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Introduction to Matrices for Engineers

1. What is a Matrix?

A matrix is a two dimensional array of numbers or expressions arranged in a
set of rows and columns. The matrix A has m rows and n columns and the

size of the array is written as mx n, where:

m xn
AN

number of rows number of columns

a11 a12 ... O
AN
ag a9 ... 09, —— TOoOwWSs
A= vd
LOnl Gnr2 .. Omn
NN S
columns
A := uppercase denotes a matrix
a := lower case denotes an entry of a matrix.
For examples:
]2 13 s_ |12
-1 2 4 13 4

Where A is 2x3 matrix , B is 2x2 matrix .

1.1 Why use Matrices?

We use matrices in mathematics and engineering because often we need to
deal with several variables at once e.g. the coordinates of a point in the
plane are written (X, y) or in space as (X, Yy, z) and these are often written as

column matrices in the form:
. X
( ) ) and i

.1"-
4 Z
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It turns out that many operations that are needed to be performed on coordinates of
points are linear operations and so can be organized in terms of rectangular arrays of
numbers, matrices. Then we find that matrices themselves can under certain
conditions be added, subtracted and multiplied so that arises a whole new set of
algebraic rules for their manipulation. In general, an (n x m)—matrix A looks like:

a1 aro a3 a1 m—1 a1,m
I21 L e 23 - a2 m—1 I2,m
_ T3] a3z @33 - a3 m—1 I3.m
A=
Ip—1,1 p—1,2 n—1,3 p—1,m—1 An—1.m
Gn,1 (in,2 3 - In,m—1 Tn,m

Where the element a;;, located in the i row and the j™ column, is a scalar quantity; a
numerical constant, or a single valued expression.

1.2 Some special Matrices :

Matrices with the same number of rows as columns are called square matrices
and are of particular importance. So if m = n, that is the same number of rows as
columns, the matrix is square, otherwise it is a rectangular matrix. The diagonal
elements of a square matrix are those elements where the row and column index
are the same. For example, the diagonal elements of the nxn matrix A are ai,
az,... and a,,. The other elements are non-diagonal elements. The diagonal
elements form the diagonal of the matrix:

aiq 192 s n
o1 d99 o U9p
(Enl (i-ng e (Lnn

and in this case we have:

a) A matrix Ais said to be diagonal matrix if a;=0, i# .
b) A diagonal matrix A may be denoted by diag(d,, do, . . ., d,) where

i; — fgi' a;; — 0 J = 1.

£
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All non-diagonal elements in a matrix are zero for example :

Two special diagonal matrices are the identity matrix and null matrix. The identity
matrix of dimension n, denoted I, is the nxn matrix with 1’s on the diagonal and 0’s
elsewhere as below:

10 - 0]

0 1 0
I= ,

00 - 1

The null matrix 0, which has the value of zero for all of its elements:

[0 0 - 0]

00 - 0
0= ,

00 - 0

Note:

If A is a square matrix then I A=A I=A . The basic idea is that if you multiply a
matrix by the identity matrix, you get the original matrix. So, in some ways, the
identity matrix is for matrices what the number 1 is for scalars.

c) A triangular matrix is a special kind of square matrix. A square matrix is
called lower triangular if all the entries above the main diagonal are zero i.e.
a; =0, i<j. A matrix of the form below:
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€1 0
63.] E‘_’.Z
L= pdl f3.'2
_gu,l fu,'z R gn:u—1 Ei’.‘..n

is called a lower triangular matrix or left triangular matrix .

for example :

f bO o

=T ]
-] =

A square matrix is called upper triangular if all the entries below the main
diagonal are zero i.e. a;=0, i>].A matrix of the form below:

U1 W2 UWag ... Uin
Uza Uy ... Uz n
U=
Up—1.n
L 0 n n i

is called anupper triangular matrix or right triangular matrix. The
variable L (standing for lower or left) is commonly used to represent a lower
triangular matrix, while the variable U (standing for upper) is commonly used
for upper triangular matrix.

