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SYLLABUS  
CHAPTER 1 THE NATURE OF PROBABILITY AND STATISTICS. 

CHAPTER 2 FREQUENCY DISTRIBUTIONS AND GRAPHS. 

CHAPTER 3 DATA DESCRIPTION. 

CHAPTER 4 PROBABILITY AND COUNTING RULES. 

CHAPTER 5 DISCRETE PROBABILITY DISTRIBUTIONS. 

CHAPTER 6 THE CONTINUOUS DISTRIBUTIONS. 

CHAPTER 7 CONFIDENCE INTERVALS AND SAMPLE SIZE. 

CHAPTER 8 HYPOTHESIS TESTING. 

CHAPTER 9 DETERMINATION OF PROBABILITY DISTRIBUTION MODELS. 
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TEXT BOOK 
Elementary Statistics: A Step by Step Approach, by Allan G. Bluman, 6th edition. 

 

REFERENCES 
GENERAL REFERENCES 
1. Statistics: A First Course by Donald Sanders and Robert 

Smidt, 6th Edition.  

 

 

2. Basic Business Statistics: Concepts and Applications, by 

Mark L. Berenson, David M. Levine, and Timothy C. 
Krehbiel, 10th Edition. 

 

http://www.amazon.com/s/ref=ntt_athr_dp_sr_1?_encoding=UTF8&field-author=Donald%20Sanders&ie=UTF8&search-alias=books&sort=relevancerank
http://www.amazon.com/s/ref=ntt_athr_dp_sr_3?_encoding=UTF8&field-author=Robert%20Smidt&ie=UTF8&search-alias=books&sort=relevancerank
http://www.amazon.com/s/ref=ntt_athr_dp_sr_3?_encoding=UTF8&field-author=Robert%20Smidt&ie=UTF8&search-alias=books&sort=relevancerank
http://www.amazon.com/Mark-L.-Berenson/e/B001IO9PV2/ref=ntt_athr_dp_pel_1
http://www.amazon.com/David-M.-Levine/e/B001ILHGPW/ref=ntt_athr_dp_pel_2
http://www.amazon.com/s/ref=ntt_athr_dp_sr_3?_encoding=UTF8&field-author=Timothy%20C.%20Krehbiel&ie=UTF8&search-alias=books&sort=relevancerank
http://www.amazon.com/s/ref=ntt_athr_dp_sr_3?_encoding=UTF8&field-author=Timothy%20C.%20Krehbiel&ie=UTF8&search-alias=books&sort=relevancerank
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3. Schaum's Easy Outline of Statistics, by Murray Spiegel 

 

ENGINEERING REFERENCES 
1. Statistics for Engineering and the Sciences, by William 

Mendenhall and William Mendenhall, 5th Edition. 

 
2. Applied Statistics and Probability for Engineers, 3rd 

Edition, by Douglas C. Montgomery and George C. 

Runger. 

 

CIVIL ENGINEERING REFERENCE 
1. Probability, Statistics, and Decision for Civil Engineering, 

by Jack R. Benjamin and C. Allin Cornell. 

 
2. Applied Statistics for Civil and Environmental Engineers, 

2nd Edition, by N. T. Kottegoda, and R. Rosso 

 

http://www.amazon.com/s/ref=ntt_athr_dp_sr_2?_encoding=UTF8&field-author=Murray%20Spiegel&ie=UTF8&search-alias=books&sort=relevancerank
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3. Statistical Methods for Engineers, 1st Edition by Richard 

H. McCuen 1985. 

 
4. Probability, Statistics, and Reliability for Engineers and 

Scientists, 3rd Edition by Bilal M. Ayyub and Richard H. 

McCuen. 

 
5. Probabilistic Methods in The Theory of Structures. 

Strength of Materials, Random Vibrations, and Random 

Buckling. By Isaac Elishakoff.  

 
6. Probability Concepts in Engineering Emphasis on 

Applications in Civil & Environmental Engineering. By 

Alfredo H-S. Ang and Wilson H. Tang. 

 
7. Probabilistic solutions in geotechnics. By Laszlo Rethati. 
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8. Applications of Statistics and Probability in Civil 

Engineering. Edited by Michael H. Faber, 

 
9. Probabilistic Methods in Geotechnical Engineering. Edited by D. 

V. Griffiths. 

 
10. Probabilistic Methods in the Mechanics of Solids and 

Structures. Edited by S. Eggwertz and N. C. Lind 

 

OPEN COURSEWARE PROGRAM AND VIDEO COURSES 

• In 2000, Massachusetts Institute of Technology, MIT, proposed the Open Courseware 

Program. Within this program, about 1800 full videos in 33 academic disciplines 

have been offered on internet for free wide use.  

• This program is a Non-Degree Program.  

• Ninety percent of MIT staff have voluntarily shared their educational materials at 

the Open Courseware Program. 

• This program can be used to full any possible shortages in labs, and study 

materials in other counties.  

• About 35,000,000 individuals from more than 220 countries and territories have 

adopted the program. 

• Today, about 150 universities around the world share their courses and study 

materials for Open Courseware Program. 

• Regarding to statistics and probability theory, the following courses have been 

offered freely by MIT and University of California, UC, at Berkeley on YouTube as apart 

from their open courseware programs. 
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Course 

Code Course Title 

No. of 

Lec. Notes 

Statistics 21 Introductory Probability 
and Statistics for 

Business. 

Fall 2009 

Professor Philip Stark 

UC Berkeley 

Link for the first lecture is: 

https://youtu.be/mnbbRt

FxWHA  

25 • This course is complete in nature. It had 
been prepared to be adopted later in 
summer online courses. 

• The course is dedicated to business and 
economy.  

• Textbook adopted is an online book. 

https://www.stat.berkeley.edu/~stark/Stici
Gui/index.htm prepared by the instructor 

to emphasis some items that not covered 

adequately in his opinion.  
• Instructure accent is relatively clear to be 

understood.  
• Syllabus is generally similar to our course. 

• Course web site where students download 
study materials and upload their home 
works and assignments have been widely 

adopted with GIS technique.  
• The instructor encouraged his students to 

prepare a google group where they can 

post their discussion about home works.  

MIT Course 

Number 

6.041 / 

6.431 

Probabilistic Systems 
Analysis and Applied 

Probability. 

Fall 2010 

Prof. John Tsitsiklis 

Link for the first lecture is: 

https://www.youtube.com

/watch?v=j9WZyLZCBzs  

Course link of MIT web 

site: 

http://ocw.mit.edu/6-
041F10 

25 • The course aims to introduce the 
probability models, skills, and tools, by 

combining mathematics with conceptual 
understanding and intuition. 

• Textbook: Introduction to Probability. 2nd 

edition. Athena Scientific, 2008. ISBN: 
9781886529236. By Bertsekas, Dimitri, 
and John Tsitsiklis. 

• A student that has some listening problem to the aforementioned courses can used 

the icon  

 

on YouTube to show English subtitles. Some of these subtitles are auto generated 

by YouTube and may contain some errors. Questionable words are indicated with 

a gray color in the auto generated subtitle.  

GRADING SYSTEM 

• Thirty percent, 30%, of the student grade is determined based on short quizzes at 

end of each chapter. Usually, the student has about 8 to 10 quizzes until the end of 
academic year. Two or three quizzes with minimum grades will be dropped and the 

average will be determined accordingly. 

• There is no makeup time for the quizzes. Any possible problem in a specific quiz 

would be implicitly accounted through the dropped quizzes. 

• Up to 3 degrees may be added to some students based on their contribution and 

interactive in the lecture. 

• Finally, the remaining 70 degrees are determined based on the final exam. 

 

 

 

https://youtu.be/mnbbRtFxWHA
https://youtu.be/mnbbRtFxWHA
https://www.stat.berkeley.edu/~stark/SticiGui/index.htm
https://www.stat.berkeley.edu/~stark/SticiGui/index.htm
https://www.youtube.com/watch?v=j9WZyLZCBzs
https://www.youtube.com/watch?v=j9WZyLZCBzs
https://www.youtube.com/redirect?q=http%3A%2F%2Focw.mit.edu%2F6-041F10&redir_token=YD44mGH6GxyMIYoKOWvy6Hwz9sp8MTUxMTg5NjQ0OUAxNTExODEwMDQ5&event=video_description&v=j9WZyLZCBzs
https://www.youtube.com/redirect?q=http%3A%2F%2Focw.mit.edu%2F6-041F10&redir_token=YD44mGH6GxyMIYoKOWvy6Hwz9sp8MTUxMTg5NjQ0OUAxNTExODEwMDQ5&event=video_description&v=j9WZyLZCBzs


CHAPTER 1 

THE NATURE  

OF  

PROBABILITY AND STATISTICS 
1.1 OVERVIEW 
1.1.1 THE BASIC IDEA 

• The basic idea behind all the statistical methods of data analysis is 

to make inferences about a population by studying a relatively 

small sample chosen from it.  

• Overview of statistics, probability, and basic pertained terminology 
can be illustrated using the following example. 

1.1.2 POPULATION 

• Assume a batch of approximately 10,000 bolts to be tested for 

strength in tension. The whole batch is called population according 
to statistics terminology, Figure 1.1-1.  

A batch, Population in 
statistics terminology,  of 
approximately 10,000 bolts to 
be checked for strength.

 

Figure 1.1-1: Population 

of high strength bolts. 

• It is almost impossible to test each member within the population 

for the following reasons: 

o The test may be destructive in nature. 

o Some items may be physically unobtainable, e.g. bolts that are 

not produced yet. 
o The test would be too costly. 

o The test would be time-consuming.  

• Therefore, a statistical approach should be used. The current 

statistical approach is based on the following steps. 
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1.1.3 STEP 1: SELECT A SAMPLE 

Unbiased sample to be selected based on basic principle of probability theory and 

sampling techniques. A brief introduction to the sampling techniques has been 

presented in section 1.6.  

1.1.4 STEP 2: SAMPLING TESTING 

• The selected sample is then tested by measuring the pertained 

property, tensile strength in this example. In general physical, 
chemical, geological, economical, psychological, and other aspects 

of the tests are out the scope of the statistics and they should be 

sought in the specialized branches. 

 

Figure 1.1-2: Bolt 

testing for tensile 

strength. 

• The sample either noted from 

o An observational point of view: 

Where the researcher merely observes what is happening or 
what has happened in the past and tries to draw conclusions 

based on these observations. 
o An experimental point of view: 

Where the researcher manipulates one of the variables and tries 
to determine how the manipulation influences other variables. 

• In this example, if we only intend to check bolts strength, the 

statistical process is classified as an observational, one otherwise it 

is classified as experimental one. 

1.1.5 STEP 3: DESCRIPTION AND SUMMARIZATION OF DATA 

Observation or experimental data to be described and summarized based on tools 

and principles of Descriptive Statistics. This can be in one of the following forms: 

1.1.5.1 Graphically 

This may be in terms of histograms as 

would be discussed in Chapter 02, see 

Figure 1.1-3 below. 
1.1.5.2 Numerically 

Data may also be presented in a 

numerical form as will be discussed in, 

Chapter 03: 

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ = 120 𝑘𝑁 

1.1.6 STEP 4: MATHEMATICAL 

FRAMEWORK 

• The probability theory 
represents the 

mathematical framework 

 
Figure 1.1-3: Data presentation in terms of 

histogram. 
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to transfer from the descriptive statistical part to the inferential 

part. 

• The probability theory is used also in selection of a random sample 

and in the design of the experiments. These aspects represent the 
stating points for any statistical analysis. 

1.1.7 STEP 5: DRAW CONCLUSIONS REGARDING TO POPULATION FROM SAMPLE DATA 

• Finally, conclusions regarding to population can be drawn from 

sample data, Inferential Statistics.  

• Single variable conclusions, e.g. variation of tensile strength, may 

be written in form of 
o Confidence interval, Chapter 7 

120 𝑘𝑁 − 𝜖 ≤ 𝐴𝑣𝑔. 𝑇𝑒𝑛𝑠𝑖𝑙𝑒 𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑓𝑜𝑟 𝐵𝑜𝑙𝑡𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑊ℎ𝑜𝑙𝑒 𝑃𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 ≤ 120 𝑘𝑁 + 𝜖 

In general, the variation term, 𝜖, is inversely proportional to 

sample size. Then the larger sample size the smaller variation, 𝜖, 

and the more accurate predation for tensile strength.   

o Hypothesis testing. Chapter 8. 

How to select a suitable probability density model to fit a data has 

been discussed in Chapter 9. 

Population1. Sample

2A. Observational 
Study
The researcher merely 
observes what is happening 
or what has happened in 
the past and tries to draw 
conclusions based on these 

observations, Ch. 01.

2B. Experimental 
Study
The researcher manipulates 
one of the variables and 
tries to determine how the 
manipulation influences 

other variables, Ch. 01.

3. Data Summary 
and Description

Based on principles and 
tools of Descriptive 
Statistics.

3A. Graphically, 
Ch. 02 

3B. Numerically, 
Ch. 03 

4. Draw Conclusions 
Draw conclusions regrading to 
population from sample data, 
Inferential Statistics.

In form of Confidence 

Interval, Ch. 07 and Ch. 09.

In form of Hypothesis 

Testing, Ch. 08. and Ch. 09

In form of Correlations and 

Regression, Ch. 10.

All conclusions are drawn 
based on Probability Theory 
and Probability Models, 

Chapters 4, 5, and 6. 

 
Figure 1.1-4: An overview of statistical process.  
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• Bivariate and multivariate descriptions and conclusions, e.g. 

relation between bolt strength and a chemical agent, are usually 

presented in terms of correlation and regression, Chapter 10. 

• An overview of the statistical process with a cross reference to the 
corresponding chapters of syllabus has been summarized in Figure 

1.1-4. 

1.1.8 OTHER EXAMPLES WHERE SAMPLING IS NECESSARY 

In civil engineering, there are many situations like the above illustration example where 

samples should be taken to make decision about the population. See Figures below: 

1.1.8.1 Cement Batch  

 Figure 1.1-5: Cement batch. 

1.1.8.2 Course and Fine Aggregates 

  
Figure 1.1-6: Course and fine aggregates. 

1.1.8.3 Reinforcing Bars and Steel Section 

  
Figure 1.1-7: Reinforcing bars. Figure 1.1-8: Steel beams. 

  

http://images.search.yahoo.com/images/view;_ylt=A0PDoS5XrXNQ2VcAgN6JzbkF;_ylu=X3oDMTBlMTQ4cGxyBHNlYwNzcgRzbGsDaW1n?back=http://images.search.yahoo.com/search/images?p=portland+cement+bags&sado=1&n=30&ei=utf-8&fr=sfp-img&fr2=sg-gac&tab=organic&ri=19&w=303&h=303&imgurl=www.p-wholesale.com/upimg/21/831a1/ordinary-portland-cement-opc425r-741.jpg&rurl=http://www.p-wholesale.com/subcat/21/831/cement-precast-component-p1.html&size=16.3+KB&name=Ordinary+Portland+Cement+(OPC42.5/R)&p=portland+cement+bags&oid=52c7d943ab4cdcc84ce1b8423e68687d&fr2=sg-gac&fr=sfp-img&tt=Ordinary+Portland+Cement+(OPC42.5/R)&b=0&ni=40&no=19&ts=&tab=organic&sigr=129dkidjb&sigb=1405l7nu2&sigi=12bmk5ljs&.crumb=h3AzTOzXGuk
http://images.search.yahoo.com/images/view;_ylt=A0PDoS5zrHNQETgA2_eJzbkF;_ylu=X3oDMTBlMTQ4cGxyBHNlYwNzcgRzbGsDaW1n?back=http://images.search.yahoo.com/search/images?p=course+aggregate+images&sado=1&n=30&ei=utf-8&fr=sfp-img&fr2=sg-gac&tab=organic&ri=17&w=1000&h=750&imgurl=pavingatlanta.com/Portals/164977/images/granular%20aggregate.jpg&rurl=http://pavingatlanta.com/blog-0/bid/213532/Asphalt-Pavement-Prices-Getting-your-Money-s-Worth&size=288.6+KB&name=sure+that+your+contractor+uses+quality+materials.+For+the+base+course+...&p=course+aggregate+images&oid=50b23331693839475da34b034d6ff9b3&fr2=sg-gac&fr=sfp-img&tt=sure+that+your+contractor+uses+quality+materials.+For+the+base+course+...&b=0&ni=30&no=17&ts=&tab=organic&sigr=12ti1a4hl&sigb=143smdcd0&sigi=120e5e7jn&.crumb=h3AzTOzXGuk
http://images.search.yahoo.com/images/view;_ylt=A0PDoQwyrnNQIioAccmJzbkF;_ylu=X3oDMTBlMTQ4cGxyBHNlYwNzcgRzbGsDaW1n?back=http://images.search.yahoo.com/search/images?p=fine+aggregate&n=30&ei=utf-8&fr=sfp-img&tab=organic&ri=70&w=225&h=150&imgurl=www.clearwellquarries.com/Images/DIYProducts/concrete-ballast.jpg&rurl=http://www.clearwellquarries.com/Products/DIY&size=18.6+KB&name=Clearwell+Quarries+~+DIY+Products+~+for+the+do-it-yourselfer&p=fine+aggregate&oid=7297b5d9d7c6800edd13d9bc25fe33c1&fr2=&fr=sfp-img&tt=Clearwell+Quarries+~+DIY+Products+~+for+the+do-it-yourselfer&b=61&ni=30&no=70&ts=&tab=organic&sigr=11dp20ovh&sigb=1387g63j5&sigi=121cdtu0f&.crumb=h3AzTOzXGuk
http://images.search.yahoo.com/images/view;_ylt=A0PDoX2mrnNQLGkAS66JzbkF;_ylu=X3oDMTBlMTQ4cGxyBHNlYwNzcgRzbGsDaW1n?back=http://images.search.yahoo.com/search/images?p=reinforcing+bars&n=30&ei=utf-8&fr=sfp-img&tab=organic&ri=5&w=670&h=503&imgurl=img.diytrade.com/cdimg/837974/7766256/0/1230620321/Reinforcing_Bar.jpg&rurl=http://www.diytrade.com/china/pd/4980601/Reinforcing_Bar.html&size=68.3+KB&name=Reinforcing+Bar+-+xby-003+-+xby+(China+Trading+Company)+-+Bars,+Rods+...&p=reinforcing+bars&oid=c77b025b4565ea0563e66b814989d972&fr2=&fr=sfp-img&tt=Reinforcing+Bar+-+xby-003+-+xby+(China+Trading+Company)+-+Bars,+Rods+...&b=0&ni=30&no=5&ts=&tab=organic&sigr=11td61esv&sigb=1399ngkgo&sigi=126qc3fv6&.crumb=h3AzTOzXGuk
http://images.search.yahoo.com/images/view;_ylt=A0PDoS2rq3NQ0XMAYxqJzbkF;_ylu=X3oDMTBlMTQ4cGxyBHNlYwNzcgRzbGsDaW1n?back=http://images.search.yahoo.com/search/images?p=steel+beams&ei=utf-8&fr=sfp-img&tab=organic&ri=6&w=1200&h=801&imgurl=us.123rf.com/400wm/400/400/cecilialim/cecilialim0606/cecilialim060600003/424314-construction-beams--close-up-of-rusty-steel-beams-stacked-at-a-construction-site.jpg&rurl=http://www.123rf.com/photo_424314_construction-beams--close-up-of-rusty-steel-beams-stacked-at-a-construction-site.html&size=126.1+KB&name=Stock+Photo+-+Construction+Beams+-+Close-up+of+rusty+steel+beams+...&p=steel+beams&oid=b4556a23cf9cdc1bb260d0cb94077b11&fr2=&fr=sfp-img&tt=Stock+Photo+-+Construction+Beams+-+Close-up+of+rusty+steel+beams+...&b=0&ni=45&no=6&ts=&tab=organic&sigr=13nko5hh1&sigb=12v2v5utr&sigi=154ocs196&.crumb=h3AzTOzXGuk
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1.2 STATISTICS 
Statistics is the science that deals 

with conducting studies to: 

• collect,  
• organize,  

• summarize,  

• analyze,  

• and draw conclusions from 

data1. 

 

 

1.3 VARIABLE 
• A variable is a characteristic or attribute that can be assumed as 

different values. 
• Usually an object has many variables depending on which aspects 

we are interested in, for example 

o Human being may be considered for different aspects, variables, 
e.g. height, weight, race, color, gender, etc.  

o A Bolt, an object, may also has many variables to be considered, 

e.g. its strength, diameter, length, etc. 

1.4 DESCRIPTIVE AND INFERENTIAL STATISTICS 
Statistics can be divided into two main areas, depending on the use of the data. 
The two areas are: 

• Descriptive statistics 

• Inferential statistics 

1.4.1 DESCRIPTIVE STATISTICS 

Descriptive statistics consists of the collection, organization, summarization, 

and presentation of data. 

1.4.2 EXAMPLES ON DESCRIPTIVE STATISTICS 

• Surveying, and summarization of previous measurements for 

earthquake motions, see Figure 1.4-1 below. 

• Surveying, and summarization of previous measurements for water 

levels in a dam upstream, see Figure 1.4-2 below. 

1.4.3 INFERENTIAL STATISTICS 

Inferential statistics consists of: 

• Generalizing from samples to populations,  

• Performing estimations and hypothesis tests,  

• Determining relationships among variables and making predictions. 

1.4.4 EXAMPLES OF INFERENTIAL STATISTICS 

• Expecting an earthquake that may a building be subjected to 

during the design period, see Figure 1.4-1. 

• Expecting maximum water lever acting on a dam upstream, Figure 

1.4-2. 

 

 
1  "Data" is a plural noun; the singular form is "datum." 

Linguistic Aspects: 

From linguistic point of view, the word 

statistics was developed from the word 
of state. And it can be: 

- Uncountable singular noun where the 

‘s’ is a part of the word. In this case it 

refers to the science of data gathering 

and analysis. 

