5 Jax+D2+4 20 72 ¢

Example 17(Expanding a Power and Using a Trigonometric Identity): Evaluate the integral
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f(secx + tanx)? dx

Solution
f(secx + tanx)?dx = f(sec2 x + 2 secx tanx + tan? x) dx
= f sec? x dx + 2]secxtanxdx + jtanzx dx

=fsec2xdx+2jsecxtanxdx+](sec2x—1)dx

=tanx+ 2secx+tanx —x+c=2tanx+2secx —x+c¢

Example 18: Evaluate the integral

X
2 (2
f sin (2) dx
Solution
fsin2 (f)dx = lj(l —cosx)dx = l(x —sinx) +c¢
2/°7 2 S 2
Example 19: Evaluate the integral

fcos4 2x dx

Solution

1+ cos 4x\> 1
fcos“‘Zx dxzf(T) dxzzf(1+2cos4x+cosz4x)dx

—1( + Lsina +1f(1+ 8)d>—x+1 indx + 5 4 —sin8x +
—4 X ZSln X 2 cCosox) dx —4 85111 X 3 645111 X Cc

Example 20: Evaluate the integral

fsin3 2x dx

Solution

1 cos32x
2

= [(1 — cos? 2x) sin 2x dx = [ sin2x dx — [ cos? 2x sin 2x dx =%c052x+ +c

Example 21: Evaluate the integral

f e €

Solution
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X
f(1+t 22y sec? = d ] 224 +ft 2% ety — 2tant 42 P2,
= n< — — = —_ nc— — = n— '
azseczx seczx azseczx a2 3 c
Products of Sines and Cosines
The integrals
fsin ax cos bx dx fcos ax cos bx dx fsin ax sin bx dx

arise in many places where trigonometric functions are applied to problems in mathematics and
science. We can evaluate these integrals through integration by parts, but two such integrations
are required in each case. It is simpler to use the identities

1

j sin ax cos bx dx = Ef(sin(a — b)x + sin(a + b) x) dx
1

f cosax cosbx dx = Ef(cos(a — b)x + cos(a + b) x) dx

1
f sin ax sin bx dx = Ej(cos(a —b)x —cos (a+ b)x)dx

Example 22: Evaluate the integral

v
f sin (i) cos x dx
Solution

~3([sm(z=1)xax+ [an(z+1)sar) =3 [on(-3)ax+3 fan(3)a
—2 Sin > X ax Sin > xax —2 Sin > X ) Sin ) X

= cos (E)—%%cos (%) +c

Example 23: Evaluate the integral

j dx
1+ cosx
Solution

dx 1 1—cosx 1—cosx 1 COS X
S S N Y N Ny L
1+ cosx 1+cosx 1—cosx sin? x sin? x sin? x

:fCSCZX—fCOtXCSCX = —cotx +cscx +c¢

Example 24: Evaluate the integral
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f\/l —sinx dx

Solution
1
V1 +sinx COS X (1 +sinx)2
f\/l—sinx-—dx: Tdx = +c
V ' 1 1
1+ sinx (1 + sinx)?2 5

Example25 : Evaluate the integral

/4

V1 + cos4xdx

0
Solution

To eliminate the square root try to use the following identities

1+ cos2x
cos? x =T:> 2cos?x =1+ cos 2x
Then
1 4+ cos 4x = 2cos? 2x
/4 /4

\/1+cos4xdx=f

/4
2c0322xdx=\/§f costdx=\/§[
0 0

0

Example 26(Reducing an Improper Fraction): Evaluate the integral

f 3x% —7x dx
3x+2
Solution
3x% —7x
IV ERAETY, 3x + 2

j‘3x2—7xd _f( 34 6 >d
ax+2 7\ 3x+2)

x2
7—3x+21n|3x+2|+c

Example 27: Evaluate the integral

sin Zx]"/4 B V2
2 1, 2

x2+4 T -
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jX4+3x2_5dx
x%+4
Solution
fwdx=f<x —1+ 1 )dx

x*+4 2+4
=%3—x—%tan‘1(g)+c

Example 28(Separating a Fraction) : Evaluate the integral
3x+ 2

—_1 — dx

Solution

3x + 2 1—x -
=—3——+ 2sin""x+¢c

dx—Sf dx+2f
Iz Vi-x2 N 21

Trigonometric Substitutions:

1) a* —u? = letu=asinf
2) a*+u?= letu=atanf
3) u?—a?= letu=asech

Example 29: Evaluate the integral

d
f(4—z2)§ '

Solution
let x = 2 sinf sin @ =§ 2
dx = 2cos8 db A x
4 — x2
2 o 9 1
= [—>"—d ——fcos3 0 =-[sec?0df =-tan@ +c=-—=+c
cos3 0 4 V4—x2?

(4—4 sin2 9)2

Example 30: Evaluate the integral
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i1 ¥,

dx
J
(x% + 2x — 3)2

Solution

x2+2x—-3=x?4+2x+1-1-3=(x+1)2-4
x+1
A ey
2

letx+1=2secH
dx = 2secftand

dx

1
2secOtan0dfd 2 (secHtanB 1( coso
- - e [ e = [ 58
((x+1)2—4)2 (4sec?6 —4)2

~ 8 tan3 6 ~ 4/ sinZ6
cos2 0

—(x+1)

—1fcosgd9—1f 0cot0d = — ~csch +c = +
_4 Sinze —4 CSC CcoO = 4CSC C—4 (x+1)2_4 C

Example 31: Evaluate the integral

f dx
s -
(x?2 —2x+2)2

Solution

x2—2x+2=x*-2x+1+1=>x-1*+1 Jix—12%2+1 i x—1

letx —1=tan®f

dx = sec? 6 do
1

f sec? 6 de_fseczede_.f 1 dﬂ—f 046
tan20 + 132 T [ sec39® T ) sec ™ T )

x—1

=sinf +c = +c
JEx—-12%2+1
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