For example:

= O -
= O W
(R -

A square matrix A is called symmetric when the entries of a symmetric matrix
are symmetric with respect to the main diagonal. So if the entries are written
as A = (ajj), then a;; = a;;, for all indices i and j. The following 3 x 3 matrix is
symmetric:
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D =]

1.3 Vectors as Matrices:

Matrices may have any positive number of rows and columns, including one. We
have already encountered matrices with one row or one column: vectors! A vector of
dimension n can be viewed either as a 1xn matrix or as an nx1 matrix. A 1xn matrix
is known as a row vector, and an nx1 matrix is known as a column vector. Row
vectors are written horizontally, and column vectors are written vertically. Vector is
often used to define the coordinates of a point in a multi-dimensional space. For
example a vector having a single row is defined to be a row vector :

X:{i‘-ll Ty - -’I?:m]

while a vector having a single column is defined to be a column vector :

Y11
Y21

L YUmi1 |

1.4 Transposition

Consider a matrix A with dimensions mxn. The transpose of A (denoted A') is the
nxm matrix where the columns are formed from the rows of A. In other words,
ATij= Aji. This “flips” the matrix diagonally.

Example :
I -
; : . 1 4 7 10 a b ¢ I a d g
:1' - > — 2 5 8 11 d e f s 5 e B
1‘() 181 1?7 3 6 9 12 g h i e f i

For vectors, transposition turns row vectors into column vectors and vice versa:

5
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T

[z y 2] =]y y| =z y

O

Transposition notation is often used to write column vectors inline in a paragraph, like
this: [1, 2, 3]".
For matrices A, B and scalar ¢ we have the following properties of transpose:
1. (A=A
The operation of taking the transpose is an involution (self-inverse).

2. (A+B)'=AT+B"
The transpose respects addition.

3. (AB)' =BT AT
Note that the order of the factors reverses. From this one can deduce that
a square matrix A is invertible if and only if AT is invertible.

4. CA)'=c A’
The transpose of a scalar is the same scalar. This states that the transpose is
a linear map from the space of m x n matrices to the space of all n x m

matrices.
Example:
1
(1 2] = }
2
(1 2] 1 3
3 4] |2 4
[1 2 ! 1 3 5
Lk
I 2 4 6
2 6
Example :
[4 2 6 . T To
If A—[1 8 7] find A’ then evaluate AA" *
Solution
4 1 4 1
4 2 6 56 62
AT=| 2 8] ,AAT=[ ][2 8]=[
6 7 18 7 6 7 62 114
6
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Notes:
1) If a square matrix A and its transpose AT are identical, then A is said to be a
symmetric matrix.

5 —4 2 5 —4 2
Exampleif A=|-4 6 9| then A'=|-4 6 9
2 9 13 2 9 13

So, A is a symmetric matrix " symmetrical about its main diagonal”.

2) If a square matrix A is such that AT = - A then A is said to be skew
symmetric.

Example :

Leta=[ % ] A= [

0]:'A

Hence A is skew symmetric .

HW

1) It A=[>

o
a) Find ATZ, 516 and (AB)".
b) Deduce that (AB)" = B'AT,

and B:[;1 g]

2 1 3 1 -7 0
2) IfA=[4 2 1] and B=|0 2 5] find (AB)", ATB"
1 3 2 3 4 5
3) IfA= [15 13] find AT, (AD)T, show that (AT)'= A.

2. Elementary Matrix Arithmetic

2.1 Matrix Addition:

The operation of addition of two matrices is only defined when both matrices have
the same dimensions. If A and B are both (m x n), then the sum :

Cilpulad) Auaid — s ald Lua o



byl — Ag¥) 3 jualaall
C=A+B

is also (m x n) and is defined to have each element the sum of the corresponding
elements of A and B, thus :

(LS 7 5 - B/ § P by b - by
Az @Gz vt Qg bar  baa - by
A4+B-= ] ) ) 4
| el 2 fer pn bml bTF.'E e b:llt'r?
ajp +biy ap+b o0 A+ by
az + by azy + by oo ag, + byy
L Bl + I!:"Ir.:l m2 + me e Qmn T brrm

Matrix addition is both associative, that is:

A+B+C)=(A+B)+C

and commutative:

A+B=B+A
The subtraction of two matrices is similarly defined; if A and B have the same
dimensions, then the difference is :

C=A-B

Examples: consider two metrices A and B find A+B ?, A-B?