- Countable noun where ‘s’ is for plural 

and it refers to measure(s) in the 

description and inferential processes. 
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Summarizing, averaging 
of previous earthmotion 
is an example of 
descriptive statistics .

 
Figure 1.4-1: Earthquake motions. 

 
Figure 1.4-2: Water level in dam upstream.  
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1.5 VARIABLES AND TYPES OF DATA 
Variables can be classified as qualitative or quantitative. 

1.5.1 QUALITATIVE VARIABLES 

• Qualitative variables are variables that can be placed into distinct 
categories, according to some characteristics or attributes.  

• For example, 

o Gender (male, female, or other),  
o Religious preference, 

o Geographical locations. 

• Qualitative and categorical variables typically do not have units. 
• Qualitative and categorical variables have neither a "size" nor, 

typically, a natural ordering to their values. 

• They answer questions such as "which kind?" 
• Arithmetic with qualitative variables usually does not make sense, 

even if the variables take numerical values. 

1.5.2 QUANTITATIVE VARIABLES 

• Quantitative variables are numerical variables that can be ordered 
or ranked.  

• For example,  

o The variable (age) is numerical, and people can be ranked in 
accordance to the value of their ages.  

o Heights,  
o Weights,  

o Body temperatures. 
 

Example 1.5-1 

In a statistical survey, number "1" have been assigned to males while number 
"2" have been assigned to females. With this assignment, are the males and 
females classified as qualitative or quantitative data? 

Solution 

Even with this assignment, classifications of human beings into males and 

females still a qualitative one for following reasons: 

• This assignment is arbitrary. For example, another survey may 

assign number "1" for females and number "2" for males. 
• Algebraic operations on assigned numbers have no meaning. For 

example, there is no meaning for the difference between number 

"2" that assigned for females and number "1" that assigned to 
males. 

 

Example 1.5-2 

The Journal of Performance of Constructed Facilities (Feb., 1990) reported on 

the performance of water distribution networks dimensions in the Philadelphia 

area. For a part of the study, the following variables were measured for each 

sampled water pipe section. Identify the data produced by each as quantitative 
or qualitative. 

• Pipe diameter (measured in inches) 

• Pipe material (steel or PVC) 

• Pipe location (Center City or suburbs) 
• Pipe length (measured in feet) 
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Solution  

Both pipe diameter (in inches) and pipe length (in feet) are measured on a 

meaningful numerical scale: hence, these two variables produce quantitative 

data.  

Both of pipe material and pipe location can only classify the material as either 

steel or PVC and the location as either Center City or the suburbs. 
Consequently, pipe material and pipe location are both qualitative variables. 

 

Home Work 1.5-1 

Classify each variable as qualitative or quantitative. 

a. Marital status of nurses in a hospital.  

Qualitative 

b. Time it takes to run a marathon. 

Quantitative 

c. Weights of lobsters in a tank in a restaurant. 

Quantitative 

d. Colors of automobiles in a shopping center parking lot.  

Qualitative 

e. Ounces of ice cream in a large milkshake. 
Quantitative 

f. Capacity of the NFL football stadiums. 
Quantitative 

g. Ages of people living in a personal care home. 

Quantitative 
 

Home Work 1.5-2 

Classify each variable as qualitative or quantitative. 

a. Marital status of nurses in a hospital. 

Qualitative 

b. Time it takes to run a marathon. 

Quantitative 

c. Weights of lobsters in a tank in a restaurant. 

Quantitative 

d. Colors of automobiles in a shopping center parking lot. 

Qualitative 

e. Ounces of ice cream in a large milkshake. 

Quantitative 

f. Capacity of the NFL football stadiums. 

Quantitative 

g. Ages of people living in a personal care home. 

Quantitative 
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1.5.3 SUB CLASSIFICATION OF QUANTITATIVE VARIABLES 

Quantitative variables can be further classified into two groups: 

1.5.3.1 Discrete Variables 

• Discrete variables assume values that can be counted. 

• Examples of discrete variables are: 

o The number of children in a family,  
o The number of students in a classroom,  

o The number of calls received by a switchboard operator each day 

for a month. 

1.5.3.2 Continuous Variables 

• Continuous variables can assume an infinite number of values 
between any two specific values.  

• They are obtained by measuring.  

• They often include fractions and decimals. 

• Examples of continuous variables are: 
o Height 

o Weight 

1.5.4 SUMMARY OF DATA CLASSIFICATION 

Above data classifications have been summarized in Figure 1.5-1. 

Figure 1.5-1: Summary of data 

classification.  
 

Example 1.5-3 

Classify each variable as discrete or continuous. 

a. Number of pizzas sold by Pizza Express each day. 
Discrete 

b. Relative humidity levels in operating rooms at local hospitals. 

Continuous 

c. Number of bananas in a bunch at several local supermarkets. 

Discrete 

d. Lifetimes (in hours) of 15 iPod batteries. 

Continuous 

e. Weights of the backpacks of first graders on a school bus. 
Continuous 

f. Number of students each day who make appointments with a math tutor at a 

local college. 

Discrete 

g. Blood pressures of runners in a marathon. 

Continuous 
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1.5.5 DATA CLASSIFICATIONS BASED ON MEASUREMENT SCALES 

In addition to being classified as qualitative or quantitative, variables can be 

classified by how they are categorized, counted, or measured into: 

• Nominal,  
• Ordinal,  

• Interval,  

• Ratio. 

1.5.5.1 Nominal Level of Measurement 

• The nominal level of measurement classifies data into mutually 
exclusive (non-overlapping) categories in which no order or 

ranking can be imposed on the data. 

• Examples 

o Classification of college instructors according to the subject they 
are teaching (e.g., English, history, psychology, or 

mathematics). 

o Classification according to religion (Islam, Christianity, Judaism, 

etc.), 

1.5.5.2 Ordinal Level of Measurement 

• The ordinal level of measurement classifies data into categories 
that can be ranked; however, precise differences between the 
ranks do not exist. 

• Examples 
o Based on students’ evaluations, guest speakers might be 

ranked as superior, average, or poor. 

o People may be classified according to their build (small, 

medium, or large). 
• Distance in the Ordinal Scale 

In the ordinal scale, distances between attributes do not have any 
meaning. For example, on a survey you might code Educational 

Attainment as: 
o 0=less than high school;  
o 1=some high school;  

o 2=high school degree;  

o 3=some college;  
o 4=college degree;  

o 5=post college.  

In this scale, higher numbers mean more education. But, is 
distance from 0 to 1 the same as 3 to 4? Of course not. The 

interval between values is not interpretable in an ordinal measure. 

1.5.5.3 Interval Level of Measurement 

• The interval level of measurement ranks data, and precise 

differences between units of measure do exist; however, there is 

no meaningful zero. 
• Examples 

o IQ, Intelligence Quotient, is an example of such a variable. There 

is a meaningful difference of 1 point between an IQ of 109 and 
an IQ of 110. 

o Temperature is another example of interval measurement, since 

there is a meaningful difference of 1oF between each unit, such 

as 72 and 73oF. 
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• Distance in the Interval Scale: 

In interval measurement, the distance between attributes does 

have meaning. For example, when we measure temperature (in 

Fahrenheit), the distance from 30-40 is same as distance from 70-
80. 

• Ratio in the Interval Scale: 

In interval measurement, ratios do not make any sense. For 
example, 80 degrees is not twice as hot as 40 degrees (although 

the attribute value is twice as large). 

1.5.5.4 Ratio Level of Measurement 

• The ratio level of measurement possesses all the characteristics of 

interval measurement, and a true zero does exist.  

• In addition, true ratios exist when the same variable is measured 
on two different members of the population. For example, if one 

person can lift 200 pounds and another can lift 100 pounds, then 

the ratio between them is 2 to 1. 
• Ratio scales have differences between units (1 inch, 1 pound, etc.), 

• Examples of ratio scales are those used to measure: 

o Height,  

o Weight,  
o Area,  

o Number of phone calls received.  

1.5.5.5 Summary of the four measurement scales: 

The above four measurement scales have been summarized in Figure 1.5-2 

below. 

 

Figure 1.5-2: Summary of the four 

basic measurement scale. 

1.5.5.6 Other Examples of Measurement Scales 

Other examples of measurement scales are presented in Table 1.5-1. 

Table 1.5-1: Examples of measurement scales 
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Example 1.5-4 

Read the following information about the transportation industry and answer 

the questions. 

Transportation Safety 

The chart shows the number of job-

related injuries for each of the 

transportation industries for 1998. 

1. What are the variables under 

study? 

2. Categorize each variable as 
quantitative or qualitative. 

3. Categorize each quantitative variable as discrete or continuous. 

4. Identify the level of measurement for each variable. 

5. The railroad is shown as the safest transportation industry. Does 

that mean railroads have fewer accidents than the other 

industries? Explain. 

Solution 

1. The variables are industry and number of job-related injuries. 

2. The type of industry is a qualitative variable, while the number of job-related 

injuries is quantitative. 

3. As there is no meaning for a fraction of injury, then the number of job-related 
injuries is discrete. 

4. Type of industry is nominal, and the number of job-related injuries is ratio. 

5. The railroads do show fewer job-related injuries; however, there may be other 

things to consider. For example, railroads employ fewer people than the other 

transportation industries in the study. 

Example 1.5-5 

Data in Table 1.5-2 represent live loads act on a building floor. Classify data 

into nominal, ordinal, interval, or ratio. 

Table 1.5-2 Floor live loads, in psf. 

79 76 68 70 90 

Solution 

As data have precise rank with meaningful zero value, therefore data are classified as 

Ratio Level. 
 

Example 1.5-6 

Data in  

Table 1.5-3 represent 

angle of internal friction, 

in degrees, gathering 
during a soil 

investigation process.  

 

 

 

Table 1.5-3: Angle of internal friction of soil, in degrees. 

30 29 30 29 

Solution 

As data have a precise rank with meaningful zero value, therefore data are classified as 

Ratio Level. 
 

 
 

Figure 1.5-3: Intuitive meaning for the angle of internal 

fiction. 
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1.5.6 PROBLEMS 
Problem 1.5-1 

Drinking-water quality study Disasters (Vol. 28, 2004) published a study of the 

effects of a tropical cyclone on the quality of drinking water on a remote Pacific 

island. Water samples (size 500 milliliters) were collected for approximately 4 
weeks after Cyclone Anti hit the island. The following variables were recorded 

for each water sample. Identify each variable as quantitative or qualitative. 

1. Town where sample was collected 

2. Typed water supply (river intake, stream, or borehole) 

3. Acidic level (pH scale, 1 to 14) 

4. Temperature (degrees Centigrade) 

Answers 

1. Qualitative 

2. Qualitative 
3. Quantitative  

4. Quantitative 
Problem 1.5-2 

According to the National Bridge Inventory, All highway bridges in the United 

States are inspected periodically for structural deficiency by the Federal 

Highway Administration (FHWA). Data from the FHWA inspections are compiled 
into the National Bridge Inventory (NBI). Several of the nearly 100 variables 

maintained by the NBI are listed below. Classify each variable as quantitative or 
qualitative. 

1. Length of maximum span (feet) 

2. Number of vehicle lanes 
3. Toll bridge (yes or no) 
4. Average daily traffic 

5. Condition of deck (good, fair, or poor) 
6. Bypass or detour length (miles) 

7. Route type (interstate, U.S., state, county, or city) 

Answers 

1. Quantitative 

2. Quantitative 

3. Qualitative 

4. Quantitative 
5. Qualitative 

6. Quantitative 

7. Qualitative 
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1.6 ACCURACY, PRECISION, AND SIGNIFICANT FIGURES 
• Engineers must be aware of three principles that govern the proper 

use of numbers: accuracy, precision, and significant digits.  

• For engineering measurements, they are defined in subsequent 

articles. 

1.6.1 ACCURACY 

• The accuracy error is the value of one reading minus the true value.  

• In general, accuracy of a set of measurements refers to the closeness 

of the average reading to the true value.  
• Accuracy is generally associated with repeatable, fixed errors. 

1.6.2 PRECISION 

• The precision error is the value of one reading minus the average of 

readings. 
• In general, precision of a set of measurements refers to the fineness 

of the resolution and the repeatability of the instrument.  

• Precision is generally associated with unrepeatable, random 
errors. 

• Accuracy versus precision: 

o A measurement or calculation can be very precise without 
being very accurate, and vice versa.  

o For example, suppose the true value of wind speed is 25.00 

m/s. Two anemometers A and B take five wind speed 

readings each: 
▪ Anemometer A:  

25.50, 25.69, 25.52, 25.58, and 25.61 m/s.  

Average of all readings = 25.58 m/s. 
▪ Anemometer B:  

26.3, 24.5, 23.9, 26.8, and 23.6 m/s.  
Average of all readings = 25.02 m/s. 

Clearly, anemometer A is more precise, since none of the 

readings differs by more than 0.11 m/s from the average. 
However, the average is 25.58 m/s, 0.58 m/s greater than 

the true wind speed; this indicates significant bias error, also 

called constant error or systematic error.  
On the other hand, anemometer B is not very precise, since its 

readings swing wildly from the average; but its overall 

average is much closer to the true value. Hence, anemometer 

B is more accurate than anemometer A, at least for this set of 

readings, even though it is less precise.  

o Shooting arrows analogy for accuracy versus precision: 
▪ The difference between accuracy and precision can be 

illustrated effectively by analogy to shooting arrows at a 

target, as sketched in Figure 1.6-1.  
▪ Shooter A is very precise, but not very accurate, while 

shooter B has better overall accuracy, but less precision. 
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Shooter A Shooter B 

Figure 1.6-1: Illustration of accuracy versus precision. Shooter A is more precise, but 

less accurate, while shooter B is more accurate, but less precise. 

1.6.3 SIGNIFICANT FIGURES 

1.6.3.1 Basic Definitions 

• Statistics deals extensively with approximations. Consequently, 

before discussing the errors associated with numerical values, it is 
useful to review basic concepts related to approximate 

representation of the numbers themselves. 

• The meaning of significant figures is simply presented with 

referring to Table 1.6-1 below. 
Table 1.6-1: Significate figures. 

If you know the number to: Then report this many significant figures: 

1 part of 10 1 

1 part of 100 2 

1 part of 1000 3 

1 part of 10,000 4 

1 part of 100,000 5 

1 part of 1,000,000 6 

Etc. Etc.  

• A significate figure is an accurate 

figure digit, although the last digit is 

accepted to have some error.  
For example, if 7.58 is a three 

significant figures number, then: 

 
 

Example 1.6-1 

With refereeing to the speedometer of 

Figure 1.6-2, one person estimates 

the speed 48.8, whereas another 48.9 

km/h. What are the significant figures 
of the measured speed? 

Solution 

Because of the limits of the instrument, 

only the first two digits can be used with 

confidence. Estimates of the third digit 
(or higher) must be viewed as 

approximations. Therefore, the two 

estimations have three significant 

numbers. 
 

 

 
Figure 1.6-2:  An automobile speedometer 

and odometer. 
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Example 1.6-2 

With refereeing to Figure 1.6-2, one person estimates that the car has traveled 

slightly less than 87324.45 km during its lifetime. What are the significant 

figures for the estimated number? 

Solution 

Based on the above definition of the significant figures, the estimated value has seven 

significant figures. 
 

1.6.3.2 Basic Rules for Significant Figures 

Although it is usually a straightforward procedure to ascertain the significant 

figures of a number, some cases can lead to confusion and the following rules 

would be useful.  

• Rule 1: 

Non-zero numbers are always significant. 
• Rule 2: 

In between zeros are always significant. 

• Rule 3: 

Leading zeros are never significant.  
• Rule 4: 

Trailing zeros are sometimes significant.  
 

Example 1.6-3 

Determine the significant figures for the following numbers. 

2.34 56.6 7264 

Solution 

According to rule 1, as all digits are non-zero, therefore the first and second number 

has three significant figures while the third number has four significant figures. 
 

Example 1.6-4 

Determine the significant figures for the following numbers. 

2.0004 90306 4000607 

Solution 

According to rule 2, as in between zeros are always significant, then 
2.0004 

(5 significant figures) 

90306 

(5 significant figures) 

4000607 

(7 significant figures) 
 

Example 1.6-5 

Determine the significant figures for the following numbers. 

0.000067 0.000302 

Solution 

According to rule 3 as leading zeros are never significant, the indicated numbers have 

the following significant figures: 

0.000067 

Two significant digits 

0.000302 

Three significant digits. 
 

Example 1.6-6 

Determine the significant figures for the following numbers. 

80000 80000. 2040 2040.0000 
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Hint 

This example relates to rule 4 that is the trickiest one as the trailing zeros are 

sometimes significant. For further explanation, it is useful to say that if there is 

no decimal point the trailing zeros would be insignificant and vice versa.   

Solution 

Based on rule 4 and above further explanation, the significant figures for the indicated 

numbers would be: 

80000 
One significant 

figure 

80000. 
Five significant 

figures 

2040 
Three significant 

figures 

2040.0000 
Eight significant 

figures 
 

1.6.3.3 Number of Significant Figure in Civil Engineering Applications 

Generally, in civil engineering, measurements are accurate to 1 part of 1000. 

So, three significant figures are appropriate.  

1.6.3.4 Adding and Subtracting of the Significant Figures 

• To show how adding and/or subtracting significant figures, consider 
the adding of the following two number: 

1.6.3.5 Significate Figures: Multiplication/Divisions 

To determine the number of significant figures for a multiplication or division 

operation for two number, say AxB, the following steps should be followed: 

• Indicate the number of significant figures for each number. 
• Calculate the answer. 
• Round the answer to have same number of significant figures as 

the least precise number. 
 

Example 1.6-7 

Compute area for the 

rectangular shape shown 
below, your results should 

contain no more 
significant figures than the 

least accurate figure used 
in obtaining it. 

 

Solution 

Indicate the number of 
significant figures for 

each number. 

 

Calculate the answer. 

𝐴 = 33.84 × 1.71
=  57.8664 𝑚2 

Round the answer to 

have same number of 

significant figures as the 

least precise number. 

𝐴 = 57.9  𝑚2 
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1.7 DATA COLLECTION AND SAMPLING TECHNIQUES* 
• As stated previously, researchers use samples to collect data and 

information about a particular variable from a large population.  

• Using samples saves time and money and in some cases enables 

the researcher to get more detailed information about a particular 

subject.  

1.7.1 DATA COLLECTION 

• Data can be collected in various ways such as surveys. 

• Surveys can be done by using different methods. Three of the 
most common methods are: 

o Telephone survey,  

o Mailed questionnaire,  
o Personal interview. 

1.7.2 SAMPLING TECHNIQUES 

• Samples cannot be selected in haphazard ways because the 

information obtained might be biased.  
• To obtain samples that are unbiased—i.e., that gives each subject 

in the population an equally likely chance of being selected—

statisticians use four basic methods of sampling:  
o Random,  

o Systematic,  
o Stratified, 

o Cluster sampling. 

1.7.2.1 Random Sample 

Random samples are selected by using chance methods or random numbers.  

1.7.2.1.1 Cards Method 

• In the cards method:  

o Number each subject in the population.  
o Then place numbered cards in a bowl, mix them thoroughly,  

o Finally, select as many cards as needed.  
• The subjects whose numbers are selected constitute the sample.  

 

Example 1.7-1 

Suppose that a site 

engineer has a 

concrete casting 
job that required a 

concrete volume of 

85 truck. And 
assume that the 

site engineer 

intends to select 
15 trucks from which concrete samples will be taken. How can site engineer 

select a random sample with a size of 15 from the 85 trucks. 

Solution 

One method is to prepare 85 numbered chards to simulate the number of trucks 

(a chard for each truck). 

Then place numbered cards in a bowl, mix them thoroughly, and select the 

required 15 chards. 

 

Cylinder Sample

Cube Sample
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1

2

3

85

 
 

1.7.2.1.2 Tables for Random Numbers 

• Since it is difficult to mix the cards thoroughly, there is a chance of 

obtaining a biased sample.  
• For this reason, statisticians use another method of obtaining 

numbers. They generate random numbers with a computer or 
calculator.  

• Before the invention of computers, random numbers were obtained 
from tables. Some two-digit random numbers are shown in Table 
1.7-1 below.  

Table 1.7-1: Random Numbers 

 
 

Example 1.7-2 

Resolve Example 1.7-1 above based on Table 1.6 1 for Random Numbers. 

Solution 
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• To select a random sample of 15 subjects out of 85 trucks:  

o It is necessary to number each trucks from 01 to 85.  

o Then select a starting number by closing your eyes and placing 

your finger on a number in the table. (Although this may sound 
somewhat unusual, it enables us to find a starting number 

randomly.) In this case suppose your finger landed on the number 

12 in the second column. (It is the sixth number down from the 
top.)  

o Then proceed downward until you have selected 15 different 

numbers between 01 and 85. When you reach the bottom of the 

column, go to the top of the next column.  

o If you select a number greater than 85 or the number 00 or a 

duplicate number, just omit it.  
o In our example, we will use the trucks numbered 12, 27, 75, 62, 

57, 13, 31, 06, 16, 49, 46, 71, 53, 41, and 02.  

13
 –
 2

 =
 1

1

 

 

Example 1.7-3 

Resolve Example 1.7-1 above but with using Microsoft Excel to generate the 

required random number for the 15 trucks that should be selected from 
completely 85 trucks. 

Solution 

Microsoft Excel is so powerful and easy to use software that can be adopted in 
most of statistical analyses. To generate random number using Excel, steps 

indicated below can be adopted. As will be discussed in Chapters 4 and 5, 

random variables should follow a specific probability model.  

In the indicated steps, the uniform model is adopted to generate the random 

numbers. With this model, each truck has the same likely chance to be selected 
in the sample.  

 



Engineering Statistics  Instructor Edition Chapter 1: The Nature of Probability and Statistics 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 1: Page 21  
 

1

2

3

45. Definition of 
variable has been 
presented in Article 
1.3. Except for 
correlation and 
regression analyses 
the course deals 
with single variable 
or univariate.    

6. Sample 
size.

7. Population 
size.

8. Select cells where 
generated number to 
be located. 

9. Generated numbers 
are real numbers. 

10. Use  INT  function to transform 
real numbers in column A to integer 
numbers in column B. 

 
 

1.7.2.2 Systematic Sampling: 

Researchers obtain systematic samples by numbering each subject of the 

population and then selecting every kth subject.  

 
Figure 1.7-1: Sketch for systematic sample. 

 

Example 1.7-4 

Resolve Example 1.7-1 above based on a systematic sampling technique.  

Solution 

• As there were 85 trucks in the population and a sample of 15 

trucks were needed. Since 85 ÷ 15 = 5.67, then 𝑘 =  5, and every 

5th truck would be selected;  
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• However, the first truck (numbered between 1 and 5) would be 

selected at random. Suppose truck 3 were the first subject 

selected; then the sample would consist of the truck whose 

numbers were  
3 8 13 18 23 28 33 38 43 48 53 58 63 68 73 

 

1.7.3 STRATIFIED SAMPLING 

• Researchers obtain stratified samples by  

o Dividing the population into groups (called strata) according to 

some characteristics that are important to the study.  

o Then sampling from each group. Samples within the strata should 

be randomly selected.  
• For example: 

Suppose that a site manager aims to collect opinions of his staff 

about live support level in the site. Furthermore, the site manager 

wishes to see if the opinions of the engineering staff differ from 
those of the non-engineering staff. Then, he will classified the staff 

into engineering and non-engineering and select randomly from 

each stratum.  

 
Figure 1.7-2: An example on stratification sampling. 

1.7.4 CLUSTER SAMPLING 

• Here the population is 
divided into groups 

called clusters by some 

means such as 
geographical area.  

• Then the researcher 

randomly selects some 
of these clusters and 

uses all members of 

the selected clusters 

as the subjects of the 

samples.  
• Cluster sampling is 

used when: 

o The population is 

large, 

o Or when it involves 

 
Figure 1.7-3: A sketch for cluster sampling. 
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subjects residing in a large geographical area.  

• For example: 

If one wanted to do a study involving the patients in the hospitals 

of Baghdad, it would be very costly and time-consuming to try 
obtaining a random sample of patients since they would be spread 

over a large area. Instead, a few hospitals could be selected 

randomly, and the patients from these hospitals would be 
interviewed in a cluster. 
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1.8 UNCERTAINTY IN ENGINEERING* 
• As the engineer in general, and civil engineer in particular, has 

insufficient information, therefore he/she should make a decision 

with uncertainty. 

• This section aims to show that there are two uncertainty types: 

o First Type: Uncertainty Associated with Randomness (The aleatory 

uncertainty) 

It is the uncertainty associated with the randomness of the 

underlying phenomenon that is exhibited as variability in the 

observed information. 

o Second Type: Uncertainty Associated with Imperfect Knowledge 

(The Epistemic Uncertainty) 
It is the uncertainty associated with imperfect models of the 

real world because of insufficient or imperfect knowledge of 

reality. 
• The two types of uncertainty may be combined and analyzed as a 

total uncertainty or treated separately. In either case, the principles 

of probability and statistics apply equally. 

1.8.1 UNCERTAINTY ASSOCIATED WITH RANDOMNESS (ALEATORY UNCERTAINTY) 

• The aleatory uncertainty (sometimes called databased, natural, 
intrinsic, irreducible or fundamental uncertainty) is associated with 

the inherent variability of basic information, which is part of the real 

world (within our ability to observe and describe). 

• For the bolt example, even we have a perfect condition with full 
information about the strength of each bolt in the population, we 

still have uncertain variation in strength of the bolt. This type of 
uncertain or random variation even with full population survey 
represents the aleatory uncertainty.  

• It results when observed measurements are different from one 
experiment (or one observation) to another, even if conducted or 

measured under apparently identical conditions, at least as the 
research though.  

• In the bolt example, they appear identical and to be tested under 

identical conditions. Therefore, result differences are understood as 

a random or uncertain in nature.   
• It is probabilistic in nature and studied based on the probability theory 

of Chapters 4, 5, and 6 of this course.  

1.8.2 UNCERTAINTY ASSOCIATED WITH IMPERFECT KNOWLEDGE (THE EPISTEMIC UNCERTAINTY) 

• The epistemic (or knowledge-based) uncertainty is associated with 

imperfect knowledge of the real world and may be reduced through 

application of better prediction models and/or improved experiments. 

• To understand this type of uncertainty it useful to return to the 

bolt example the further explanation of the analysis process.  
o After the data describing, the analyst uses the sample 

measurements or statistics to estimate the population 

parameters. Hence, there is an epistemic uncertainty about how 

accurately the sample can represent the population. 
o Then he/she should select a suitable probability model to 

replace the actual histogram for the subsequent analysis. See 

Figure 1.8-1. Each probability model has its own equation and 

parameters. 
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o In summary, in the epistemic uncertainty, we deal with the 

selection of a suitable model with suitable parameters based on 

the incomplete sample data.  

• Based on the definition of the statistics science, the epistemic 
uncertainty is statistical in nature. It is not fundamental and can be 

virtually eliminated at the expense of a very large sample size. 

 

Figure 1.8-1: 

Proposing of a 

probability model to 

simulate the data 

histogram. 
 

Example 1.8-1 

With refereeing to bolt strength data of Figure 1.8-1: 

• What type of uncertainty is there if the analyst intends to analyze 
the variation in the sample itself? 

• What type of uncertainty is there if the analyst intends to use the 
sample to infer the population features? 

Solution 

• In the first case, the analyst implicitly considers the sample as a 

population by itself. Therefore, he/she deals with an aleatory 
uncertainty that is probabilistic in nature. 

• In the second case, the analyst has an epistemic uncertainty that 
is statistical in nature and can be reduced or eliminated with a 

large sample. 
 

Example 1.8-2 

Consider the calculation of the 

deflection of a prismatic 

cantilever beam under the 

concentrated load 𝑃 as shown in 

Figure 1.8-2. For engineering 

purposes, the deflection at the 

end of the beam B is usually 

calcu1ated based on the simple 
beam theory, which gives 
 

ΔB =
𝑃𝐿3

3𝐸𝐼
 Eq. 1.8-1 

in which 

E = the modulus of elasticity of the material, and 

I = the moment of inertia of the beam cross section. 

  

 
Figure 1.8-2: A cantilever beam subjected to 

concentrated load P. 
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The Eq. 1.8-1 is based on several idealized assumptions, which are a. follows: 

1. The material is linearly elastic. 

2. Under the load P, plane sections of the beam remain plane. 

3. The support of the beam at A is perfectly rigid. 

In reality, each of the above assumptions may not be totally valid. For example, 

depending on the material of the beam and the magnitude of the load, the 
behavior may not be linearly elastic. Also, for high loads. plane sections of the 

beam will not remain plane; finally, it is seldom that the support at A can be 

perfectly rigid. Therefore, the calculation of the deflection, Δ𝐵, with Eq. 1.8-1 

will involve some undetermined error and thus some uncertainty. Unless there 

is reason to believe otherwise, it is reasonable to assume that the calculated 

deflection is the mean deflection of the cantilever beam. implying that the error 
of Eq. 1.8-1 is symmetric about the average deflection. However, if necessary, 

the result may be connected for any bias in the calculation. 

One way to evaluate or assess the error of Eq. 1.8-1 is to test a number of 

similar cantilever beams of the same material under the same conditions, and 

with precisely measured values of P, L, E, and I. The results of the tests should 
provide us with a basis for evaluating the error underlying the equation. For 

illustration, suppose (hypothetically) that 10 wood beams were tested and the 

results (in terms of the ratios of the measured to the calculated deflections) 
were as follows: 

Δ𝐵 𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑑

Δ𝐵 𝑡ℎ𝑒𝑜𝑟𝑖𝑡𝑖𝑐𝑎𝑙
 1.05 0.95 1.10 0.98 1.15 0.97 1.20 1.00 1.12 1.08 

These test results would yield the following sample mean and sample standard 

deviation (see Chapter 3) for the ratio of the measured to the calculated 

deflection Δ𝐵: 

𝑀𝑒𝑎𝑛 (𝑜𝑟 𝑎𝑣𝑒𝑟𝑎𝑔𝑒) 𝑟𝑎𝑡𝑖𝑜 =  1.06 

𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑟𝑎𝑡𝑖𝑜 =  0.084 

According to the above test results, the deflection of the beam calculated with 
Eq. 1.8-1 tends to underestimate the correct deflection and, therefore, needs to 

be corrected by the bias factor of 1.06. whereas its coefficient of variation 
(defined as the standard deviation divided by the mean) representing the epistemic 

uncertainty is 0.084/1.06 = 0.0793. 

Depending on the material, there may also be significant variability in the EI of 

the beam. This variability in El will also lead to aleatory uncertainty in the 
calculated end deflection Δ. Finally. if the El of the beam is estimated from 

sampled observations, there will also be sampling error in the estimated mean El, 

and this will add further epistemic uncertainty to the calculated deflection of the 

beam. 
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1.9 DESIGN AND DECISION MAKING UNDER UNCERTAINTY* 
• Imperfect models is indispensable 
• As we indicated earlier, in engineering information no single 

observation or measurement is representative; and any evaluation 

or prediction must be performed based on imperfect models of the 

real world. That is, uncertainty (aleatory and/or epistemic) is 
unavoidable in engineering. 

• Under the preceding situation, how should engineering designs be 

formulated or decisions affecting a design and planning be 

determined? Presumably, we may assume consistently worst 

conditions (e.g., specify the highest possible flood, smallest 

observed fatigue life of materials) and develop conservative 
designs on this basis. From the standpoint of system performance 

and safety, this approach may be suitable, and indeed has been the 

basis for much of engineering designs and planning in the past 
and can be expected to continue in the future. However, this 

approach eschews any information on risk and lacks a systematic 

basis for evaluating the degree of conservativeness; a resulting 

design that is overly conservative may be excessively costly, whereas 
one with insufficient conservatism may be inexpensive but will 
sacrifice performance or safety. The optimal decision ought to be 

based on a trade-off between cost and benefit, in order to achieve a 
balance between cost and system performance. As the available 
information and evaluative models are invariably imperfect or 

insufficient, and thus contain uncertainties, the required trade-off 
analysis ought to be performed with in the context of probability 

and risk. 
• The situations described above are common to many problems in 

engineering; in the following we describe several examples 
illustrating some of these problems. The examples are idealized to 
simplify the presentations; nevertheless, they serve to illustrate 

the essence of the decision-making aspects of engineering under 

conditions of uncertainty. 

1.9.1 DESIGN OF STRUCTURES AND MACHINES 

• In general, the randomness in the structural behavior is classified 
into the randomness in the strength of the section, member, or 

system and the randomness in the applied loads.  

• Randomness in martial strength: 

o The strengths of structural material and components are 
random and thus contain variabilities as illustrated in Figure 

1.9-1 and Figure 1.9-2 for concrete and steel;  

o Therefore, the calculation of the capacity of a structure 

(invariably based on an idealized model) will contain both 

aleatory and epistemic uncertainties.  
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Figure 1.9-1: Yield strength of 

reinforcing bars. 

Figure 1.9-2: Ultimate shear strength of 

fillet welds. 

• Randomness in the applied loads: 

On the other hand. the applied loads on a structure are also 

invariably random, as illustrated in Figure 1.9-3 for wind pressures 

on tall buildings.  

  
(a) Typhoon Ruby 16/7/1970 7SW-3 (b) Typhoon Georgia 13/9/1970 7NE-4 

Figure 1.9-3: Pressure fluctuations on tall buildings during typhoons. 

• Therefore, the design of a structure, i.e., involving the 
determination of the load carrying capacity of the structure, must 

consider the question of "how safe is safe enough? "a question that 

realistically requires the consideration of risk and the probability of 

nonperformance or failure. 

1.9.2 PLANNING AND DESIGN OF TRANSPORTATION INFRASTRUCTURES 

This article is not complete yet. 
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1.10 REASONING AND FALLACIES* 
• This article reviews logical rules that produce valid arguments and 

common rule violations that lead to fallacies.  

• Understanding fallacies helps us to avoid committing them and to 

recognize fallacious arguments made by others. 

1.10.1 TYPES OF REASONING 

Reasoning can be inductive or deductive.  

1.10.2 DEDUCTIVE REASONING  

• It is what we call "logic" informally.  

• It is a way of thinking mathematically about all kinds of things: Given 
a set of assumptions (premises), what must then be true?  

• Deductive reasoning—if logical—is as certain as mathematics can be. 

1.10.3 INDUCTIVE REASONING 

• Inductive reasoning attempts to generalize from experience (data) 
to new situations.  

• It is inherently uncertain.  

1.10.4 WHICH TYPE OF REASONING IS THE STATISTICS 

• Much of Statistics concerns inductive reasoning.  
• Exceptional care is needed to draw reliable conclusions by 

inductive reasoning.  

• Good inductive reasoning requires correct deductive reasoning, the 

subject of this article. 

1.10.5 VALID, FALLACIOUS, AND SOUND DEDUCTIVE REASONING 

• Deductive reasoning that is mathematically correct (logical) is valid.  
• Deductive reasoning that is incorrect (logically faulty, illogical) is 

fallacious.  
• Reasoning can be valid even if the assumptions on which it is based 

are false. If reasoning is valid and based on true premises, it is sound. 

• Many deductive and inductive arguments rely on statistical evidence. 

Even the best statistical evidence can lead to wrong conclusions if it is 

used in a fallacious argument.  

1.10.6 ARGUMENTS 

• An argument is a sequence of statements, one of which is called the 

conclusion. The other statements are premises (assumptions).  

• The argument presents the premises—collectively— as evidence 

that the conclusion is true.  

Figure 1.10-1: The structure of 

argument.  

Premises

A deductive 
reasoning. 

Conclusion
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• For instance, the following is an argument: 

𝐼𝑓 𝐴 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑡ℎ𝑒𝑛 𝐵 𝑖𝑠 𝑡𝑟𝑢𝑒. 𝐴 𝑖𝑠 𝑡𝑟𝑢𝑒. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝐵 𝑖𝑠 𝑡𝑟𝑢𝑒. 

The conclusion is that 𝐵 𝑖𝑠 𝑡𝑟𝑢𝑒.  

o The premises are If A is true then B is true and A is true.  

o The premises support the conclusion that 𝐵 𝑖𝑠 𝑡𝑟𝑢𝑒. 

o The word "𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒" is not part of the conclusion. It is a signal 

that the statement after it is the conclusion. 
 

Example 1.10-1 

Example for a valid argument that may be sound or not: 

If it is sunny, I will 
wear sandals

A deductive 
reasoning. 

I will wear 
sandals

It is sunny

 
As the premise 𝐼 𝑤𝑖𝑙𝑙 𝑤𝑒𝑎𝑟 𝑠𝑎𝑛𝑑𝑎𝑙𝑠 is questionable, therefore the argument may 

be sound or not. 
 

Example 1.10-2 

Example for a valid but unsound argument that may be sound or not: 

Cheese more than a 
billion years old is stale.

A deductive 
reasoning. 

The Moon is 
stale cheese

The Moon is more 
than a billion years 

old. 

The Moon is made of 
cheese.

 
As one is well convinced that the moon is not made from cheese, therefore the 
argument is valid but unsound.  

 

Example 1.10-3 

Formulate the argument of Example 1.10-2 in a logical form. 

Solution 

The logical form of the argument of Example 1.10-2 is (roughly): 

𝐹𝑜𝑟 𝑎𝑛𝑦 𝑥, 𝑖𝑓 𝑥 𝑖𝑠 𝐴 𝑎𝑛𝑑 𝑥 𝑖𝑠 𝐵 𝑡ℎ𝑒𝑛 𝑥 𝑖𝑠 𝐶. 𝑦 𝑖𝑠 𝐴. 𝑦 𝑖𝑠 𝐵. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑦 𝑖𝑠 𝐶. 

Here 

• 𝐴 𝑖𝑠 "𝑚𝑎𝑑𝑒 𝑜𝑓 𝑐ℎ𝑒𝑒𝑠𝑒", 𝐵 𝑖𝑠 "𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 𝑎 𝑏𝑖𝑙𝑙𝑖𝑜𝑛 𝑦𝑒𝑎𝑟𝑠 𝑜𝑙𝑑" and 𝐶 𝑖𝑠 "𝑠𝑡𝑎𝑙𝑒".  
• The symbol 𝑥 is a free variable that can stand for anything;  

• The symbol 𝑦 stands for the Moon.  
 

1.10.7 SOME LOGICAL TERMS 

• In the conditional 𝐼𝑓 𝐴 𝑡ℎ𝑒𝑛 𝐵, A is called the antecedent and B is 

called the consequent. 
• Affirming: To affirm something is to assert that it is true. 

• Denying: To deny something is to assert that it is false. 
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1.10.8 SOME VALID RULES OF REASONING 

Some valid rules of reasoning are presented in Table 1.10-1 below. 

Table 1.10-1: Valid rules of reasoning. 

A or not A. (Law of the excluded middle). 

Not (A and not A). 

A. Therefore, A or B. 

A. B. Therefore, A and B. 

A and B. Therefore, A. 

Not A. Therefore, not (A and B). 

A or B. Not A. Therefore, B. (Denying the disjunction). 

Not (A and B). Therefore, (not A) or (not B). (de Morgan). 

Not (A or B). Therefore, (not A) and (not B). (de Morgan). 

If A then B. A. Therefore, B. (Affirming the precedent, "affirming by affirming"). 

If A then B. Not B. Therefore, not A. (Denying the consequent, "denying by 

denying"). 

1.10.9 FORMAL FALLACIES 

They are errors that result from misapplying or not following the rules of Table 

1.10-1. 
 

Example 1.10-4 

Show if the following argument is valid or not: 

𝐼𝑓 𝐴 𝑡ℎ𝑒𝑛 𝐵. 𝐵. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝐴. 

Solution 

It is very useful for the student to "plug in" values in abstract expressions to get 
plain-language examples. Therefore, if premises of Example 1.10-1 above in to 

the argument: 

𝐼𝑓 𝑖𝑡 𝑖𝑠 𝑠𝑢𝑛𝑛𝑦, 𝐼 𝑤𝑖𝑙𝑙 𝑤𝑒𝑎𝑟 𝑠𝑎𝑛𝑑𝑎𝑙𝑠. 𝐼 𝑤𝑖𝑙𝑙 𝑤𝑒𝑎𝑟 𝑠𝑎𝑛𝑑𝑎𝑙𝑠. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑖𝑡 𝑖𝑠 𝑠𝑢𝑛𝑛𝑦. 

This is a fallacy known as affirming the consequent. The premises say that 

𝑖𝑓 𝐴 𝑖𝑠 𝑡𝑟𝑢𝑒, 𝐵 𝑚𝑢𝑠𝑡 𝑎𝑙𝑠𝑜 𝑏𝑒 𝑡𝑟𝑢𝑒. It does 𝑛𝑜𝑡 𝑓𝑜𝑙𝑙𝑜𝑤 𝑡ℎ𝑎𝑡 𝑖𝑓 𝐵 𝑖𝑠 𝑡𝑟𝑢𝑒, 𝐴 𝑚𝑢𝑠𝑡 𝑎𝑙𝑠𝑜 𝑏𝑒 𝑡𝑟𝑢𝑒.  

To draw the conclusion that A is true, we need an additional premise: 𝐼𝑓 𝐵 𝑡ℎ𝑒𝑛 𝐴. 

That premise, together with the other two premises, would allow us to conclude 

that A is true. 
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1.11 GENERAL EXAMPLES 
Example 1.11-1 

In each of these statements, tell whether descriptive or inferential statistics 

have been used. 

a. By 2040 at least 3.5 billion people will run short of water (World Future 

Society). Inferential 

b. Nine out of ten on-the-job fatalities are men (Source: USA TODAY Weekend). 
Descriptive 

c. Expenditures for the cable industry were $5.66 billion in 1996 (Source: USA 
TODAY). Descriptive 

d. The median household income for people aged 25–34 is $35,888 (Source: 

USA TODAY). Descriptive 

e. Allergy therapy makes bees go away (Source: Prevention). Inferential 

f. Drinking decaffeinated coffee can raise cholesterol levels by 7% (Source: 

American Heart Association). 

g. The national average annual medicine expenditure per person is $1052 

(Source: The Greensburg Tribune Review). Descriptive 

h. Experts say that mortgage rates may soon hit bottom (Source: USA TODAY). 
Inferential. 

 

Example 1.11-2 

Classify each as nominal-level, ordinal-level, interval-level, or ratio-level 
measurement. 

a. Pages in the 25 best-selling mystery novels. Ratio 

b. Rankings of golfers in a tournament. Ordinal 

c. Temperatures inside 10 pizza ovens. Interval 

d. Weights of selected cell phones. Ratio 

e. Salaries of the coaches in the NFL. Ratio 

f. Times required to complete a chess game. Ratio 

g. Ratings of textbooks (poor, fair, good, excellent). Ordinal 

h. Number of amps delivered by battery chargers. Ratio 

i. Ages of children in a day care center. Ratio 

j. Categories of magazines in a physician’s office (Sports, women’s, health, 
men’s, news). Nominal 

 

Example 1.11-3 

Classify each sample as random, systematic, stratified, or cluster. 

a. In a large school district, all teachers from two buildings are interviewed to 
determine whether they believe the students have less homework to do now 

than in previous years. Cluster 

b. Every seventh customer entering a shopping mall is asked to select her or his 

favorite store. Systematic 

c. Nursing supervisors are selected using random numbers to determine annual 

salaries. Random 

d. Every 100th hamburger manufactured is checked to determine its fat 
content. Systematic 

e. Mail carriers of a large city are divided into four groups according to gender 

(male or female) and according to whether they walk or ride on their routes. 