1 3 0 O
A= |1 0] : 52[7 5]
1 2 2 1
A+B=
1 3 0 0 1+0 3+0 1 3
1 0f+|7 5| =|1+7 0+5|=|8 5
1 2 2 1 1+2 2+1 3 3
A-B=
1 3 0 0 1-0 3-0 1 3
1 0 7T 5| =11-7T 0=5|=1|-6 =5
1 2 2 1 1-2 2-1 -1 1
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2.2 Matrix multiplication:
2.2.1 Multiplication of a Matrix by a Scalar Quantity
If A is a matrix and Kk is a scalar quantity, the product B = kA is defined to be the

matrix of the same dimensions as A whose elements are simply all scaled by the
constant k,

bij =k x (;;

Example:
-1 2 0 .
= ?
it A=, % | find3A
Solution:
_ -120 _ -3 6 0
3A= 3[4 1 —2] a [12 3 —6

2.2.2 Multiplication of Matrices:

Two matrices may be multiplied together only if they meet conditions on their
dimensions that allow them to conform. Let A have dimensions m % n, and B be n x
p, that is A has the same number as columns as the number of rows in B, then the
product:

C=AB

is defined to be an m x p matrix with elements :

(i
cij = ) aikbi;
k=1

The element in position ij is the sum of the products of elements in the i™ row of the
first matrix (A) and the corresponding elements in the j* column of the second matrix
(B). Notice that the product AB is not defined unless the above condition is satisfied,

9
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that is the number of columns of the first matrix must equal the number of rows in the

second, that is:

AB =

ay ap2 bii b1
az; az2 bay  bao

ayibyy +ayzbey  ay bz + ajabes
as1 b1y + azabsy  az1bi2 + azabay

For example, below we show how to compute c24:

Ci1 Ci12 C13
Ca1 C22 Ca23
Cz31 Czz C3z3z

Cia Ci13 a1 a2
€24 Co5 | _ | @21 @22 [bn bi2 biz bis
caq C35 | | @z a3 ba1 baa bogz  bag
Ci4 C45 Q41 G42

C24 = Q21 b14 + a22b24

Matrix multiplication is associative, that is:

A (BC) = (AB)C

but is not commutative in general that is :

AB # BA

In fact unless the two matrices are square, reversing the order in the product will
cause the matrices to be non-conformal. The order of the terms in the product is
therefore very important. In general:

Dhstributive
Distributive
Assorciative

Non—Clommutative

Moving Constants

10

A(B+C)=AB+ AC
(A+ B)C = AC + BC
(AB)C = A(BC)

AB # BA (usually)
A(AB) = MAB)
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Examples:

(3 9) 0 (1 4).e=(2)

Consider the following:
AB — 1 0 -1 4 _fL—-1+01 144+0.-271Y (-1 4
R N 1 27\ 3. -1+21 34+2.-2 ) L 1 8

pa_( 1 4 1 0\ _ [ —11+43 —10+42 Y\ [ 11 8
A=l 2 302 )7\ 114+4-23 10+-22 )7 5 4

Now, AB # BA, and we see that two matrices are not the same if they are
multiplied the other way around. Also consider:

Example:

11
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LT 10
L{r_4—(3 ?).I_IM_(U 1)

(1T 1 0 (11470 10471\ (1 7
M=13 2 0 1 )7\ 31420 30+21 )7\ 3 2
fa_ (10 1 7Y _{11+03 17402\ (1 7
A=V o 1 3 2 )7 Lo1+13 ov+12 )71 3 2

HW 1:

«L Z % y 1S
Rl 2 o ,C:[ZS\J
(= wemn A‘—[}\ o Z) )%-];; 5 \o\ £y

2 5

T R0, AR, ARaa) (AR)C

H.W2:

.\Qn A K; L\\X °%:\-‘L\X ,C:[;’Z L:\,Q;(s,z,g

and rp: 7»: rz U:\ .QA\AX, \Q~ Qessi\a\q,
~ & sl Sk
% i;j) °gAA cA LAC, OA,OB,80.E8, 8%

g PR
© 1C, -2 aw) kL, e ks & BNt

3. The matrix determinant

One of the most important properties of square matrices is the determinant. This is a
number obtained from the entries. When written using the elements of the matrix, the
determinant is enclosed between vertical bars. Some examples about matrices and
how calculates their determinants :

12
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3.1 Determinant of a (2 x 2)-Matrix:

a b

Let A= [C d then the determinant of A, denoted det( A) or |A| is given by :

det( A) = ad —bc

Example :

1) Given the following matrix A, specify the determinant det(A)?

= @ —12)

dery =2 1

2) Calculate the determinant of the following 2x2 matrices :

5

-:L:*r( f ; )=2.5—3.1=L{]—3=T

3 -6

o

-1 2 .
det ( ) = (—1)(-6)—-23=6-6=0

3) Calculate the determinant of the following 2x2 matrices:

(1 3 2 -1
“ (5 —2) b (4 2)
4 -1 4 =3
. (—3 2 ) . (1 2 )
Before we go on to larger matrices, we need to define few concepts...

3.1.1 Minors

13
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Let A be the (n x m) matrix :

11 ayz a1z a1, m—1 1,m
)| gz az3 ‘e az m—1 a2 m
. 31 gz 33 ‘e az m—1 13 m
A=
Anp—1.1 lp—1,2 (np—1.3 van p—1 m—1 in—1,m
in,1 in,2 In. 3 ‘as In,m—1 In,m

Then, if (m=n) the minor m;; , for each i, j, is the determinant of the (n — 1 x n — 1)—
matrix obtained by deleting the i row and the j™ column. For example, in the below
notation, the minor my; is the determinant of the matrix obtained by eliminating the
first row and the first column

] 23 . (12 m—1 a2 m
3z 25 S 3 m—1 3 m
my; = det
Ip—-12 Ap-13 -+« Gp_1m—-1 Apn-1m
n,2 n. 3 s Py m—1 p.m
The same for my; :
1z 13 €1, m—1 21 m
(32 133 sas I3m—1 a3 m
ma; = det
dp_1,2 Op_1,3 Onp_1,m—1 Onp_1,m
p 2 n.3 vaa n m—1 I, m

Example :

Compute all the minors of matrix A ?

2 1 -1
A= 0 4 3
5 0 -2

Solution :

14
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4 3 | . 0 3 - 0 .
mn=| 5 5 | = —8 miz=| o 5 | = 15 miz=| o | T 20
1 -1 2 - 2 1
ma=|, o |= -2 Mp=| . 4 |= -9 Ma=| r o|=?
- | y - ¢
Ma = _ll '31 =7 Mas = 0 311- ‘ =6 Thigg — é 1 =8

3.1.2 Minors and Cofactors

The numbers called ‘cofactors’ are almost the same as minors, except some have a
minus sign in accordance with the following pattern:

The cofactor and the minor alwayes have the same numerical value, with the possible
exception of their sign. In general, the cofactor of a matrix is defined by the relation :

Gy = (=D

To illustrate these definitions, consider the following 3 by 3 matrix,

e GO
ol R e Y 5N
L

— =T

To compute the minor m, 3 and the cofactor C, 3, we find the determinant of the above
matrix with row 2 and column 3 removed, mj3 =

O

1 4
—det| O O O :clet[ . 4]:(9—[—4}):13
-1 9
1 9 [O

15
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So the cofactor of the (2,3) entry is :

Cay = (123 (my) = —13

r

The cofactors from the previous example for matrix A are:

r.'||=m”=—Ei f[*_:-:—TII]QZ—J.EI- -!']{_—Ii‘i'|;—2|:]
Ca1 = —Ma] = 2 Caa = Tigg = -0 Cag = —IMag = —5
€31 = Mgy =T Cag = —Mgg = —b €33 = Mgz = 8

Cofactor expansion of the determinant:

The cofactors feature prominently for the expansion of determinants, which is a
method of computing larger determinants in terms of smaller ones. Given the nxn
matrix ( a;) , the determinant of A (denoted det(A)) can be written as the sum of the
cofactors of any row or column of the matrix multlplled by the entries that generated
them. In other words, the cofactor expansion along the j™ column gives:

dEt(A'} _'a'l_r(flra +a'2IG.2J +ai.lCiJ+ +H*r?.l nj Zu” 4if
The cofactor expansion along the i row gives:

dEt’{A] - 'ﬂ"tl.CTJ. + fj"'.:2(:-' 2 323(:-’!.3-_" +ﬂ'ru ir Z’uz_? 1Iz_‘i'

3.2 Determinant of a (3 x 3)-Matrix

In order to calculate the determinant of a (3x3)-matrix, choose any row or column.
Then, multiply each entry by its corresponding cofactor, and add the three products.
This gives the determinant. In another word the determinant of a high order matrix is
found by expanding in terms of the elements of any selected row or column and the
cofactors of those elements. For 3x3 matrix if the expansion is done by selecting the
first row, the determinant is defined as a sum of order (» — 1) determinants as :

det A= a]_lCll + alzclz + a13C13

16
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Similarly, the expansion in terms of the elements of the second column of the
determinant is :

det A = a;3C15 + ap,05; + a3;C5;

Example :

2 1 -1
A= 0 4 3
-5 0 -2

Compute the determinant for matrix A?
Solution :

We compute the determinant using the top row:

det A= anen +apen + azes =2(-8) 4+ L(-15) 4+ (-1).20=-16-15- 20 = -51
Suppose, we use the second column instead:
det A = ajac12 + agacas + agacss = 1.(-15) + 4.(-9) + 0.(-6) = -15-36 - 0 = -5l

It doesn’t matter which row or column is used, but the top row is normal. Note that it
is not necessary to work out all the minors (or cofactors), just three.