Then 10 are selected from each group and interviewed to determine whether 
they have been bitten by a dog in the last year. Stratified 
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Example 1.11-4 

Identify each study as being either observational or experimental. 

a. Subjects were randomly assigned to two groups, and one group was given an 

herb and the other group a placebo. After 6 months, the numbers of respiratory 
tract infections each group had were compared. Experimental 

b. A researcher stood at a busy intersection to see if the color of the automobile 

that a person drives is related to running red lights. Observational 

c. A researcher finds that people who are more hostile have higher total 

cholesterol levels than those who are less hostile. Observational 

d. Subjects are randomly assigned to four groups. Each group is placed on one 
of four special diets—a low-fat diet, a high-fish diet, a combination of low-fat 

diet and high-fish diet, and a regular diet. After 6 months, the blood pressures 

of the groups are compared to see if diet has any effect on blood pressure. 
Experimental 
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CHAPTER 2 
FREQUENCY 

DISTRIBUTIONS AND GRAPHS 
2.1 INTRODUCTION 

• Data Organization 

o To describe situations, draw conclusions, or make inferences 

about events, the researcher must organize the data in some 

meaningful way. 
o The most convenient method of organizing data is to construct a 

frequency distribution. 

• Charts and Graphs 

o After organizing the data, the researcher presents them so they 
can be understood by those who will benefit from reading the 

study.  

o The most useful method of presenting the data is by constructing 

statistical charts and graphs. There are many different types 

of charts and graphs, and each one has a specific purpose. 

• Chapter Overview 
This chapter explains  

o How to organize data by constructing frequency distributions is 
presented Article 2.2. 

o How to present the data by constructing charts and graphs is 
presented in Article 2.3. The charts and graphs illustrated in this 
include:  

▪ Histograms,  

▪ Frequency polygons, 

▪ Ogives. 
o Finally, some Matlab codes to prepare a frequency table and to 

draw a histogram are presented in Article 2.4. This article is out 
the scope of this undergraduate course. 
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2.2 ORGANIZING DATA 
2.2.1 BASIC CONCEPTS RELATED TO FREQUENCY DISTRIBUTION 

• Suppose a researcher wishes to study the working ages (in 

months) of 50 portable concrete mixers that are produced by a 

specific manufacturer.  

• In general, he/she shall follow steps indicated in below: 
2.2.1.1 Gathering of Raw Data 

• The researcher first would have to get the data on the ages of the 

mixers.  

• In this case, these data are collected from different sites that used 

this type of concrete mixer. When the data are in original form, 

they are called raw data and are listed next. 
Table 2.2-1: Raw data for working ages of concrete mixer. 

49 57 38 73 81 

74 59 76 65 69 

54 56 69 68 78 

65 85 49 69 61 

48 81 68 37 43 

78 82 43 64 67 

52 56 81 77 79 

85 40 85 59 80 

60 71 57 61 69 

61 83 90 87 74 

2.2.1.2 Frequency Distribution  

• Since little information can be obtained from looking at raw data, 

the researcher organizes the data into what is called a frequency 
distribution.  

• A frequency distribution consists of classes and their corresponding 
tallies and frequencies.  

• For concrete mixer example, a frequency distribution is presented 

in Table 2.2-2. 
• Left-hand Side Convention 

o It is important to note that the left-hand side convention has 

been adopted in the class definition and in the counting of tallies 

and frequencies. 

o According to this convention, the class would be closed on the 

left side but open on the right. In mathematical terms, the class 
would be: 

[    ) 

o Then, if a value located exactly on the boundary on the intervals, 
it would be included with the upper interval. 

Table 2.2-2: Frequency distribution for working age concrete mixers 

 

 
Figure 2.2-1: A Concrete mixer. 

http://images.search.yahoo.com/images/view;_ylt=A0PDoYASNadQpzMAOzGJzbkF;_ylu=X3oDMTBlMTQ4cGxyBHNlYwNzcgRzbGsDaW1n?back=http://images.search.yahoo.com/search/images?p=portable+concrete+mixer&ei=UTF-8&fr=yfp-t-701-s&tab=organic&ri=3&w=480&h=320&imgurl=www.mixright.com/images/2DH-3/large/2DH-3-1.jpg&rurl=http://www.mixright.com/portable-concrete-mixers/2dh-3-yard/&size=58.2+KB&name=Yard+Portable+Concrete+Mixer+&amp;+Cement+Mixer+|+Portable+Concrete+Mixer+...&p=portable+concrete+mixer&oid=f8144e5b9533718be36bd16830e40cde&fr2=&fr=yfp-t-701-s&tt=Yard+Portable+Concrete+Mixer+&amp;+Cement+Mixer+|+Portable+Concrete+Mixer+...&b=0&ni=40&no=3&ts=&tab=organic&sigr=11stklmjv&sigb=13f31f5ne&sigi=11fjmmgv5&.crumb=H46JFPWy2NH


Engineering Statistics Instructor Edition Chapter 2: Frequency Distributions and Graphs 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 2: Page 3 
 

2.2.1.3 Definition of Frequency Distribution  

Frequency distribution can be defined as the organization of raw data in table 

form, using classes and frequencies. 
2.2.1.4 Benefits of Frequency Distribution 

• Some general observations can be made from looking at the 

frequency distribution.  
• For example, it can be stated that the majority of the portable 

mixer in the study are over 55-month-old. 
2.2.1.5 Types of Frequency Distributions 

Two types of frequency distributions that are most often used are: 
• The categorical frequency distribution: 

• It is usually related to qualitative data. 

• The grouped frequency distribution: 

• It is usually related to quantitative data.  

2.2.2 CATEGORICAL FREQUENCY DISTRIBUTIONS 

The categorical frequency distribution is used for qualitative data that can 

be placed in specific categories, such as political affiliation, or major field of study. 
 

Example 2.2-1 

To select the best source for structural steel, a construction company has asked 

80 of its engineers to indicate their preference from among the following four 
steel companies: Company 1, Company 2, Company 3, and Company 4. Table 

2.2-3 below shows the data, consisting of the 80 choices made. Reduce data in 
terms of a frequency distribution. 

Table 2.2-3: Eighty choices for preference between four companies of Example 

2.2-1.  

Company 3 Company 4 Company 2 Company 3 Company 2 

Company 2 Company 4 Company 4 Company 1 Company 2 

Company 4 Company 1 Company 4 Company 4 Company 4 

Company 1 Company 3 Company 3 Company 4 Company 2 

Company 4 Company 2 Company 4 Company 1 Company 4 

Company 1 Company 1 Company 2 Company 2 Company 4 

Company 2 Company 2 Company 4 Company 2 Company 2 

Company 4 Company 4 Company 3 Company 4 Company 3 

Company 2 Company 1 Company 3 Company 4 Company 2 

Company 3 Company 2 Company 4 Company 4 Company 3 

Company 4 Company 4 Company 4 Company 1 Company 4 

Company 1 Company 1 Company 2 Company 2 Company 2 

Company 3 Company 4 Company 3 Company 2 Company 2 

Company 4 Company 4 Company 1 Company 3 Company 4 

Company 1 Company 1 Company 2 Company 1 Company 4 

Company 2 Company 1 Company 1 Company 2 Company 2 

Solution 

Since the data are categorical, therefore discrete classes can be used. The class 

width will be predefined based on the categories of the gathered data, the four 
companies in this example. The procedure for constructing a frequency 

distribution for categorical data is given next. 

Step 1: Make a table as shown. 
A B C D 

Class Tally Frequency Percent 

Company 1    

Company 2    

Company 3    

Company 4    
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Step2: Tally the data and place the results in column B. 

A B C D 

Class Tally Frequency Percent 

Company 1 
 

  

Company 2 
 

  

Company 3 
 

  

Company 4 
 

  

Step 3: Count the tallies and place the results in column C. 

A B C D 

Class Tally Frequency Percent 

Company 1 
 

16  

Company 2 
 

24  

Company 3 
 

12  

Company 4 
 

28  

Step 4 Find the percentage of values in each class by using the formula  

% =
𝑓

𝑛
× 100% 

where  

𝑓 is frequency of the class and 𝑛 is total number of values. 

For example, in the class of Company A, the percentage is 

% =
16

16𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑜𝑤𝑠 𝑖𝑛 𝑟𝑎𝑤 𝑑𝑎𝑡𝑎 × 5𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑜𝑙𝑢𝑚𝑛𝑠 𝑖𝑛 𝑟𝑎𝑤 𝑑𝑎𝑡𝑎  
× 100% 

% =
16

80  
× 100% = 20% 

A B C D 

Class Tally Frequency Percent 

Company 1 
 

16 20 

Company 2 
 

24 30 

Company 3 
 

12 15 

Company 4 
 

28 35 

Percentages are not normally part of a frequency distribution, but they can be 
added since they are used in certain types of graphs. Also, the decimal equivalent 

of a percent is called a relative frequency. 

Step 5: Find the totals for columns C (frequency) and D (percent). The completed 
table is shown. 
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A B C D 

Class Tally Frequency Percent 

Company 1 
 

16 20 

Company 2 
 

24 30 

Company 3 
 

12 15 

Company 4 
 

28 35 

 Total 
80 

=  16 × 5  𝑂𝑘 
100 
Ok. 

 
2.2.3 GROUPED FREQUENCY DISTRIBUTIONS 

• When the range of the data is large, the quantitative data must be 
grouped into classes that are more than one unit in width, in what 

is called a grouped frequency distribution. 
• Therefore, a criterion is needed to determine a suitable class 

number. One of the most common criteria has been presented in 

Example 2.3-2 of Article 2.3.  
Example 2.2-2 

Data in Table 2.2-4 represent the record of high temperatures in degrees 
Fahrenheit (0F) for each of the 50 states. Construct a grouped frequency 

distribution for the data. 
Table 2.2-4: High temperatures in degrees Fahrenheit (0F) for each of the 50 

states. 

112 100 127 120 134 118 105 110 109 112 

110 118 117 116 118 122 114 114 105 109 

107 112 114 115 118 117 118 122 106 110 

116 108 110 121 113 120 119 111 104 111 

120 113 120 117 105 110 118 112 114 114 

Solution 

The procedure for constructing a grouped frequency distribution for numerical 
data follows. 

• Step 1: Determine the classes. 

o Find the highest value and lowest value: H = 134 and L = 100. 

o Find the range:  
𝑅𝑎𝑛𝑔𝑒 =  𝑅 =  ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑣𝑎𝑙𝑢𝑒 −  𝑙𝑜𝑤𝑒𝑠𝑡 𝑣𝑎𝑙𝑢𝑒 =  𝐻 −  𝐿 

So 
𝑅𝑎𝑛𝑔𝑒 =  𝑅 =  134 −  100 = 34 

o Select the number of classes desired (usually between 5 and 

20). In this case, 7 is arbitrarily chosen. 

o Find the class width by dividing the range by the number of 

classes. 

𝐶𝑙𝑎𝑠𝑠 𝑊𝑖𝑑𝑡ℎ =
𝑅𝑎𝑛𝑔𝑒

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐶𝑙𝑎𝑠𝑠
=

34

7
=  4.9 

Round the answer up to the nearest whole number if there is a 

remainder: 4.9 ≈ 5.  
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o Notes on Class Width: 
▪ Rounding up is different from rounding off. A number is 

rounded up if there is any decimal remainder when dividing. 

For example,  
85

6
=  14.167 

and is rounded up to 15 

▪ After dividing, if there is no remainder, you will need to add 
an extra class to accommodate all the data. 

o Select a starting point for the lowest class limit.  

This can be the smallest data value or any convenient number 

less than the smallest data value. In this case, 100 is used.  

o Add the width to the lowest score taken as the starting point to 

get the lower limit of the next class. Keep adding until there are 
7 classes, as shown, 100, 105, 110, etc. 

Class Limits 

100-105 

105-110 

110-115 

115-120 

120-125 

125-130 

130-135 

• Step 2: Tally the data. 

Class Limits 

 

100-105  

105-110 

110-115 

115-120 

120-125 

125-130 

130-135 

• Step 3 Find the numerical frequencies from the tallies. 

Class Limits 

 

Frequency 

100-105  2 

105-110 8 

110-115 18 

115-120 13 
120-125 7 
125-130 1 
130-135 1  
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2.2.4 CUMULATIVE FREQUENCY DISTRIBUTION 

• Sometimes it is necessary to use a cumulative frequency 

distribution.  
• A cumulative frequency distribution is a distribution that shows 

the number of data values less than or equal to a specific value 

(usually an upper boundary). The values are found by adding the 

frequencies of the classes less than or equal to the upper-class 
boundary of a specific class. This gives an ascending cumulative 

frequency.  

• In this example, the cumulative frequency for: 

o The first class is  

0 + 2 = 2;  

o For the second class it is  
0 + 2 + 8 = 10;  

o For the third class it is 

0 + 2 + 8 + 18 = 28.  

• Naturally, a shorter way to do this would be to just add the 
cumulative frequency of the class below to the frequency of the 

given class. 

 
Cumulative 
Frequency 

Less than 105  2 

Less than 110 8+2=10 

Less than 115 18+10=28 

Less than 120 13+28=41 

Less than 125 7+41=48 

Less than 130 1+48=49 

Less than 135 1+49=50  
Example 2.2-3 

Data in Table 2.2-5 below represent wind speed in mph at a specific site. 

Summarized these data in terms of a frequency distribution.  
Table 2.2-5: Wind speed in mph. 

86 133 110 151 132 

137 147 165 152 156 

128 154 169 162 116 

137 168 147 139 119 

118 126 143 135 151 

In your solution, use the formula below to estimate number of intervals. 
𝑘 = 1 + 3.3 log 𝑛 

This empirical relation usually used to determine the number of interval would be 

discussed in some details in Example 2.3-3 below.  

Solution 
𝑛 = 5 × 5 = 25 
𝑘 = 1 + 3.3 × log25 = 5.6 

Try 6 classes 
𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑤𝑖𝑛𝑑 𝑠𝑝𝑒𝑒𝑑 = 169 𝑚𝑝ℎ 
𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑤𝑖𝑛𝑑 𝑠𝑝𝑒𝑒𝑑 = 86 𝑚𝑝ℎ 
𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑤𝑖𝑛𝑑 𝑠𝑝𝑒𝑒𝑑 = 169 − 86 = 83 𝑚𝑝ℎ  

𝐶𝑙𝑎𝑠𝑠 𝑤𝑖𝑑𝑡ℎ =
83

6
= 13.8 

Use 6 classes with width of 14 mph for each class. 
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Class Limits Frequency 

86 100 1 

100 114 1 

114 128 4 

128 142 7 

142 156 7 

156 170 5  
Example 2.2-4 

Data in Table 2.2-6 below represent live loads act on a building floor. Summarize 

data in term of a frequency distribution and cumulative frequency distribution 

with number of intervals, 𝑘, computed based on following relation: 
𝑘 = 1 + 3.3 log 𝑛 

where 𝑛 is number of data.  
Table 2.2-6 Floor live loads, in psf, for Example 2.2-4. 

79 76 68 70 90 

83 88 56 75 89 

80 80 87 103 68 

84 80 90 73 97 

81 83 84 75 84 

Solution 

Data Summarization:  

Data size, 𝑛, is: 
𝑛 = 5 × 5 = 25 

Number of classes would be: 
𝑘 = 1 + 3.3 log 𝑛 = 1 + 3.3 × log(25) = 5.61 

Try 6 classes. 
𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑉𝑎𝑙𝑢𝑒 = 103 𝑝𝑠𝑓 
𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑉𝑎𝑙𝑢𝑒 = 56 𝑝𝑠𝑓 
𝑅𝑎𝑛𝑔𝑒 = 103 − 56 = 47 

Therefore, class width would be: 

𝐶𝑙𝑎𝑠𝑠 𝑤𝑖𝑑𝑡ℎ =
47

6
= 7.833  

Use 6 classes each is 8 psf in width.  
Frequency distribution is: 

Classes Frequency 

56 64 1 

64 72 3 

72 80 5 

80 88 10 

88 96 4 

96 104 2 

Summation 25 Okay 

While cumulative frequency distribution is presented in table below. 
  Cumulative Frequency 

Less than 64 1 

Less than 72 4 

Less than 80 9 

Less than 88 19 

Less than 96 23 

Less than 104 25 
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2.2.5 UNGROUPED FREQUENCY DISTRIBUTION 

• When the range of the data values is relatively small, less than 25 

according to (Kottegoda & Rosso, 2008), a frequency distribution 
can be constructed using single data values for each class.  

• This type of distribution is called an ungrouped frequency 

distribution and is shown next. 

• In this course, data are generally treated as grouped data to 
practice students. In their future works when they deal with huge 

data, they can apply the recommendation of (Kottegoda & Rosso, 

2008).  
Example 2.2-5 

The data shown here represent the compressive strength of concrete cylinder 
samples in MPa (N/mm2). Construct a frequency distribution and analyze the 

distribution. 
Table 2.2-7: Compressive strength of concrete cylinder samples in MPa. 

12 17 12 14 16 18 

16 18 12 16 17 15 

15 16 12 15 16 16 

12 14 15 12 15 15 

19 13 16 18 16 14 

 Figure 2.2-2: Compression test of concrete cylinder. 
 

Solution 
• Step 1: Determine the classes.  

Since the range of the data set is small  

19 - 12 = 7 

Then classes consisting of a single data value can be used. They 

are: 

 
 

  

http://images.search.yahoo.com/images/view;_ylt=A0PDoQ7MpbVQXhIA3uWJzbkF;_ylu=X3oDMTBlMTQ4cGxyBHNlYwNzcgRzbGsDaW1n?back=http://images.search.yahoo.com/search/images?p=compressive+test+of+concrete&ei=UTF-8&fr=yfp-t-701-s&tab=organic&ri=10&w=224&h=274&imgurl=www.frankoverstreet.com/images/pages/structural/concrete-compression-test.jpg&rurl=http://frankoverstreet.com/pages/structural/structural-testing.aspx&size=11.5+KB&name=concrete+test+cylinder+undergoing+compression+test.+The+cylinder+is+...&p=compressive+test+of+concrete&oid=3bab316d8f155f94dbc77bb8539edd0e&fr2=&fr=yfp-t-701-s&tt=concrete+test+cylinder+undergoing+compression+test.+The+cylinder+is+...&b=0&ni=40&no=10&ts=&tab=organic&sigr=123hktrpj&sigb=13l1lvrqq&sigi=12dacc3ce&.crumb=H46JFPWy2NH
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• Step 2 Tally the data. 

     
• Step 3: Find the numerical frequencies from the tallies, and find 

the cumulative frequencies. 

          

 
Cumulative 

Frequency 

Less than or equal to 12  6 

Less than or equal to 13 1+6=7 

Less than or equal to 14 3+7=10 

Less than or equal to 15 6+10=16 

Less than or equal to 16 8+16=24 

Less than or equal to 17 2+24=26 

Less than or equal to 18 3+26=29 

Less than or equal to 19 1+29=30  
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2.2.6 PROBLEM 
Problem 2.2-1 

Name the three types of frequency distributions and explain when each should 

be used. 

Solution 

In general, frequency distributions classified into: 

• Categorical, usually adopted for qualitative data. 

• Grouped, usually for large number, greater than 25, of quantitative data. 

• Ungrouped, usually for small number, less than 25, of quantitative data. 
 

Problem 2.2-2 

Shown here are four frequency distributions. Each is incorrectly constructed. 
State the reason why. (Answers are indicated in the red font). 

 
 

 
Problem 2.2-3 

What are open-ended frequency distributions? Why are they necessary? 

Solution 

• An open-ended frequency distribution has either a first class with no lower limit or 
a last class with no upper limit.  

• They are necessary to accommodate all the data. 
 

Problem 2.2-4 

A survey was taken on how much trust people place in the information they read 
on the Internet. Construct a categorical frequency distribution for the data.  

A = trust in everything they read,  

M = trust in most of what they read,  

H = trust in about one-half of what they read,  

S = trust in a small portion of what they read. 

M M M A H M S M H M 
S M M M M A M M A M 

M M H M M M H M H M 

A M M M H M M M M M 

Answer 
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2.3 HISTOGRAMS, FREQUENCY POLYGONS, AND OGIVES 
• After you have organized the data into a frequency distribution, 

you can present them in graphical form.  
• The purpose of graphs in descriptive statistics is to: 

o Convey the data to the viewers in pictorial form.  

o Summarize a data. 

o Ease data presentation as most people are used to comprehend 
the meaning of data presented graphically better than data 

presented numerically in tables or frequency distributions. This is 

especially true if the users have little or no statistical knowledge. 

o Get the audience’s attention in a publication or a speaking 

presentation. 

• The purpose of graphs in inferential statistics is to: 
o Discover a trend or pattern in the data. 

o Analyze the data. 

• The three most commonly used graphs in research are 
o The histogram. 

o The frequency polygon. 

o The cumulative frequency graph, or ogive (pronounced o-jive).  
2.3.1 THE HISTOGRAM 
Example 2.3-1 

Present frequency distribution of Example 2.2-2, Temperature Example, in terms 

of a Histogram. 
Solution 

For convenience, the frequency distribution of Example 

2.2-2 is represented here. 

As indicated in Figure 2.3-1 below, in a histogram the 

abscissa, horizontal axis, represents classes with their 
units while ordinate, vertical axis, represents frequency.  

 
Figure 2.3-1: Histogram for Example 2.3-1.  

Classes Frequency 

100-105 2 

105-110 8 

110-115 18 

115-120 13 

120-125 7 

125-130 1 

130-135 1 
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Example 2.3-2 

Numbers in Table 2.3-1 below represent the live loads observed in a warehouse 
building indicated in Figure 2.3-2. In his work, the engineer should understand 

the nature of load distribution. Put these data in a histogram form. 