Example :

Find the determinant of matrix A?

2 1 3
A=(1 0 2
2 0 -2

Solution :

Choose any row or column; let us choose the first row. Multiply each element in first
row with its cofactor.

17
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0

€1 = (_1)1+1M11 = 1|0

_22| = 1(0.(—2) — 20) = 0
- 142 - 1 2| =
G = (DM, = (-1)|, 5|=10x(-2)-2x2) =6

Coa = (—1)1+3M,, = 1|% 8] = 1(1x (0)=2x0) =0

Finally, calculate det (A) ...

det A = a;5Cyp + 205 + 3303,

det A=2%X0+6%Xx1+3xXx0=6

HW
Find the determinant of matrix B?

3.3 Determinant of an (n x n)-Matrix

The procedure for larger matrices is exactly the same as for a (3 x 3)-matrix: choose a
row or column, multiply the entry by the corresponding cofactor, and add them up.
But of course each minor is itself the determinant of an (n—1xn—1)—matrix, so for
example, in a (4x4) determinant, it is first necessary to do four (3 x 3) determinants.

Example :

Calculate the determinant of matrix A?

18
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1T 2 1 0
{®H 37 1
A”—1o31

3 1 2 0

Solution

We will proceed to a cofactor expansion along the fourth column which means that

det A = a;14C4 + a34Co4 + a34C54 + 44 Cay

1 2 1
Coy = (—1)*"M,,=1|-1 0 3
3 1 2
1 2 1
Cyp = (—1)*"*My, = =110 3 1
3 1 2

C24, — 18’ 634, — _2

det A=0XCy +1X18+1X(=2)+ 0% Cyy = 16

H.W
Show that the determinant of A in the previous example is 16 by a cofactor expansion
along the :

1) The first row
2) The third column

19
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4 Inverse of a matrix

Let A be an nxn matrix, and let | be the nxn identity matrix. Sometimes, there exists
a matrix A (called the inverse of A) with the property:

AA'=T=A4"4

In this section, we demonstrate a method for finding inverses:
4.1 Inverse of a 2 x 2 Matrix

Let A be a 2x2 matrix then the inverse of A, A" is given by:

n b
_4:( c d )

1 d —b
-1 __
A= ad — be ( —c a )

To check , we multiply:

414 — 1 ( d —b a by 1 da — be db — bd )
7 ad—be\ —c a ¢ d ) ad—be\ —cat+ac —cb+ad

1 ad — be 0 (1 0
" ad — be 0 ad —be )V 0 1 f

In a similar fashion we could show that A A™ = I. Of course, the inverse could also
be written in another form:
1 d —b
i )
det A ( —c a

Note, that if det A = 0, then we have a division by zero, which we can’t do. In this
situation there is no inverse of A.

4.2 Inverse of 3 x 3 (and higher) Matrices

Recall the definition of a minor from Section 3.1.1: given an (n x n)-matrix A, the
minor m; is the determinant of the (n—1xn—1)-matrix obtained by omitting the i row
and the j™ column.

20
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Example

Calculate the inverse of a (3 x 3)-matrix A

L0 4
A= -2 1 0
3 2 1

Find the minors

My = Lo 1 Mg = 2 00, g = 2 1,
11 — .2, I. - 12 — 3 i - & 13 — 3 - i
Mg = {j} -ll =—8 Mag = é 11 ‘ =—-11 oy = é ,[.: =2
0 4| 1 4 . 10
Mz = 1 0 = —4 Maz = 9 0 ‘ =8 Mgz = 9 1 ‘ =1

Now, we put the minors into a matrix and change their signs according to the pattern
to get the matrix of cofactors:

1 2 -7
8 —-11 =2
-4 -8 |
The next stage is take the transpose:

1 8 —4
2 —-11 -8
-7 -2 1

and finally we must divide by the determinant, which is det A =-27 to calculate the
inverse of matrix A:

21
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To check the result, the following condition must satisfy;

AA''=TI=41'4

[

1 1 8 —4 1 0 4 1-16-12 0+8-8
_4_]_4=—; 2 -11 -8 -2 0 }l=1 2+22-24 0-11-16
= -7 -2 1 3 2 1 —T+4+3 0-242 284041

1 270 0 L 0 0
~5= 0o 271 0 = 0 1 0
' 0 o -ar o 0 1

The same procedure works for (n x n)-matrices.

() Work out the minors.

(IT) Put in the — signs to form the cofactors.
(1) Take the transpose.

(IV) Divide by the determinant.

Note:
Furthermore, an n x n matrix has an inverse if and only if the determinant is not zero.

So, it’s a good idea to calculate the determinant first, just to check whether the rest of
the procedure is necessary.

5 Linear Systems

5.1 Finding inverse matrix

In this section, we discuss one very important application of finding inverses of
matrices. Often, when solving problems in mathematics, we need to solve
simultaneous equations, e.g. something like:

2r - iy = 3
bx + 3y T

From which we would obtain x =2 and y = —1. The process we have used up until
now is a little messy: we combine the equations to try and eliminate one of the
unknown variables. There is a more systematic way using matrices. We can write the
equations in a slightly different way:

22
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2r+y 3
Se+3y J AT

Now we can check that the first matrix is equal to the product:

(5 )=(55)(3)

The next stage is to use the inverse of the (2 x 2)-matrix, so let’s calculate that now.

1 R 3 1\ /3 -
9 ).t].l(.ll_-‘i —m( _5 9 )—(_5 9 )

[ty R ]

=]

[y}

Let A = (

Now, we take the matrix equation above, and multiply by A™

o,
dn W
b L
L
S S
[ty R [ B ]
L = Lo =
o R
S S
=N =R
R R
[l [
—_ o,
g L
(A
S
_,
=] 2
M

and so x =2 and y = —1, as required.

For larger systems:

The same thing works with 3 equations in x, y and z. Suppose we have :

T + 2y + 2z = -1
3y — 2z = 2
2z -y + Bz = T

23
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Then, the matrix formis :

Now, we denote the 3 x 3 matrix by A, and calculate the inverse of A. The minors are
as follows:

3 2 g -2 0o 3

mu=| 4 g =22 miz=| 5 g ‘:-1 mi =5y = —6
2 9| 9 9

M2 = _21 ; (=18 Mag = é ; ‘ =4 M3 = ! _hl =—5
2 2 | 1 2 2

Mz = q 9 | = —10 Maz = 0 -2 ‘ =-2 Mgy = i 3 =3

The following matrix of cofactors:

22 -4 -6
—-18 4 i
—-10 2 3

Calculate the determinant by taking any row or column, let’s choose the top row:

det A=12242 442 - 6=22-58-12=2

The determinant is 2, so we will be able to find the inverse. From the matrix of
cofactors, we take the transpose, and then divide by the determinant to get A™:

L[ 2 18 10 i1 -0 -5
At=cl -4 4 2 )= 2 2 1
6 5 3 3 3 3

Return to solving the simultaneous equations, where we had:
2 2 -1
3 -2 = 2
-1 8 7
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Multiplying both sides on the left by A™, we have:

o,
| =
Lo ko
ralE b L
Iul'h'_l;l,l
e
—
§ =

S (]
o0 pe b3
‘-"""-———-"'"'-
e
[
‘-"""-———-"'"'-

I

A
| | =
L b2
[ 1 h..'llE
|\_.|,._|—-I'_‘|‘-I
s S
e
=1 ko L
R

=1

1 0 0 T 11. - 14 -924 —5.
0 1 0 y | = —2. 1422417
0D 0 1 2 -3. 1432437

T —h4

y | = 13

- AT

So, we get the values of x,y,z .

5.2 Cramer’s Method

Cramer’s method is a convenient method for manually solving low-order non-
homogeneous sets of linear equations. If the equations are written in matrix form :

Ax=Db

Then the i element of the vector x may be found directly from a ratio of determinants

det _‘1[1:]
I, = —"-
det A

where A(i) is the matrix formed by replacing the i" column of A with the column
vector b. For example, solve the following equations:

21 — ro —+ 2193 = 2
ri + 10z — 313 = 3.
—Iy + To -+ rqa = —23

Then

25
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2 1 2
detA=| 1 10 -3 | =46
101 1
212
o= —| 5 10 -3
61 5 1
_ 9
9 91
1 |
T
o212
3 = —| 1 10 5
61, 1 3]
- 1
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