 3D view 

 Plan View 

 
Elevation 
View. 

Figure 2.3-2: Warehouse building for Example 2.3-2. 

Table 2.3-1: Live load for Example 2.3-2. 
Bay Basement 1st 2d 3d 4th 5th 6th 7th 8th 9th 

A 0 7.8 36.2 60.6 64.0 64.2 79.2 88.4 38.0 72.7 

B 72.2 72.6 74.4 21.8 17.1 48.5 16.8 105.9 57.2 75.7 

C 225.7 42.5 59.8 41.7 39.9 55.5 67.2 122.8 45.2 62.9 

D 55.1 55.9 87.7 59.2 63.1 58.8 67.7 90.4 43.3 55.2 

E 36.6 26.0 90.5 23.0 43.5 52.1 102.1 71.7 4.1 37.3 

F 129.4 66.4 138.7 127.9 90.9 46.9 197.5 151.1 157.3 197.0 

G 134.6 73.4 80.9 53.3 80.1 62.9 150.8 102.2 6.4 45.4 

H 121.0 106.2 94.4 139.6 152.5 70.2 111.8 174.1 85.4 83.0 

I 178.8 30.2 44.1 157.0 105.3 87.0 50.1 198.0 86.7 64.6 

J 78.6 37.0 70.7 83.0 179.7 180.2 60.6 212.4 72.2 86.0 

K 94.5 24.1 87.3 80.6 74.8 72.4 131.1 116.1 53.6 99.1 

L 40.2 23.4 8.4 42.6 43.4 27.4 63.8 18.4 16.2 58.7 

M 92.2 49.8 50.9 116.4 122.9 132.3 105.2 160.3 28.7 46.8 

N 99.5 106.9 55.9 136.8 110.4 123.5 92.4 160.9 45.4 96.3 

0 88.5 48.4 62.3 71.3 133.2 92.1 111.7 67.9 53.1 39.7 

P 93.2 55.0 80.8 143.5 122.3 184.2 150.0 57.6 6.8 53.3 

Q 96.1 54.8 63.0 228.3 139.3 59.1 112.1 50.9 158.6 139.1 
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Bay Basement 1st 2d 3d 4th 5th 6th 7th 8th 9th 

R 213.7 65.7 90.3 198.4 97.5 155.1 163.4 155.3 229.5 75.0 

S 137.6 62.5 156.5 154.1 134.3 81.6 194.4 155.1 89.3 73.4 

T 79.8 68.7 85.6 141.6 100.7 106.0 131.1 157.4 80.2 65.0 

U 78.5 118.2 126.4 33.8 124.6 78.9 146.0 100.3 97.8 75.3 

V 24.8 55.6 135.6 56.3 66.9 72.2 105.4 98.9 101.7 58.2 

Solution 
• Let us divide this range into 20-psf intervals, 0 to 20, 20.0 to 40, 

etc., and tally the number of occurrences in each interval. 
Classes  Frequency 

0 20 10 

20 40 17 

40 60 41 

60 80 42 

80 100 35 

100 120 19 

120 140 22 

140 160 16 

160 180 6 

180 200 7 

200 220 2 

220 240 3 

• Plotting the frequency of occurrences in each interval as a bar 
yields a histogram, as shown in Figure 2.3-3. 

 
Figure 2.3-3: Histogram for live load of Example 2.3-2 with 20-psf intervals.  
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Example 2.3-3 

Re-draw the histogram for live loads of the previous example with using of 10 psf 
interval firstly and 50 psf secondly. Compare between the two graphs. 

Solution 

Adopting the same procedures of the examples above, the histogram with an 
interval of 10 psf is shown in Figure 2.3-4 below. While with an interval of 50 psf, 

the histogram is presented in Figure 2.3-5 below. 

Comparison between the two histograms: 

• Unfortunately, if the number of values is small, the choice of the 

precise point at which the interval divisions are to occur also may 

alter significantly the appearance of the histogram. 

• Such variations in shape are indicative of a failure of the set of 
data to display any sharply defined features, a piece of information 

which is valuable to the engineer. 

• An empirical practical guide has been suggested. If the number of 
data values is 𝑛, then the number of intervals, 𝑘, between the 

minimum and maximum value observed should be about: 
𝑘 = 1 + 3.3 log 𝑛 Eq. 2.3-1 

• This relation has been drawn in Figure 2.3-6 below where it can be 

noted that the 𝑘 asymptotes a constant value, in the range of 12, 

for large sample sizes.  

 
Figure 2.3-4: Histogram for live load of Example 2.3-2 with 10-psf intervals. 
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Figure 2.3-5: Histogram for live load of Example 2.3-2 with 50-psf intervals. 

 
Figure 2.3-6: Number of classes versus sample size according to Eq. 2.3-1.  

• If Eq. 2.3-1 is adopted, the most suitable class number would be: 
𝑘 = 1 + 3.3 × log(10 × 22) = 8.7 

Then about 9 intervals should be adopted: 

𝐶𝑙𝑎𝑠𝑠 𝑤𝑖𝑑𝑡ℎ =
𝑀𝑎𝑥𝑖𝑚𝑢𝑚 − 𝑀𝑖𝑛𝑖𝑚𝑢𝑚
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Using 10 classes with width of 25lb, histogram would be as 
indicated in Figure 2.3-7. 

 
Figure 2.3-7: Histogram for live load of Example 2.3-2 with 25-psf intervals.  
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Example 2.3-4 

Draw a histogram for data shown in Table 2.3-2 below that represents timber 
strength expressed in terms of modulus of rupture in MPa. The physical or 

mechanical meaning of modulus of rupture is presented in Figure 2.3-8 below. 

Table 2.3-2: Timber strength, modulus of rapture in MPa. 
0.00 28.00 31.60 34.44 36.84 39.21 41.75 44.30 47.25 53.99 

17.98 28.13 32.02 34.49 36.85 39.33 41.78 44.36 47.42 54.04 
22.67 28.46 32.03 34.56 36.88 39.34 41.85 44.36 47.61 54.71 
22.74 28.69 32.40 34.63 36.92 39.60 42.31 44.51 47.74 55.23 
22.75 28.71 32.48 35.03 37.51 39.62 42.47 44.54 47.83 56.60 
23.14 28.76 32.68 35.17 37.65 39.77 43.07 44.59 48.37 56.80 
23.16 28.83 32.76 35.30 37.69 39.93 43.12 44.78 48.39 57.99 
23.19 28.97 33.06 35.43 37.78 39.97 43.26 44.78 48.78 58.34 
24.09 28.98 33.14 35.58 38.00 40.20 43.33 45.19 49.57 65.35 
24.25 29.11 33.18 35.67 38.05 40.27 43.33 45.54 49.59 65.61 
24.84 29.90 33.19 35.88 38.16 40.39 43.41 45.92 49.65 69.07 
25.39 29.93 33.47 35.89 38.64 40.53 43.48 45.97 50.91 70.22 
25.98 30.02 33.61 36.00 38.71 40.71 43.48 46.01 50.98  
26.63 30.05 33.71 36.38 38.81 40.85 43.64 46.33 51.39  
27.31 30.33 33.92 36.47 39.05 40.85 43.99 46.50 51.90  
27.90 30.53 34.12 36.53 39.15 41.64 44.00 46.86 53.00  
27.93 31.33 34.40 36.81 39.20 41.72 44.07 46.99 53.63  

n = 165 
 

 

Figure 2.3-8: Test for 

modulus of rapture for  

Example 2.3-4. 

Solution 

Based on Eq. 2.3-1 
𝑘 = 1 + 3.3 log 𝑛 

The number of classes that should be adopted would be: 
𝑘 = 1 + 3.3 log 165 = 8.31 

Say 9 classes. Class width would be: 

𝐶𝑙𝑎𝑠𝑠 𝑤𝑖𝑑𝑡ℎ =
𝑀𝑎𝑥𝑖𝑚𝑢𝑚 − 𝑀𝑖𝑛𝑖𝑚𝑢𝑚

9
=

70.22 − 0.00

9
= 7.80 

Then adopt class with width of 8 MPa. Prepare frequency distribution and draw 

histogram as indicated in Table 2.3-3 and Figure 2.3-9 below. 

Table 2.3-3: Frequency distribution table for timber modulus of rupture. 

Classes Frequency 

0 8 1 

8 16 0 

16 24 7 

24 32 27 

32 40 58 

40 48 48 

48 56 16 

56 64 4 

64 72 4 
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Figure 2.3-9: Histogram for the modulus of rupture.   
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2.3.2 THE FREQUENCY POLYGON 

The frequency polygon is a graph that displays the data by using lines that connect 

points plotted for the frequencies at the midpoints of the classes. The frequencies 
are represented by the heights of the points.  
Example 2.3-5 

Using the frequency distribution given in Example 2.3-1, Temperatures Example, 
construct a frequency polygon. 

Solution 

Find the midpoints of each class with the corresponding frequency: 

Table 2.3-4: Frequency distribution table for Example 2.3-5. 
Classes Midpoints Frequency 

100 105 102.5 2 

105 110 107.5 8 

110 115 112.5 18 

115 120 117.5 13 

120 125 122.5 7 

125 130 127.5 1 

130 135 132.5 1 

Draw the x and y-axes. Label the x-axis with the midpoint of each class, and then 
use a suitable scale on the y-axis to draw the frequencies. 

 
Figure 2.3-10: Frequency polygon for Example 2.3-5.   
Example 2.3-6 

Using the frequency distribution given in Example 2.3-2, Live Loads Example, to 
construct a frequency polygon. 

Solution 
Find the midpoints of each class with the corresponding frequency. 

Table 2.3-5: Frequency distribution table for Example 2.3-6. 
Classes Midpoints Frequency 

0 20 10 10 
20 40 30 17 
40 60 50 41 
60 80 70 42 
80 100 90 35 

100 120 110 19 
120 140 130 22 
140 160 150 16 
160 180 170 6 
180 200 190 7 
200 220 210 2 
220 240 230 3 

Draw the x and y-axes. Label the x-axis with the midpoint of each class, and then 

use a suitable scale on the y-axis to draw the frequencies. 

0

2

4

6

8

10

12

14

16

18

20

100 105 110 115 120 125 130 135

F
re

q
u
e
n
c
y

Temperature, oF



Engineering Statistics Instructor Edition Chapter 2: Frequency Distributions and Graphs 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 2: Page 21 
 

 
Figure 2.3-11: Frequency polygon for Example 2.3-6.  
Example 2.3-7 

Using the frequency distribution given in Example 2.3-4 Timber Strength 

Example, to construct a frequency polygon. 

Solution 

Find the midpoints of each class with the corresponding frequency: 
Table 2.3-6: Frequency distribution table for Example 2.3-7. 

Classes Midpoints Frequency 

0 8 4 1 
8 16 12 0 

16 24 20 7 

24 32 28 27 

32 40 36 58 

40 48 44 48 
48 56 52 16 

56 64 60 4 

64 72 68 4 

Draw the x and y-axes. Label the x-axis with the midpoint of each class, and then 
use a suitable scale on the y-axis to draw the frequencies. 

 
Figure 2.3-12: Frequency polygon for Example 2.3-7.  

0

5

10

15

20

25

30

35

40

45

0 20 40 60 80 100 120 140 160 180 200 220 240

F
re

q
u
en

cy

Live Loads, psf 

0

5

10

15

20

25

30

35

40

45

50

55

60

0 8 16 24 32 40 48 56 64 72

F
re

q
u
en

cy

Modulus of Rapture, MPa



Engineering Statistics Instructor Edition Chapter 2: Frequency Distributions and Graphs 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 2: Page 22 
 

2.3.3 THE OGIVE 

The ogive is a graph that represents the cumulative frequencies for the classes in 

a frequency distribution.  
Example 2.3-8 

Construct an ogive for the frequency distribution described in Example 2.3-1, 

Temperature Example. 
Solution 

From the frequency distribution of Example 2.3-1 shown in Table 2.3-7. Find the 

cumulative frequency for each class as indicated in Table 2.3-8. Plot the 

cumulative frequency indicated in Figure 2.3-13 where the horizontal axis 

represents the upper-class limit, while the vertical axis represents cumulative 

frequency. 
Table 2.3-7: Frequency distribution table for Example 2.3-8. 

Classes Frequency 

100-105  2 
105-110 8 

110-115 18 

115-120 13 
120-125 7 

125-130 1 

130-135 1 
Table 2.3-8: Cumulative Frequency distribution table for Example 2.3-8. 

  

Cumulative 
Frequency 

Less than 105 2 
Less than 110 10 

Less than 115 28 

Less than 120 41 

Less than 125 48 
Less than 130 49 

Less than 135 50 

 
Figure 2.3-13: Cumulative frequency diagram for Example 2.3-8.  
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Example 2.3-9 

Construct an ogive for the frequency distribution described in Example 2.3-2, 
Live Loads Example. 

Solution 

From the frequency distribution of Example 2.3-2 shown in Table 2.3-9. Find the 
cumulative frequency for each class as indicated in Table 2.3-10. Finally, plot the 

cumulative frequency of Figure 2.3-14 where the horizontal axis represents the 

upper-class limit, while the vertical axis represents cumulative frequency. 
Table 2.3-9: Frequency distribution table for Example 2.3-9. 

Classes  Frequency 

0 20 10 

20 40 17 

40 60 41 

60 80 42 

80 100 35 

100 120 19 

120 140 22 

140 160 16 

160 180 6 

180 200 7 

200 220 2 

220 240 3 

Table 2.3-10: Cumulative Frequency distribution table for Example 2.3-9. 

  Cumulative Frequency 

Less than 20 10 

Less than 40 27 

Less than 60 68 

Less than 80 110 

Less than 100 145 

Less than 120 164 

Less than 140 186 

Less than 160 202 

Less than 180 208 

Less than 200 215 

Less than 220 217 

Less than 240 220 

 
Figure 2.3-14: Cumulative frequency diagram for Example 2.3-9.  
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Example 2.3-10 

Construct an ogive for the frequency distribution described in Example 2.3-4 
timber strength expressed in terms of the modulus of rupture. 

Solution 

From the frequency distribution of is shown below: 

Classes Frequency 

0 8 1 

8 16 0 

16 24 7 

24 32 27 

32 40 58 

40 48 48 

48 56 16 

56 64 4 

64 72 4 

Find the cumulative frequency for each class. 

  Cumulative Frequency 

Less than 8 1 

Less than 16 1 

Less than 24 8 

Less than 32 35 

Less than 40 93 

Less than 48 141 

Less than 56 157 

Less than 64 161 

Less than 72 165 

Plot the cumulative frequency where the horizontal axis represents the upper-

class limit, while the vertical axis represents cumulative frequency. 
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2.3.4 RELATIVE FREQUENCY GRAPHS 

• The histogram, the frequency polygon, and the ogive shown 

previously were constructed by using frequencies in terms of the 
raw data. These distributions can be converted to distributions 

using proportions instead of raw data as frequencies. These types 

of graphs are called relative frequency graphs. 

• Graphs of relative frequencies instead of frequencies are used 
when the proportion of data values that fall into a given class is 

more important than the actual number of data values that fall into 

that class.  

• To convert a frequency into a proportion or relative frequency, 

divide the frequency for each class by the total of the frequencies.  

• The sum of the relative frequencies will always be 1. These graphs 
are similar to the ones that use raw data as frequencies, but the 

values on the y-axis are in terms of proportions.   
Example 2.3-11 

Construct a histogram, frequency polygon, and ogive using relative frequencies 

for the distribution (shown here) of the compressive strength for 20 randomly 

selected concrete cylinder samples. 
Table 2.3-11: Frequency table for compressive strength of Example 2.3-11. 

Classes Frequency 
5.5–10.5 1 

10.5–15.5 2 
15.5–20.5 3 
20.5–25.5 5 

25.5–30.5 4 
30.5–35.5 3 

35.5–40.5 2 
Summation 20 

Solution 
Convert each frequency to a proportion or relative frequency by dividing the 

frequency for each class by the total number of observations. 

Classes Midpoint Frequency Relative Frequency 

5.5 10.5 8 1 0.05 

10.5 15.5 13 2 0.10 

15.5 20.5 18 3 0.15 

20.5 25.5 23 5 0.25 

25.5 30.5 28 4 0.20 

30.5 35.5 33 3 0.15 

35.5 40.5 38 2 0.10 
 

 Summation 20 1.00, Okay 

Find the cumulative relative frequencies. 

  

Cumulative 

Frequency 

Cumulative 
Relative 

Frequency 

Less than 10.5 1 0.05 

Less than 15.5 3 0.15 

Less than 20.5 6 0.30 

Less than 25.5 11 0.55 

Less than 30.5 15 0.75 

Less than 35.5 18 0.90 

Less than 40.5 20 1.00 
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Draw each graph as shown in Figures below. For the histogram and ogive, use 
the class along the x-axis. For the frequency polygon, use the midpoints on the 

x-axis. The scale on the y-axis uses proportions. 

 
Figure 2.3-15: Histogram for concrete compressive strength of Example 2.3-11. 

 
Figure 2.3-16: Frequency polygon for concrete compressive strength of 

Example 2.3-11. 

 
Figure 2.3-17: Cumulative frequency polygon for concrete compressive 

strength of Example 2.3-11.  
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2.3.5 DIFFERENT-WIDTH CLASSES 

This article presents some practical aspects when different class widths are 

predefined by codes and specifications should be adopted in data presentation.  
Example 2.3-12 

Soil resistivity is used in studies of corrosion of pipes buried in the soil. For 

example, a resistivity of ohms/cm represents: 

• 0 to 400 extremely severe corrosion conditions;  

• 400 to 900, very severe;  
• 900 to 1500, severe;  

• 1500 to 3500, moderate;  

• 3500 to 8000, mild;  

• 8000 to 20,000, slight risk.  

As indicated in Table 2.3-12 below, there were 32 measurements of soil resistivity 

made at a construction site. Construct a frequency distribution, and histogram 
using the classification bands above as intervals. 
Table 2.3-12: Soil resistivity in ohms/cm of Example 2.3-12. 

1750 1240 1490 2500 

960 510 1610 2300 

740 910 1110 1240 

1030 840 1340 3060 

530 1340 2180 1880 

1170 1240 1340 6550 

5770 1370 1680 1180 

2300 1260 1550 2760 

Solution 
The frequency distribution and the histogram are presented in Table 2.3-13 and 

Figure 2.3-21 respectively. 
Table 2.3-13: Frequency distribution for Example 2.3-12. 

Classes Frequency 

0 400 0 

400 900 4 

900 1500 15 

1500 3500 11 

3500 8000 2 

8000 20000 0 
 

 

Figure 2.3-18: 
Histogram for 

data of Example 

2.3-12.  
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2.3.6 DISTRIBUTION SHAPES 

• When one is describing data, it is important to be able to recognize 

the shapes of the distribution values.  
• In later chapters, you will see that the shape of a distribution also 

determines the appropriate statistical methods used to analyze the 

data. 

• A distribution can have many shapes, and one method of analyzing 
a distribution is to draw a histogram or frequency polygon for the 

distribution.  

• Several of the most common shapes are shown in Figure 2.3-19 

below. 

 

 
Figure 2.3-19: Most common distribution shapes. 

  



Engineering Statistics Instructor Edition Chapter 2: Frequency Distributions and Graphs 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 2: Page 29 
 

2.3.7 PROBLEMS 
Problem 2.3-1 

Data for yield stresses of reinforcing bars in MPa have been presented in terms 

of frequency distribution below. Represent these data graphically in terms of 
histograms, frequency polygon, and ogives. 
Table 2.3-14: Frequency table for yield stresses of reinforcing bars in MPa. 

Classes Frequency 

350 365 1 

365 380 1 

380 395 2 

395 410 9 

410 425 8 

425 440 8 

440 455 9 

455 470 1 

470 485 1 

Answers 

 
Figure 2.3-20: Histogram for yield stresses of reinforcing bars in MPa of 

Problem 2.3-1  
Problem 2.3-2 

Data in Table 2.3-15 below represent angle of friction between concrete and 
sand. As indicated in Table 2.3-15, data have been summarized in form of 

frequency distribution. For these data, draw histogram, frequency polygon, 

and ogives.  
Table 2.3-15: Frequency distribution for angle of friction between concrete 

and sand, in degrees, for Problem 2.3-2. 
Classes Frequency 

26 29 3 

29 32 3 

32 35 9 

35 38 8 

38 41 2 

41 44 4 
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Answers 

 
Figure 2.3-21: Histogram for data of Problem 2.3-2. 

 
Figure 2.3-22: Frequency polygon for data of Problem 2.3-2. 

 
Figure 2.3-23: Ogives for data of Problem 2.3-2.  
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Problem 2.3-3 

Maximum flow rates in 𝑚3/𝑠𝑒𝑐, from 1921 to 1965 for a dam in the Mexico city 

were recorded and presented in Table 2.3-16 below. For these data, construct a 

frequency distribution, cumulative frequency distribution, histogram, 

frequency polygon, and ogives. 
Table 2.3-16: Maximum flow rates, 𝒎𝟑/𝒔𝒆𝒄𝒐𝒏𝒅. 
1340 1380 1450 618 523 508 1220 1780 

1090 944 397 282 353 597 995 611 

985 1430 778 1280 1020 1300 1060 412 

184 1480 876 113 516 1000 1890 611 

409 780 674 969 870 329 458 1556 

1217 819 576 1324     

Answers 

 
Figure 2.3-24: Histogram for data of Problem 2.3-3. 

 
Figure 2.3-25: Frequency polygon for data of Problem 2.3-3. 

 
Figure 2.3-26: Ogives for data of Problem 2.3-3.  
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2.4 DENSITY SCALE* 
• Oftentimes, there may be reasons to compare an empirical 

frequency diagram, such as a histogram, with a theoretical 
frequency distribution (such as a probability density function, PDF, 

discussed later in Chapter 6). 

• For this purpose, the area under the empirical frequency diagram 

must be equal to unity. This can be obtained by dividing each of 
the ordinates in a histogram by its total area to have a density 

scale. 

• When classes have different widths, the histogram may be 

misleading, as a wider class may seem erroneous to have a larger 

amount of the data. To avoid this misleading presentation, the 

density scale is usually adopted with different width classes.  
Example 2.4-1 

The 29 years of annual cumulative rainfall intensity in a watershed area recorded 
over a period of 29 years as presented in Table 2.4-1. These data have been put 

in a frequency table and presented in a histogram form as indicated in Table 2.4-2 

and Figure 2.4-1 respectively. Reformulate these data in terms of a density scale. 
Table 2.4-1: Rainfall intensity data recorded over a period of 29 years. 

 
Table 2.4-2: Number and fraction of total observations in each interval. 

Col.1 Col. 2 Col. 3 

Intervals Frequency Relative Frequency 

38 42 3 10.34 

42 46 7 24.14 

46 50 5 17.24 

50 54 5 17.24 

54 58 3 10.34 

58 62 3 10.34 

62 66 1 3.45 

66 70 2 6.90 

 Total 29 100.0 
 

  
(a) In number of observations. (b) In fraction of total observations. 

Figure 2.4-1: Histograms of annual rainfall intensity. 
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Solution 
The histogram in terms of a density scale can be formulated starting the fraction 

of total observation indicated in the third column of Table 2.4-2 through divided 

these values by the class width. The results are indicated in the fourth column of 

the Table 2.4-3. The units for the fourth column are % per in. The % in the 

numerator is taken from the unit of the relative frequency of the third column 

while the inch unit in the denominator is taken from the class width of the rainfall 

intensity.  
Table 2.4-3: Rainfall frequency distribution in terms of the density scale. 

Col.1 Col. 2 Col. 3 Col. 4 

Intervals Frequency Relative Frequency Relative Frequency/Class Width 

38 42 3 10.34 2.59 

42 46 7 24.14 6.03 

46 50 5 17.24 4.31 

50 54 5 17.24 4.31 

54 58 3 10.34 2.59 

58 62 3 10.34 2.59 

62 66 1 3.45 0.86 

66 70 2 6.90 1.72 

 Total 29 100.0 25.0 

In terms of the density scale, the histogram would be as indicated in Figure 2.4-2. 
Through multiplication the sum of the fourth column of Table 2.4-3 (25.0 % per 

inch) by the common class width of 4 inches, one can conclude that the area 
under the histogram of Figure 2.4-2 is 100% or 1 unit as required.  

 

Figure 2.4-2: Histograms of annual 
rainfall intensity in terms of the 

density scale.  
Example 2.4-2 

Redraw the histogram for Example 2.3-12 above but with using a density scale. 

Solution 

As discussed previously, the density scale is obtained when a relative frequency 

is divided by class width. Classes, frequency, relative frequency, and density scale 

for this example are presented in Table 2.4-4. As an example, for these 

calculations, consider the density scale for second class: 

𝐷𝑒𝑛𝑠𝑖𝑡𝑦 𝑆𝑐𝑎𝑙𝑒 =

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦
𝑆𝑎𝑚𝑝𝑙𝑒 𝑆𝑖𝑧𝑒 

𝐶𝑙𝑎𝑠𝑠 𝑤𝑖𝑑𝑡ℎ
=  

4/32

900 − 400
= 0.00025 1  

1

ohms/cm
 

Since relative frequency is dimensionless, hence the density scale will has units 
of reciprocal for those of measured quantities. In terms of density scale, the 

histogram would be as presented in Figure 2.4-3 below. 

With simple calculations, one will note that the area under histograms, that drawn 

in terms of density scale, is equal to 1 unit. Due to this feature, these diagrams 
is related to Probability Density Function, PDF, of Chapter 5. 
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Table 2.4-4: Classes, frequency, relative frequency, and density scale for 

Example 2.4-2. 

Classes Frequency Class Width Relative Frequency Density Scale 1/(ohms/cm) 

0 400 0 400 0 0 

400 900 4 500 0.125 0.00025 

900 1500 15 600 0.46875 0.00078125 

1500 3500 11 2000 0.34375 0.000171875 

3500 8000 2 4500 0.0625 1.38889E-05 

8000 20000 0 12000 0 0 

 
Figure 2.4-3: Histogram in terms of density scale for Example 2.4-2.  
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2.5 MATLAB COMPUTER APPLICATIONS* 
Different Matlab functions can be adopted in graphical presentations of data. 

Some of them are presented in this article.   
Example 2.5-1 

Write a Matlab code to prepare the frequency distribution and to draw the 

histogram for Example 2.3-2, Live Load Example, using a class width of 20 psf. 
Solution 

As indicated in Table 2.5-1 below, Matlab functions histc and bar have been 

adopted respectively to count frequencies and draw the histogram.  
Table 2.5-1: Matlab code to count frequency and draw histogram for Example 

2.5-1. 

 
When the code is run, the frequency would be as indicated in Table 2.5-2 while 
the histogram would be as indicated in Figure 2.5-1 below. As a verification, one 

can note that these results coincide with those of Figure 2.3-3.  
Table 2.5-2: Frequency for Example 2.5-1 determined from Matlab code.  
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Figure 2.5-1: Histogram for Example 2.5-1 determined from Matlab code.  
Example 2.5-2 

Resolve Example 2.5-1 but with using a class width of 10 psf. 

Solution 

Only the command line 8 of Matlab code, , should be 

modified, to change class width into 10 psf. The histogram would be as indicated 

in Figure 2.5-2 below. As a verification, one can note that this histogram coincides 
with Figure 2.3-4. 

 
Figure 2.5-2: Histogram for Example 2.5-2 determined from Matlab code.  
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CHAPTER 3 

DATA DESCRIPTION 
3.1 INTRODUCTION 

• Chapter 2 showed how one can gain useful information from raw 

data by: 

o Organizing them into a frequency distribution, 

o Presenting the data by using various graphs, 

• Section 3.2 defines the statistic and the parameter and shows the 
current practice of using the roman letters to describe the statistic 

while the Greek letters for the parameter.   

• Section 3.3 shows the central tendency measures that usually 

used to describe the data congestion about a central value. The 
measures of central tendency include: 

o Mean,  

o Median,  
o Mode. 

• In addition to knowing the average, one must know how the data 

values are dispersed. That is, do the data values cluster around 
the mean, or are they spread more evenly throughout the 

distribution? The measures that determine the spread of the data 
values are called measures of variation, or measures of 

dispersion. These measures include the: 
o Range,  
o Variance, 

o Standard deviation. 
and they are discussed in Section 3.4. 

• Section 3.5 shows how a linear transformation affects the 
measures of Section 3.3 and Section 3.4. 

• Other measures to indicate asymmetry and peakedness of data 

are presented in Section 3.6. 

• Another set of measures is necessary to describe data. These 

measures are called measures of position. They tell where a 
specific data value falls within the data set or its relative position 

in comparison with other data values. The most common position 

measures are: 
o Percentiles,  

o Deciles, 

o Quartiles. 

These measures are discussed in Section 3.7. 

• Sections 3.6 and 3.7 are advanced in nature and they are beyond 
the scope of the undergraduate courses.  
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3.2 BASIC DEFINITIONS AND NOTATIONS 
• Measures found by using all the data values in the population are 

called parameters. 
• Measures obtained by using the data values from samples are 

called statistics. 

 
• In statistics, Greek letters are used to denote parameters, and 

Roman letters are used to denote statistics. Greek letters have 

been summarized in below: 

   
• Assume that the data are obtained from samples unless otherwise 

specified. 
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3.3 MEASURES OF CENTRAL TENDENCY 
3.3.1 THE FIRST MEASURE “THE MEAN” OR “THE ARITHMETIC MEAN” 

3.3.1.1 For Ungrouped Data 

The mean, also known as the arithmetic average can be defined as follows: 

 
 

Example 3.3-1 

The data represent the number of compressive strengths for a sample of 

concrete. Find the mean. 
20, 26, 40, 36, 23, 42, 35, 24, 30. 

Solution 

 
 

3.3.1.2 Rounding Rule for the Mean 

The mean should be rounded to one more decimal place than occurs in the raw 
data. For example, if the raw data are given in whole numbers, the mean should 

be rounded to the nearest tenth. If the data are given in tenths, the mean should 
be rounded to the nearest hundredth, and so on. 

3.3.1.3 For Grouped Data 

For grouped data, mean can be computed based on following procedure: 

 
 

Example 3.3-2 

Find the mean for following grouped data. This data represents the compressive 

strength for 20 randomly selected concrete cylinder samples. 

Class boundaries Frequency 

5.5–10.5 1 

10.5–15.5 2 

15.5–20.5 3 

20.5–25.5 5 

25.5–30.5 4 

30.5–35.5 3 

35.5–40.5 2 

Summation 20 
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Solution 
The procedure for finding the mean for grouped data is given here. 

Step 1: Make a table as shown. 

 
Step 2: Find the midpoints of each class and enter them in column C. 

 
Step 3 For each class, multiply the frequency by the midpoint, as shown, and 

place the product in column D. 

 
Step 4: Find the sum of column D. 

 
Step 5: Divide the sum by n to get the mean. 

𝑋 =
Σ𝑓. 𝑋𝑚

𝑛
=

490

20
= 24.5 𝑀𝑃𝑎 
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3.3.1.4 Important Note Related to Mean of Grouped Data: 

• The procedure for finding the mean for grouped data assumes that 

the mean of all the raw data values in each class is equal to the 
midpoint of the class.  

• This is not true, since the average of the raw data values in each 

class usually will not be exactly equal to the midpoint.  

• However, using this procedure will give an acceptable 
approximation of the mean, since some values fall above the 

midpoint and other values fall below the midpoint for each class, 

and the midpoint represents an estimate of all values in the class. 

3.3.2 OTHER MEAN VALUES 

3.3.2.1 Harmonic Mean 

There are two approaches to compute the mean for ratios indicated in below: 
𝑥1, 𝑥2, … . . , 𝑥𝑛 

• When ratios 𝑥𝑖 have common denominator, their mean is an 

arithmetic mean: 

𝑥̅ =
𝑥1 + 𝑥2 + ⋯ . . +𝑥𝑛

𝑛
 

• On the other hand, when ratios have common numerator, the 

mean is called the harmonic mean and computed as follows: 

𝑥̅ℎ =
1

1

𝑛 (
1
𝑥1

+
1
𝑥2

+ ⋯ . +
1

𝑥𝑛
)

 
Eq. 3.3-1 

 

Example 3.3-3 

A tourist purchases gasoline at three filling stations, where the prices are 33 1/3, 

25, and 20 cent per gallon. What is the average price? 
Solution 
If gallon is taken as a fixed unit, then the ratios have common denominator and 

the average would be the arithmetic mean: 

𝑥̅ =
1

𝑛
∑ 𝑥𝑖

𝑛

𝑖=1

=
1

3
(33.333 + 25 + 20) = 26.1 𝑐𝑒𝑛𝑡 𝑝𝑒𝑟 𝑔𝑎𝑙𝑙𝑜𝑛 

While when cent is considered as fixed unit, therefore the ratios would have 

common numerator and the mean would be a harmonic one: 

𝑥̅ℎ =
1

1

𝑛 (
1
𝑥1

+
1
𝑥2

+ ⋯ . +
1

𝑥𝑛
)

=
1

1

3 (
1

33.33
+

1
25

+
1

20
)

≈ 25 𝑐𝑒𝑛𝑡𝑠 𝑝𝑒𝑟 𝑔𝑎𝑙𝑜𝑜𝑛 

The former would be the correct estimator when the tourist intends to buy same 

number of gallons from each station. While the latter would be the correct 

estimator when the tourist intends to spend same cents, say 50 cents, at each 
station. 

 

Example 3.3-4 

Three velocities of 0.20
𝑚

𝑠
, 0.24

𝑚

𝑠
, and 0.16

𝑚

𝑠
 have been determined for stream flow 

through using of a floating device. Select which mean value should be adopted 

and determine mean speed accordingly. 
Solution 

From physics, velocity 𝑣 is defined as: 

𝑣 =
𝐿

𝑡
 

where 𝐿 is the distance between two points and 𝑡 is the time required to travel 

between them. With a floating device, the distance 𝐿  between two point is 
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assumed fixed and required time 𝑡 is computed accordingly, therefore the ratios, 

i.e. velocities, have common numerator and harmonic mean should be adopted: 

𝑥̅ℎ =
1

1

𝑛 (
1
𝑥1

+
1
𝑥2

+ ⋯ . +
1

𝑥𝑛
)

=
1

1

3 (
1

0.2
+

1
0.24

+
1

0.16
)

≈ 0.194
𝑚

𝑠
 

 

Example 3.3-5 

On a certain country road that runs from a coastal town to a village in the 
mountains, the average speed of motorcars is 80 km/h uphill and 100 km/h 

downhill. What is the average speed for a journey from the town to the village 

and back? 
Solution 

From physics, velocity 𝑣 is defined as: 

𝑣 =
𝐿

𝑡
 

where 𝐿 is the distance between two points and 𝑡 is the time required to travel 

between them.  
Assume that car speedometer measures speed based on different times for a 

constant distance, therefore we have common numerator and different 

denominators and mean value should be determined in terms of harmonic mean:  

𝑣̅ =
1

1

𝑛 (
1
𝑣1

+
1
𝑣2

+ ⋯ . +
1
𝑣𝑛

)

=
1

1

2 (
1

80
+

1
100

)

≈ 88.9
𝑘𝑚

ℎ
 

 
3.3.2.2 Geometric Mean 

• The geometric mean is used in averaging values that represent a 

rate of change.  

• Here the variable follows an exponential, that is, a logarithmic law.  
• For a sample of observations,  

𝑥1, 𝑥2, … . . , 𝑥𝑛  

the geometric mean is defined as: 

𝑥̅𝑔 = (𝑥1 × 𝑥2 × 𝑥3 × … … × 𝑥𝑛)
1
𝑛 Eq. 3.3-2 

This average is used when dealing with observations each of bears 

an approximately constant ratio to the preceding one, for 

example, in average rates of growth (increase or decrease). 
• Geometric mean is applicable only for positive data. 

• The use of the geometric mean can be avoided by transforming 

the original variables 𝑥 into log 𝑥. The antilog of the arithmetic 

mean of the new variable will the give the right answer. 

log 𝑥̅𝑔 =
Σ(log 𝑥𝑖)

𝑛
 Eq. 3.3-3 

 
Example 3.3-6 

A value of 100 falls to 50 and subsequently raises to 100. The ratio of change is 
½ and 2. Use the arithmetic mean and the geometric mean to determine the 

average rate of change. Comment on the results. 

Solution 

This example aims to show intuitively how the geometric mean is more 

representative than the arithmetic mean when the data is related to the rate of 

change. 

𝑥̅ =

1
2

+ 2

2
= 1.25 

While the geometric mean is: 
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𝑥̅𝑔 = (𝑥1 × 𝑥2 × 𝑥3 × … … × 𝑥𝑛)
1
𝑛 = (

1

2
× 2)

1
2

= 1 

The answer according to the geometric mean is intuitively correct as the overall 

change is zero. 
 

Example 3.3-7 

Consider the case of populations of towns and cities that increase geometrically, 

which means that a future increase is expected that is proportional to the current 
population.  

Such information is invaluable for planning and designing urban water supplies 
and sewerage systems.  

Suppose, for example, that according to a survey conducted in 1970 and again 

in 1990 the population of a city had increased from 230,000 to 310,000. An 

engineer needs to verify, for purposes of design, the per capita consumption of 
water in the intermediate period and hence tries to estimate the population in 

1980.  

Solution  

The central value to use in this situation is the geometric mean of the two 
numbers which is: 

𝑥̅𝑔 = (𝑥1 × 𝑥2 × 𝑥3 × … … × 𝑥𝑛)
1
𝑛 = (230000 × 310000)

1
2 = 267021 𝑐𝑎𝑝𝑖𝑡𝑎 𝑖𝑛 1980. 

 
Example 3.3-8 

The number of degrees cum laude awarded at a university during six consecutive 

years is given in the table below. What is the average percentage of increase in 
the number of such degrees per annum?  

Year Number of Degrees Ratio to Previous Year’s Value 

1959 5 - 

1960 6 1+(6-5)/5 = 1.20 

1961 9 1+(9-6)/6 = 1.50 

1962 15 1+(15-9)/9 = 1.67 

1963 30 1+(30-15)/15 = 2.00 

1964 50 1+(50-30)/30 = 1.67 

Solution 
To find the average we calculate the geometric mean of the ratios given in the 

last column of the table: 

𝑥̅𝑔 = (𝑥1 × 𝑥2 × 𝑥3 × … … × 𝑥𝑛)
1
𝑛 = (1.2 × 1.5 × 1.67 × 2.00 × 1.67)

1
5 = 1.586 

That is an average increase per year of 58.6 percent.  
Example 3.3-9 

A company’s year to year changes in fuel consumption expenditures were -5, 10, 

20, 40, and 60 percent. Using the geometric mean of growth factor, determine 
the average yearly percent change in expenditures.  

Solution 

Converting the percent changes to growth factors: 
0.95, 1.10, 1.20, 1.40, and 1.60 

Then, compute the geometric mean for these factors: 

𝑥̅𝑔 = (𝑥1 × 𝑥2 × 𝑥3 × … … × 𝑥𝑛)
1
𝑛 = (0.95 × 1.10 × 1.20 × 1.40 × 1.60)

1
5 = 1.229 

Subtracting 1 gives 0.229 or 22.9% average increase per year. 
 

3.3.3 RELATIONS BETWEEN THE THREE DIFFERENT MEAN VALUES 

• For a set of positive numbers,  

o The geometric mean is less than or equal to the arithmetic 

mean. They are equal in the rare case where all the numbers in 

the data are the same. 
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o The arithmetic mean is greater than or equal to the harmonic 
mean. 

• The relations between the three means can be summarized 

according to the following relation: 
𝑥̅ℎ ≤ 𝑥̅ ≤ 𝑥̅𝑔 Eq. 3.3-4 

3.3.4 THE SECOND MEASURE “THE MEDIAN” 

3.3.4.1 Basic Definition 

 
3.3.4.2 Steps in computing the median of a data array 

Step 1 Arrange the data in order. 

Step 2 Select the middle point.  
Example 3.3-10 

Find the median for following data. 

713, 300, 618, 595, 311, 401, and 292 

Solution 
Step 1 Arrange the data in order. 

292, 300, 311, 401, 595, 618, 713 

Step 2 Select the middle value. 

 
Hence, the median is 401 rooms.  
Example 3.3-11 

Find the median for the following data 
684, 764, 656, 702, 856, 1133, 1132, 1303 

Solution 

 
Since the middle point falls halfway between 764 and 856, find the median MD 
by adding the two values and dividing by 2. 

 
The median number of tornadoes is 810.  
3.3.5 THE THIRD MEASURE “THE MODE” 

3.3.5.1 For Ungrouped Data 

• Basic Definition: 

 
• A data set that has only one value that occurs with the greatest 

frequency is said to be unimodal. 

• If a data set has two values that occur with the same greatest 

frequency, both values are the mode and the data set is said to be 

bimodal. 

• If a data set has more than two values that occur with the same 

greatest frequency, each value is used as the mode, and the data 

set is said to be multimodal. 

• When no data value occurs more than once, the data set is said to 
have no mode.  
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Example 3.3-12: (Unimodal Data) 

Find the mode for the following data: 
18.0, 14.0, 34.5, 10, 11.3, 10, 12.4, 10 

Solution 

It is helpful to arrange the data in order although it is not necessary. 
10, 10, 10, 11.3, 12.4, 14.0, 18.0, 34.5 

Since 10 occurred 3 times—a frequency larger than any other number—the mode 

is 10.  
Example 3.3-13: (Bimodal Data) 

Find the mode for following data: 

 
Solution 
Since the values 104 and 109 both occur 5 times, the modes are 104 and 109. 

The data set is said to be bimodal.  
Example 3.3-14: (Data that has no Mode) 

Find the mode for following data 

401, 344, 209, 201, 227, 353 

Solution 
Since each value occurs only once, there is no mode. 
Note: Do not say that the mode is zero. That would be incorrect, because in 

some data, such as temperature, zero can be an actual value.  
3.3.5.2 For Grouped Data 

The mode for grouped data is the modal class. The modal class is the class with 
the largest frequency.  
Example 3.3-15 

Find the modal class for the frequency distribution of Example 3.3-2. 

 
Solution 

The modal class is 20.5–25.5, since it has the largest frequency.  

 
Sometimes the midpoint of the class is used rather than the boundaries; hence, 

the mode could also be given as 23 MPa.  
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3.3.6 WHICH CENTRAL MEASURE SHOULD BE ADOPTED 

• An extremely high or extremely low data value in a data set can 

have a striking effect on the mean of the data set. These extreme 
values are called outliers.  

• This is one reason why when analyzing a frequency distribution, 

you should be aware of any of these values.  

• For the data set shown in Example below, the mean, median, and 
mode can be quite different because of extreme values.  

Example 3.3-16 

A small company consists of the owner, the manager, the salesperson, and two 

technicians, all whose annual salaries are listed here. (Assume that this is the 

entire population.). 

 
Find the mean, median, and mode. 
Solution 

 
Hence, the mean is $20,000, the median is $12,000, and the mode is $9,000. 

In this Example, the mean is much higher than the median or the mode. This is 

so because the extremely high salary of the owner tends to raise the value of the 
mean.  
In this and similar situations, the median should be used as the measure of 
central tendency.  
3.3.7 DISTRIBUTION SHAPES  

Frequency distributions can assume many shapes. The three most important 

shapes are: 
• Positively skewed,  
• Symmetric,  

• Negatively skewed.  

3.3.7.1 Positively skewed or right-skewed distribution 

Most of the data values fall to the left of the mean and cluster at the lower end 

of the distribution; the “tail” is to the right. Also, the mean is to the right of the 
median, and the mode is to the left of the median. 

 

Figure 3.3-1: A positively 

skewed or right-skewed. 

3.3.7.2 Symmetric Distribution 

In a symmetric distribution, the data values are evenly distributed on both 

sides of the mean. In addition, when the distribution is unimodal, the mean, 
median, and mode are the same and are at the center of the distribution.  
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Figure 3.3-2: A symmertic 

distribution. 

3.3.7.3 Negatively Skewed or Left-Skewed 

When most of the data values fall to the right of the mean and cluster at the 

upper end of the distribution, with the tail to the left, the distribution is said to 
be negatively skewed or left-skewed. Also, the mean is to the left of the 

median, and the mode is to the right of the median. 

 

Figure 3.3-3: A negatively 

skewed distribution. 
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3.4 MEASURES OF VARIATION  
In statistics, to describe the data set accurately, statisticians must know more 

than the measures of central tendency. Consider the example below.  
Example 3.4-1 

A testing lab wishes to test two experimental brands of outdoor paint to see how 

long each will last before fading. The testing lab makes 6 gallons of each paint to 
test. Since different chemical agents are added to each group and only six cans 

are involved, these two groups constitute two small populations. The results (in 

months) are shown. Find the mean of each group. 

 
Solution 

The mean for brand A is 

𝜇 =
Σ𝑋

𝑁
=

210

6
= 35 𝑚𝑜𝑛𝑡ℎ 

The mean for brand B is 

𝜇 =
Σ𝑋

𝑁
=

210

6
= 35 𝑚𝑜𝑛𝑡ℎ𝑠 

Since the means are equal, you might conclude that both brands of paint last 
equally well. However, when the data sets are examined graphically, a somewhat 

different conclusion might be drawn. See Figure below. 

 
As Figure above shows, even though the means are the same for both brands, 

the spread, or variation, is quite different. Brand B performs more consistently; 

it is less variable.   
For the spread or variability of a data set, three measures are commonly used: 

• Range,  
• Variance and Standard deviation. 

Each measure will be discussed in this section. 
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3.4.1 THE FIRST MEASURE “RANGE” 

  
Example 3.4-2 

Find the ranges for the paints in previous Example. 
Solution 

For brand A, the range is 

 
For brand B, the range is 

 
The range for brand A shows that 50 months separate the largest data value from 
the smallest data value. For brand B, 20 months separate the largest data value 

from the smallest data value, which is less than one-half of brand A’s range. 

3.4.2 THE SECOND AND THIRD MEASURES “VARIANCE AND STANDARD DEVIATION”  

3.4.2.1 Population Variance and Standard Deviation (For Ungrouped Data)  

 
3.4.2.2 Rounding Rule for the Standard Deviation  

The rounding rule for the standard deviation is the same as that for the mean. 
The final answer should be rounded to one more decimal place than that of the 
original data.  
Example 3.4-3 

Find the variance and standard deviation for the data set for brand A paint in 

Example 10. 

 
Solution 

Step 1 Find the mean for the data. 

 
Step 2 Subtract the mean from each value, and place the result in column B of 

the table. 
Step 3 Square each result and place the squares in column C of the table. 
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Step 4 Find the sum of the squares in column C. 

 
Step 5 Divide the sum by N to get the variance. 

 
Step 6 Take the square root to get the standard deviation. 

 
Hence, the standard deviation is 6.5.  

• Since the standard deviation of brand A is 17.1 and the standard 

deviation of brand B is 6.5, the data are more variable for brand 
A.  

• In summary, when the means are equal, the larger the variance 

or standard deviation is, the more variable the data are. 

3.4.2.3 Sample Variance and Standard Deviation (For Ungrouped Data) 

• When computing the variance for a sample, one might expect the 

following expression to be used: 

 
where 𝑋̅ is the sample mean and 𝑛 is the sample size. 

• Above expression does not give the best estimate of the 

population variance because when the population is large and the 
sample is small (usually less than 30), the variance computed by 

this formula usually underestimates the population variance.  
• Therefore, instead of dividing by 𝑛, find the variance of the sample 

by dividing by 𝑛 − 1, giving a slightly larger value estimate of the 

population variance. 

 
• To find the standard deviation of a sample, you must take the 

square root of the sample variance, which was found by using the 
preceding formula. 

 
• Shortcut Formulas: 

Shortcut formulas for computing the variance and standard 

deviation are presented below and will generally be used later. 
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Example 3.4-4 

Find the sample variance and standard deviation for the following sample data: 

 
Solution 

Step 1 Find the sum of the values. 

 
Step 2 Square each value and find the sum. 

 
Step 3 Substitute in the formulas and solve. 

 
The variance is 1.28 rounded. 

 
Hence, the sample standard deviation is 1.13.  
Note that Σ𝑋2 is not the same as (Σ𝑋)2.  

• The notation Σ𝑋2 means to square the values first, then sum;  

• (Σ𝑋)2 means to sum the values first, then square the sum. 

3.4.2.4 Variance and Standard Deviation for Grouped Data 

• The procedure for finding the variance and standard deviation 
for grouped data is like that for finding the mean for grouped 
data, and it uses the midpoints of each class. 

• The steps for finding the variance and standard deviation for 
grouped data are summarized in this Procedure Table. 
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Example 3.4-5 

Find the variance and the standard deviation for the frequency distribution of the 
data below.  

 
Solution 

Step 1 Make a table as shown, and find the midpoint of each class. 

 
Step 2 Multiply the frequency by the midpoint for each class, and place the 
products in column D. 

 
Step 3 Multiply the frequency by the square of the midpoint, and place the 
products in column E. 

 
Step 4 Find the sums of columns B, D, and E. The sum of column B is 𝑛, the sum 

of column D is Σ𝑓. 𝑋𝑚, and the sum of column E is Σ𝑓. 𝑋𝑚
2  . The completed table is 

shown. 

 
Step 5 Substitute in the formula and solve for s2 to get the variance. 

𝑠2 =
𝑛(Σ𝑓. 𝑋𝑚

2 ) − (Σ𝑓. 𝑋𝑚)2

𝑛(𝑛 − 1)
=

20 × 13310 − 4902

20 × (20 − 1)
= 68.7 

Step 6 Take the square root to get the standard deviation. 

  
Example 3.4-6 

Sample data represent strength in ton for wooden piles have been gathered and 
presented in the histogram indicated in Figure 3.4-1. For these grouped data, 

determine the mean value and the stranded deviation. Are the computed values 

exact or approximate? Explain your answer.  
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Solution 
For the ground data indicated 

in the histogram, the mean 

value can be determined 

based on the following 

relation: 

𝑋 =
Σ𝑓. 𝑋𝑚

𝑛
 

The mid-point and frequency 

for each class can be deduced 
from the indicated diagram: 

 

Classes Mid-point Frequency 𝒇. 𝑿𝒎 

3 6 4.5 1 4.5 

6 9 7.5 3 22.5 

9 12 10.5 12 126 

12 15 13.5 3 40.5 

15 18 16.5 1 16.5   
Summation 20 210 

𝑋 =
Σ𝑓. 𝑋𝑚

𝑛
=

210

20
= 10.5 𝑡𝑜𝑛 

The variance, 𝑠2, for the grouped data can be determined based on the following 

relation: 

𝑠2 =
𝑛(Σ𝑓. 𝑋𝑚

2 ) − (Σ𝑓. 𝑋𝑚)2

𝑛(𝑛 − 1)
 

The details for the calculations have been prepared with the referring in below: 
Classes Mid-point, 𝑿𝒎 Frequency, 𝒇 𝒇. 𝑿𝒎 𝑿𝒎

𝟐   𝒇. 𝑿𝒎
𝟐  

3 6 4.5 1 4.5 20.25 20.25 

6 9 7.5 3 22.5 56.25 168.75 

9 12 10.5 12 126 110.25 1323 

12 15 13.5 3 40.5 182.25 546.75 

15 18 16.5 1 16.5 272.25 272.25   
Summation 20 210 

 
2331 

𝑠2 =
𝑛(Σ𝑓. 𝑋𝑚

2 ) − (Σ𝑓. 𝑋𝑚)2

𝑛(𝑛 − 1)
=

20 × 2331 − (210)2

20 × (20 − 1)
= 6.63 𝑡𝑜𝑛 

𝑠 = √𝑠2 = √6.63 = 2.57 𝑡𝑜𝑛 

These statistics are approximated in nature as they have been determined in 

terms of the grouped data.   
Home Work 3.4-1 

Data for crane cable strength in ton have been gathered and presented in the 
histogram of Figure 3.4-1. Use the histogram to determine the mean and the 

standard deviation for the indicated grouped data. Are the determined values 

approximate or exact? Example your answer. 

 

Figure 3.4-1: Histogram for compressive strength of 
wooden piles. 
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Answer 
𝑋̅ = 58.4 𝑡𝑜𝑛 
𝑠 = 5.07 𝑡𝑜𝑛 

There are approximated. 

Solution 
For the ground data indicated in the 
histogram, the mean value can be 
determined based on the following 
relation: 

𝑋̅ =
Σ𝑓. 𝑋𝑚

𝑛
 

The mid-point and frequency for each 
class can be deduced from the 
indicated histogram: 

Classes Mid-point, 𝑿𝒎 Frequency, 𝒇 𝒇. 𝑿𝒎 

50 53 51.5 4 206 

53 56 54.5 2 109 

56 59 57.5 6 345 

59 62 60.5 3 181.5 

62 65 63.5 2 127 

65 68 66.5 3 199.5  
Summation 

 
20 1168 

𝑋̅ =
Σ𝑓. 𝑋𝑚

𝑛
=

1168

20
= 58.4 𝑡𝑜𝑛 

The variance, 𝑠2, for the grouped data can be determined based on the following relation: 

𝑠2 =
𝑛(Σ𝑓. 𝑋𝑚

2 ) − (Σ𝑓. 𝑋𝑚)2

𝑛(𝑛 − 1)
 

The details for the calculations have been prepared with the referring in below: 
Classes Mid-point, 𝑿𝒎 Frequency, 𝒇 𝒇. 𝑿𝒎 𝑿𝒎

𝟐  𝒇. 𝑿𝒎
𝟐  

50 53 51.5 4 206 2652.25 10609 

53 56 54.5 2 109 2970.25 5940.5 

56 59 57.5 6 345 3306.25 19837.5 

59 62 60.5 3 181.5 3660.25 10980.75 

62 65 63.5 2 127 4032.25 8064.5 

65 68 66.5 3 199.5 4422.25 13266.75  
Summation 

 
20 1168 

 
68699 

𝑠2 =
𝑛(Σ𝑓. 𝑋𝑚

2 ) − (Σ𝑓. 𝑋𝑚)2

𝑛(𝑛 − 1)
=

20 × 68699 − (1168)2

20 × (20 − 1)
= 25.67 𝑡𝑜𝑛 

𝑠 = √𝑠2 = √25.67 = 5.07 𝑡𝑜𝑛 
These statistics are approximated in nature as they have been determined in terms of the grouped data. 

 

  

 
Figure 3.4-2: Histogram for the cable tensile strength, 
ton. 
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3.4.2.5 Uses of the Variance and Standard Deviation: 

• Variances and standard deviations can be used to determine the 

spread of the data. If the variance or standard deviation is large, 
the data are more dispersed. This information is useful in 

comparing two (or more) data sets to determine which is more 

(most) variable. 

• The measures of variance and standard deviation are used to 
determine the consistency of a variable. For example, in the 

manufacture of fittings, such as nuts and bolts, the variation in the 

diameters must be small, or the parts will not fit together. 

• Finally, the variance and standard deviation are used quite often in 

inferential statistics. These uses will be shown in later in this 

course. 

3.4.3 COEFFICIENT OF VARIATION 

• When comparing the relative dispersion of more than one kind of 
data, it is convenient to have a dimensionless description such as 

the commonly quoted sample coefficient of variation.  

• This quantity 𝜈, read nu, is defined as the ratio of the sample 

standard deviation, 𝑠, to the sample mean, 𝑥̅. 

𝜈 =
𝑠

𝑥̅
 

 
Example 3.4-7 

Fifteen reinforced-concrete beams built by engineering students to the same 
specifications and fabricated from the same batch of concrete were tested in 

flexure. The observed results of first-crack and ultimate loads, recorded to the 
nearest 50 lb, are presented in Table 3.4-1 below. Using the coefficient of 

variation, 𝜈, which one of the loads for first crack or failure load seems more 

scattered?  
Table 3.4-1: Tests of identical reinforced concrete beams. 

Beam No. Load at which the first crack 

was observed, lb 

Failure load, lb 

1 5100 9300 

2 5800 9300 

3 6000 9400 

4 6000 9500 

5 6000 9550 

6 6000 9550 

7 6500 9600 

8 6500 9900 

9 6500 10100 

10 7200 10200 

11 8450 10200 

12 9300 10300 

13 9500 10350 

14 10350 10500 

15 10600 10600 

Solution 

Compute mean, 𝑥̅, and standard deviation, 𝑠, for each of load for first crack and 

failure load: 
𝑥̅𝐿𝑜𝑎𝑑 𝑓𝑜𝑟 𝑓𝑖𝑟𝑠𝑡 𝑐𝑟𝑎𝑐𝑘 = 7320 𝑙𝑏  

𝑠𝐿𝑜𝑎𝑑 𝑓𝑜𝑟 𝑓𝑖𝑟𝑠𝑡 𝑐𝑟𝑎𝑐𝑘 = 1815 𝑙𝑏 

𝑥̅𝐹𝑎𝑖𝑙𝑢𝑟𝑒 𝑙𝑜𝑎𝑑 = 9890 𝑙𝑏  
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𝑠𝐹𝑎𝑖𝑙𝑢𝑟𝑒 𝑙𝑜𝑎𝑑 = 455 𝑙𝑏 

The coefficients of variation would be: 

𝜈𝐿𝑜𝑎𝑑 𝑓𝑜𝑟 𝑓𝑖𝑟𝑠𝑡 𝑐𝑟𝑎𝑐𝑘 =
1815

7320
= 0.248 

𝜈𝐿𝑜𝑎𝑑 𝑓𝑜𝑟 𝑓𝑖𝑟𝑠𝑡 𝑐𝑟𝑎𝑐𝑘 =
455

9890
= 0.0460 ≪ 𝜈𝐿𝑜𝑎𝑑 𝑓𝑜𝑟 𝑓𝑖𝑟𝑠𝑡 𝑐𝑟𝑎𝑐𝑘 

Therefore, first crack loads are more variable or more difficult to predict closely 

than failure loads. Such information is important when appearance as well as 

strength is a design criterion.  
Example 3.4-8 

For a residential building indicated in Figure 3.4-3 below, and based on survey of 
similar buildings, floor live loads, 𝑊𝐿𝑖𝑣𝑒, in kPa, have been gathered and presented 

in Table 3.4-2 below. From these data determined mean value, 𝑊̅𝐿𝑖𝑣𝑒 , and 

standard deviation, 𝑠𝑊𝐿𝑖𝑣𝑒
 for the floor live loads. 

Due to building dimensions and the number of its floors, the axial force that is 

supported by an interior column, 𝑃𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 , can be estimated based on 

following relation: 

𝑃𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 = 𝑊𝐿𝑖𝑣𝑒 × 𝐴𝑆𝑢𝑝𝑝𝑜𝑟𝑡𝑒𝑑 𝑏𝑦 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 × 𝑁𝑜. 𝑜𝑓 𝐹𝑙𝑜𝑜𝑟𝑠 = 𝑊𝐿𝑖𝑣𝑒 × (5 × 6) × 3 

Adopting the relation above and based on principles of linear transformation, 

what are the mean value of axial force supported by an interior column, 

𝑃̅𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 and its standard deviation, 𝑠𝑃𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛
? 

In term of the coefficient of variation, 𝜈, which one of the floor live load, 𝑊𝐿𝑖𝑣𝑒, 

and the column axial force, 𝑃𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛, has more scatter? Explain your answer.  

Table 3.4-2: Floor live loads of residential buildings, in kPa. 

1.77 1.56 1.91 1.55 2.00 

1.99 1.92 1.71 1.62 1.78 

1.93 2.41 2.36 2.25 2.38 

1.91 1.95 1.78 2.18 1.93 

1.54 1.92 1.89 2.15 2.00 
 

  
Figure 3.4-3: A residential building. 

Solution 

Mean can be computed based on following relation: 

𝑊̅𝐿𝑖𝑣𝑒 𝑙𝑜𝑎𝑑𝑠 =
Σ𝑊(𝐿𝑖𝑣𝑒 𝑙𝑜𝑎𝑑)𝑖

𝑛
=

48.39

25
= 1.936 𝑘𝑃𝑎 ∎ 
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The standard deviation for floor live load would be determined with referring to 
table below: 

No. Live Load in kPa 𝑊𝐿𝑖𝑣𝑒 − 𝑊̅𝐿𝑖𝑣𝑒 (𝑊𝐿𝑖𝑣𝑒 − 𝑊̅𝐿𝑖𝑣𝑒)2 

1 1.77 -0.17 0.02742336 

2 1.99 0.05 0.00295936 

3 1.93 -0.01 0.00003136 

4 1.91 -0.03 0.00065536 

5 1.54 -0.40 0.15649936 

6 1.56 -0.38 0.14107536 

7 1.92 -0.02 0.00024336 

8 2.41 0.47 0.22505536 

9 1.95 0.01 0.00020736 

10 1.92 -0.02 0.00024336 

11 1.91 -0.03 0.00065536 

12 1.71 -0.23 0.05089536 

13 2.36 0.42 0.18011536 

14 1.78 -0.16 0.02421136 

15 1.89 -0.05 0.00207936 

16 1.55 -0.39 0.14868736 

17 1.62 -0.32 0.09960336 

18 2.25 0.31 0.09884736 

19 2.18 0.24 0.05973136 

20 2.15 0.21 0.04596736 

21 2.00 0.06 0.00414736 

22 1.78 -0.16 0.02421136 

23 2.38 0.44 0.19749136 

24 1.93 -0.01 0.00003136 

25 2.00 0.06 0.00414736 

Summation 48.39 0.00 1.50 
 

𝑠𝐿𝑖𝑣𝑒 𝑙𝑜𝑎𝑑
2 =  

Σ(𝑊𝐿𝑖𝑣𝑒 − 𝑊̅𝐿𝑖𝑣𝑒)2

𝑁 − 1
=

1.50

25 − 1
= 0.0625 

𝑠𝐿𝑖𝑣𝑒 𝑙𝑜𝑎𝑑 =  √0.0625 = 0.25 𝑘𝑃𝑎 ∎ 

With referring to standard form of linear equation: 
𝑦 = 𝑘1 + 𝑘2𝑥 

and with adopting the 𝑃𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 as the dependent variable, 𝑦, and 𝑊𝐿𝑖𝑣𝑒 as the 

independent variable, 𝑥, the linear relation would be: 
𝑃𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 = 𝑘1 + 𝑘2𝑊𝐿𝑖𝑣𝑒 

Comparing this relation with that given in the problem statement: 
𝑃𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 = 𝑊𝐿𝑖𝑣𝑒 × 𝐴𝑆𝑢𝑝𝑝𝑜𝑟𝑡𝑒𝑑 𝑏𝑦 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 × 𝑁𝑜. 𝑜𝑓 𝐹𝑙𝑜𝑜𝑟𝑠 = 𝑊𝐿𝑖𝑣𝑒 × (5 × 6) × 3 

one concludes that: 

𝑘1 = 0, 𝑘2 =  (5 × 6) × 3 = 90 𝑚2 
∴  𝑃𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 = 0 + 90 𝑊𝐿𝑖𝑣𝑒 

From relations for linear transformation: 
∴  𝑃̅𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛 = 0 + 90 𝑊̅𝐿𝑖𝑣𝑒 = 90 × 1.936 = 174.24 𝑘𝑁 ∎ 
𝑠𝑃 =  |𝑘2|𝑠𝑊𝐿𝑖𝑣𝑒

= 90 × 0.25 = 22.5 𝑘𝑁 ∎ 

Finally, the scatter for floor live load, 𝑊𝐿𝑖𝑣𝑒 𝑙𝑜𝑎𝑑 , and axial force in an interior 

column, 𝑃𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛, in terms of the coefficient of variation, 𝜈, would be: 

𝜈𝑊𝐿𝑖𝑣𝑒 𝑙𝑜𝑎𝑑
=  

𝑠𝐿𝑖𝑣𝑒 𝑙𝑜𝑎𝑑

𝑊̅𝐿𝑖𝑣𝑒 𝑙𝑜𝑎𝑑𝑠

=
0.25

1.936
= 0.129 
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𝜈𝑊𝐿𝑖𝑣𝑒 𝑙𝑜𝑎𝑑
=  

𝑠𝑃

𝑃̅𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑜𝑙𝑢𝑚𝑛

=
22.5

174.24
= 0.129 

As expected, as both phenomena are related linearly, therefore they should have 

same scatter.   
Example 3.4-9 

For a sandy soil, ten specimens have been collected and tested. Angle of internal 

friction, 𝜙, in degrees, and elastic modulus,, 𝐸𝑠, in 𝑘𝑁/𝑚2, have been presented 

in Table 3.4-2 below.  

For these data determine the mean value and standard deviation for each of the 

angle of internal friction, 𝜙, and the elastic modulus, 𝐸𝑠. 

In term of the coefficient of variation, 𝜈, which one of the angle of internal 

friction, 𝜙, and the elastic modulus, 𝐸𝑠, has more scatter? Explain your answer. 
Table 3.4-3: Angle of friction and elastic modulus for sandy soil. 

Angle of Internal Friction, 𝝓, in 

Degrees 

Elastic Modulus, 𝑬𝒔, in 𝒌𝑵/𝒎𝟐 

34.0 24000 

33.7 23000 

33.7 23000 

32.6 19000 

36.1 32000 

33.2 21000 

33.7 23000 

31.8 16000 

34.0 24000 

33.7 23000 

Solution 
Angle of Internal Friction 

For sample of angle of friction would be determined from relation below: 

𝑋̅ =
Σ𝑋𝑖

𝑛
=  

336.6

10
= 33.7𝑜∎ 

While the sample variation, 𝑠2, would be determined with referring the formula 

and table below: 

𝑠2 =
∑ (𝑋𝑖 − 𝑋̅)2𝑛

𝑖=1

𝑛 − 1
 

Angle of Internal Friction 𝑋𝑖 − 𝑋̅ (𝑋𝑖 − 𝑋̅)2 

34 0.35 0.1225 

33.7 0.05 0.0025 

33.7 0.05 0.0025 

32.6 -1.05 1.1025 

36.1 2.45 6.0025 

33.2 -0.45 0.2025 

33.7 0.05 0.0025 

31.8 -1.85 3.4225 

34 0.35 0.1225 

33.7 0.05 0.0025 

 
∑(𝑋𝑖 − 𝑋̅)2

𝑛

𝑖=1

 
10.985 
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Therefore  

𝑠2 =
∑ (𝑋𝑖 − 𝑋̅)2𝑛

𝑖=1

𝑛 − 1
=

10.985

10 − 1
= 1.22 

Finally, the standard deviation would be: 

𝑠 = √
∑ (𝑋𝑖 − 𝑋̅)2𝑛

𝑖=1

𝑛 − 1
= √1.22 = 1.10𝑜∎  

Elastic Modulus 
For sample of elastic modulus would be determined from relation below: 

𝑋̅ =
Σ𝑋𝑖

𝑛
=  

228000

10
= 22800 𝑀𝑃𝑎∎ 

While the sample variation, 𝑠2, would be determined with referring the formula 

and table below: 

𝑠2 =
∑ (𝑋𝑖 − 𝑋̅)2𝑛

𝑖=1

𝑛 − 1
 

Angle of Internal Friction (𝑋𝑖 − 𝑋̅) (𝑋𝑖 − 𝑋̅)2 

24000 1200 1440000 

23000 200 40000 

23000 200 40000 

19000 -3800 14440000 

32000 9200 84640000 

21000 -1800 3240000 

23000 200 40000 

16000 -6800 46240000 

24000 1200 1440000 

23000 200 40000 

 

∑(𝑋𝑖 − 𝑋̅)2

𝑛

𝑖=1

 
151600000 

Therefore  

𝑠2 =
∑ (𝑋𝑖 − 𝑋̅)2𝑛

𝑖=1

𝑛 − 1
=

151600000

10 − 1
= 16844444 MPa 

Finally, the standard deviation would be: 

𝑠 = √
∑ (𝑋𝑖 − 𝑋̅)2𝑛

𝑖=1

𝑛 − 1
= √16844444 = 4104 𝑀𝑃𝑎∎  

Assessment of Data Scatter in Terms of Coefficient of Variation 

𝜈𝐴𝑛𝑔𝑙𝑒 𝑜𝑓 𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 =
𝑠

𝑋̅
=  

1.10

33.7
= 0.0326 

𝜈𝐸𝑙𝑎𝑠𝑡𝑖𝑐 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 =
𝑠

𝑋̅
=  

4104

22800
= 0.18 

Therefore, the Coefficient of Variation indicates that the elastic modulus is more 

scatter that the angle of variation.   
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3.4.4 ADDITIONAL EXAMPLE 

• This article presents general examples that show a detailed data 

analysis including the measures of central tendency and the 
measures of variation. 

• These examples have been prepared based on quizzes and exams 

of the previous years.  
Example 3.4-10 

Data below represent wind speed in mph at a specific site. For these data 

compute: mean, median, mode, range, and standard deviation. 
Table 3.4-4: Wind speed in mph at a specific site.  

86 133 110 151 132 

137 147 165 152 156 

128 154 169 162 116 

137 168 147 139 119 

118 126 143 135 151 

Solution 

Mean can be computed based on following: 

𝑥̅ =
Σ𝑥𝑖

𝑛
= 139 𝑚𝑝ℎ ∎ 

For median value, put data in ascending or descending order. As data number is 
odd, median value would be: 
𝑀𝑒𝑑𝑖𝑎𝑛 = 139 ∎ 

86 

110 

116 

118 

119 

126 

128 

132 

133 

135 

137 

137 

139 

143 

147 

147 

151 

151 

152 

154 

156 

162 

165 

168 

169 

The data is multimodal where each of 137, 147, and 151 occurs two times in 

data. 
𝑅𝑎𝑛𝑔𝑒 =  𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑉𝑎𝑙𝑢𝑒 –  𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑉𝑎𝑙𝑢𝑒 = 169 − 86 = 83 𝑚𝑝ℎ ∎ 

Wind Speed, mph 𝑥 − 𝑥̅ (𝑥 − 𝑥̅)2 

86 -53 2786.6 

110 -29 859.4 
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Wind Speed, mph 𝑥 − 𝑥̅ (𝑥 − 𝑥̅)2 

116 -23 530.4 

118 -21 432.4 

119 -21 422.5 

126 -13 170.3 

128 -11 120.2 

132 -7 47.5 

133 -7 42.8 

135 -4 19.7 

137 -3 6.3 

137 -2 5.7 

139 0 0.1 

143 4 14.2 

147 7 55.9 

147 8 57.9 

151 12 134.4 

151 12 147.3 

152 13 177.2 

154 14 209.0 

156 17 274.9 

162 22 502.1 

165 26 650.5 

168 28 809.8 

169 30 882.6 

 Σ 9360 

𝑠2 =  
Σ(𝑥 − 𝑥̅)2

𝑁 − 1
=

9360

25 − 1
= 390 

𝑠 =  √390 = 19.75 𝑚𝑝ℎ ∎  
Example 3.4-11 

Data presented in Table 3.4-5 below represent culvert discharge in 𝒎𝟑  per 

second. For these data, compute mean, median, range, variance, and standard 

deviation.  
Table 3.4-5: Discharge through a culvert, in 𝒎𝟑 𝒑𝒆𝒓 𝒔𝒆𝒄𝒐𝒏𝒅. Data for Example 

3.4-11. 

1.77 1.56 1.91 1.55 2.00 

1.99 1.92 1.71 1.62 1.78 

1.93 2.41 2.36 2.25 2.38 

1.91 1.95 1.78 2.18 1.93 

1.54 1.92 1.89 2.15 2.00 

Solution 

Mean for ungrouped data is: 

𝑥̅ =
Σ𝑥
𝑛

=
48.39

25
= 1.936 𝑚3 𝑝𝑒𝑟 𝑠𝑒𝑐. 

To determine median, put data in order. The median would be mid-point of the 

array as indicated in Table 3.4-6 below. 
Table 3.4-6: Data for Example 3.4-11 presented in order. 

1.54 

1.55 

1.56 

1.62 

1.71 

1.77 
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1.78 

1.78 

1.89 

1.91 

1.91 

1.92 

1.92 

1.93 

1.93 

1.95 

1.99 

2.00 

2.00 

2.15 

2.18 

2.25 

2.36 

2.38 

2.41 

Range for data: 
𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 = 2.41 𝑚3 𝑝𝑒𝑟 𝑠𝑒𝑐.  
𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 = 1.54 𝑚3 𝑝𝑒𝑟 𝑠𝑒𝑐. 
𝑅𝑎𝑛𝑔𝑒 = 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 − 𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 = 2.41 − 1.54 = 0.87 𝑚3 𝑝𝑒𝑟 𝑠𝑒𝑐. 
Variance and Standard Deviation: 
For ungrouped data, variance, 𝑠2, can be computed based on following relation: 

𝑠2 =
Σ(𝑥 − 𝑥̅)2

𝑛 − 1
 

In tabulated form, calculations are presented in Table 3.4-7 below. 

𝑠2 =
1.495

25 − 1
= 0.0623 

𝑠 =  √0.0623 ≈ 0.25 𝑚3 𝑝𝑒𝑟 𝑠𝑒𝑐.  
Table 3.4-7: Calculations of variance for data of Example 3.4-11.  

Discharge 
through Culvert, 

in 𝑚3 𝑝𝑒𝑟 𝑠𝑒𝑐. (𝑥 − 𝑥̅) (𝑥 − 𝑥̅)2 

1.77 -0.17 0.02742336 

1.99 0.05 0.00295936 

1.93 -0.01 0.00003136 

1.91 -0.03 0.00065536 

1.54 -0.40 0.15649936 

1.56 -0.38 0.14107536 

1.92 -0.02 0.00024336 

2.41 0.47 0.22505536 

1.95 0.01 0.00020736 

1.92 -0.02 0.00024336 

1.91 -0.03 0.00065536 

1.71 -0.23 0.05089536 

2.36 0.42 0.18011536 

1.78 -0.16 0.02421136 

1.89 -0.05 0.00207936 

1.55 -0.39 0.14868736 

1.62 -0.32 0.09960336 

2.25 0.31 0.09884736 

2.18 0.24 0.05973136 
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Discharge 
through Culvert, 

in 𝑚3 𝑝𝑒𝑟 𝑠𝑒𝑐. (𝑥 − 𝑥̅) (𝑥 − 𝑥̅)2 

2.15 0.21 0.04596736 

2.00 0.06 0.00414736 

1.78 -0.16 0.02421136 

2.38 0.44 0.19749136 

1.93 -0.01 0.00003136 

2.00 0.06 0.00414736 

  Σ = 1.495  
Example 3.4-12 

During a survey for output of a bulldozer when working in a sandy soil, following 

data have been collected: 

Output Rate in yd3 per hr. 

 

23 275 82 33 

148 38 405 43 

108 74 39 254 

75 145 77 52 

108 14 71 10 

For above data: 
• Compute mean, median, and mode. 

• Compute range, variance, and standard deviation. 
Solution 

Compute mean, median, and mode: 
𝑆𝑢𝑚 = 2074 

𝑚𝑒𝑎𝑛 =
2074

20
= 103.7 

Median: 
Put data in an order form: 

Data in Order Form 

10 

14 

23 

33 

38 

39 

43 

52 

71 

74 

75 

77 

82 

108 

108 

145 

148 

254 

275 

405 

𝑀𝑒𝑑𝑖𝑎𝑛 =
74 + 75

2
=  74.5 
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Mode: 
Mode = 108 

Compute range, variance, and standard deviation: 

Maximum = 405 

Minimum = 10 

Range = 395 

𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 =  
(𝑥 − 𝑥̅)2

𝑛 − 1
 

Output Rate 𝑥 − 𝑥̅ (𝑥 − 𝑥̅)2 

108 4.3 18.49 

10 -93.7 8779.69 

14 -89.7 8046.09 

23 -80.7 6512.49 

33 -70.7 4998.49 

38 -65.7 4316.49 

39 -64.7 4186.09 

43 -60.7 3684.49 

52 -51.7 2672.89 

71 -32.7 1069.29 

74 -29.7 882.09 

75 -28.7 823.69 

77 -26.7 712.89 

82 -21.7 470.89 

108 4.3 18.49 

145 41.3 1705.69 

148 44.3 1962.49 

254 150.3 22590.09 

275 171.3 29343.69 

405 301.3 90781.69 

 Sum 193576.2 

 Variance 10188.22105 

𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 =  
193576.2

19
= 10188 

𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 = 𝑠 = √𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒  

𝑠 = √10188 = 100.9  
Example 3.4-13 

A tire manufacture wants to determine the inter diameter of a certain grade of 

tire. Ideally, the diameter would be 570mm. The data are as follows: 

572 572 573 568 569 575 565 570 

For above data: 

• Compute mean, median, and mode. 

• Compute range, variance, and standard deviation. 

Solution 

Mean: 

𝑥̅ =
Σ𝑥
𝑛

=
4564

8
= 570.5 

Median: 
Put data in order form: 
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Data in Order Form 

565 

568 

569 

570 

572 

572 

573 

575 

𝑀𝑒𝑑𝑖𝑎𝑛 =
570 + 572

2
= 571 

Mode: 
𝑀𝑜𝑑𝑒 =  572 

Range: 
𝑅𝑎𝑛𝑔𝑒 =  𝑀𝑎𝑥𝑖𝑚𝑢𝑚 –  𝑀𝑖𝑛𝑖𝑚𝑢𝑚  
𝑅𝑎𝑛𝑔𝑒 =   575 − 565 = 10 

Variance: 

𝑠2 =
Σ(𝑥 − 𝑥̅)2

n − 1
 

𝑥 (𝑥 − 𝑥̅)2 

572 2.25 

572 2.25 

573 6.25 

568 6.25 

569 2.25 

575 20.25 

565 30.25 

570 0.25 

 Sum = 70 

𝑠2 =
Σ(𝑥 − 𝑥̅)2

n − 1
=

70

8 − 1
= 10 

Standard Deviation: 

𝑠 = √𝑠2 = √10 = 3.16  
Example 3.4-14 

Table 3.4-8 presents the piezometer gauge pressures at a critical location 

(ordered data in inches of mercury). Compute sample mean, 𝑋̅, median, mode, 

range, and standard deviation. Use relation between mean, mode, and median 

to estimate shape of the histogram.  
Table 3.4-8: Piezometer gauge pressures, inch of mercury. 

12.01 12.08 12.18 12.23 12.27 

12.37 12.49 12.53 12.58 12.69 

12.76 12.83 12.84 12.88 12.88 

12.90 12.92 13.00 13.08 13.35 

Solution 

Mean for ungrouped data is: 

𝑋̅ =
Σ𝑋
𝑛

=
252.87

20
= 12.64 inches of mercury 

The Mode: 

As only 12.88 value occurs twice, therefore the mode of data is 12.88 inches of 

mercury. 
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The Median: 
As data have been already put data in order, therefore, the median, that is the 

mid-point of the array, would be: 

𝑀𝑒𝑑𝑖𝑎𝑛 =
12.69 + 12.76

2
= 12.73 inches of mercury 

The Range of data: 
𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 = 13.35 𝑖𝑛𝑐ℎ𝑒𝑠 𝑜𝑓 𝑚𝑒𝑟𝑐𝑢𝑟𝑦  
𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 = 12.01 𝑖𝑛𝑐ℎ𝑒𝑠 𝑜𝑓 𝑚𝑒𝑟𝑐𝑢𝑟𝑦 
𝑅𝑎𝑛𝑔𝑒 = 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 − 𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 = 13.35 − 12.01 = 1.34 inches of mercury 

Variance and Standard Deviation: 

For ungrouped data, variance, 𝑠2, can be computed based on following relation: 

𝑠2 =
Σ(𝑥 − 𝑥̅)2

𝑛 − 1
 

In tabulated form, calculations are presented in Table 3.4-9. 

𝑠2 =
2.519

20 − 1
= 0.1325 

𝑠 =  √0.1325 ≈ 0.364  inches of mercury  
Table 3.4-9: Calculations of variance for data of Example 3.4-14.  

𝑿 (𝑿 − 𝑿̅) (𝑿 − 𝑿̅)𝟐 

12.01 -0.63 0.401 

12.37 -0.27 0.075 

12.76 0.12 0.014 

12.90 0.26 0.066 

12.08 -0.56 0.318 

12.49 -0.15 0.024 

12.83 0.19 0.035 

12.92 0.28 0.076 

12.18 -0.46 0.215 

12.53 -0.11 0.013 

12.84 0.20 0.039 

13.00 0.36 0.127 

12.23 -0.41 0.171 

12.58 -0.06 0.004 

12.88 0.24 0.056 

13.08 0.44 0.191 

12.27 -0.37 0.140 

12.69 0.05 0.002 

12.88 0.24 0.056 

13.35 0.71 0.499  
Summation 2.519 

Estimate the shape of the histogram: 
As 
𝑋̅ < 𝑀𝑒𝑑𝑖𝑎𝑛 < 𝑀𝑜𝑑𝑒 

therefore, the histogram shape would be as indicated in Figure 3.4-4 below. 

 

Figure 3.4-4: Estimate histogram 
of Example 3.4-14.  
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Example 3.4-15 

Time in hours for two steps, namely, load and haul, of a heavy construction process have 

been presented in Table 3.4-10. Find the sample means, median, mode, standard 

deviations, and coefficients of variation for each of the two steps in a cycle. Which step 

is “more variable?” 
Table 3.4-10: Time in hours for load and haul for a heavy construction process. 

Load 

1.58 1.84 1.80 2.06 1.85 2.00 

1.72 1.74 1.67 1.92 2.23 1.88 

2.52 1.71 2.38 2.03 1.94 1.93 
 

Haul 

2.08 2.08 2.17 2.07 1.96 2.13 

1.95 2.15 2.25 2.18 2.16 2.03 

2.18 2.20 1.99 2.17 1.99 1.99 

Solution 

Mean for ungrouped data is: 

𝑋̅𝐿𝑜𝑎𝑑 =
Σ𝑋
𝑛

=
34.80

18
= 1.93 hours 

𝑋̅𝐻𝑎𝑢𝑙 =
Σ𝑋
𝑛

=
37.73

18
= 2.10 hours 

The Mode: 

The load data has no mode. While the model for haul data is 1.99 hours. 
The Median: 

After sorting, the data would be: 
Load Haul 

1.58 1.95 

1.67 1.96 

1.71 1.99 

1.72 1.99 

1.74 1.99 

1.80 2.03 

1.84 2.07 

1.85 2.08 

1.88 2.08 

1.92 2.13 

1.93 2.15 

1.94 2.16 

2.00 2.17 

2.03 2.17 

2.06 2.18 

2.23 2.18 

2.38 2.20 

2.52 2.25 

𝑀𝑒𝑑𝑖𝑎𝑛𝐿𝑜𝑎𝑑 =
1.88 + 1.92

2
= 1.90 hour  𝑀𝑒𝑑𝑖𝑎𝑛𝐻𝑎𝑢𝑙 =

2.08 + 2.13

2
= 2.11 hour 

Standard Deviation: 

For ungrouped data, variance, 𝑠2, can be computed based on following relation: 

𝑠2 =
Σ(𝑥 − 𝑥̅)2

𝑛 − 1
 

to be: 
𝑠𝐿𝑜𝑎𝑑 =  0.246  hour  
𝑠𝐻𝑎𝑢𝑙 =  0.093  hour 
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Coefficients of variation 

𝜈𝐿𝑜𝑎𝑑 =
𝑠𝐿𝑜𝑎𝑑

𝑋̅𝐿𝑜𝑎𝑑

=
0.246

1.93
= 0.127 

𝜈𝐻𝑎𝑢𝑙 =
𝑠𝐻𝑎𝑢𝑙

𝑋̅𝐻𝑎𝑢𝑙

=
0.093

2.10
= 0.044 

Based on the coefficients of variation, the load process is more variable than the 

haul process.  
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3.5 LINEAR TRANSFORMATION 
This articles shows how mean, standard deviation, median, mode, and range are 

affected when data 𝑥 are linearly transformed into 𝑦 according to Eq. 3.5-1 below. 
𝑦 = 𝑘1 + 𝑘2𝑥 Eq. 3.5-1 

The coefficient 𝑘1 is function intercept and it represents a shifting scale. While 

the coefficient 𝑘2 is function slope and it represents a scaling factor. 

The mean value of "y" in terms of mean value of "𝑥" would be, 

𝑦̅ =
∑ 𝑦𝑖

𝑛
1

𝑛
=

∑ (𝑘1 + 𝑘2𝑥𝑖)𝑛
1

𝑛
=  

𝑛𝑘1

𝑛
+

𝑘2 ∑ 𝑥𝑖
𝑛
𝑖

𝑛
 

𝑦̅ = 𝑘1 + 𝑘2𝑥̅ Eq. 3.5-2 

Regarding to standard deviation, 

𝑠𝑦 =  √
∑ (𝑦𝑖 − 𝑦̅)2𝑛

1

𝑛 − 1
= √∑ ((𝑘1 + 𝑘2𝑥𝑖) − (𝑘1 + 𝑘2𝑥̅))

2𝑛
1

𝑛 − 1
=  𝑘2√

∑ (𝑥𝑖 − 𝑥̅)2𝑛
1

𝑛 − 1
 

𝑠𝑦 =  𝑘2𝑠𝑥 

As standard deviation is a positive value, then the final form of transformation 

would be: 
𝑠𝑦 =  |𝑘2|𝑠𝑥 Eq. 3.5-3 
In the same approach, one can prove the following relations: 
𝑀𝑜𝑑𝑒𝑦 =  k1 + 𝑘2𝑀𝑜𝑑𝑒𝑥 Eq. 3.5-4 
𝑀𝑒𝑑𝑖𝑎𝑛𝑦 =  k1 + 𝑘2𝑀𝑜𝑑𝑒𝑥 , 𝑘2 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 Eq. 3.5-5 
𝑅𝑎𝑛𝑔𝑒𝑦 =  |𝑘2|𝑅𝑎𝑛𝑔𝑒𝑥 Eq. 3.5-6 

 

Example 3.5-1 

Data below represents a sample of 

person's weight with mean of 60.9 kg 
and standard deviation of 5.7 kg. 
Transform mean and standard 

deviation into pound value. 
Solution 

Pound is related to kilogram based on 
following linear relation: 
𝑙𝑏 = 𝑘𝑔 × 2.2 

then 
𝑘1 = 0, 𝑘2 = 2.2 
𝑥̅𝑖𝑛 𝑝𝑜𝑢𝑛𝑑 = 2.2 × 60.9 = 134 𝑙𝑏, 𝑠𝑖𝑛 𝑝𝑜𝑢𝑛𝑑 = 2.2 × 5.7 = 12.5 𝑙𝑏 

 
Example 3.5-2 

Data below represents 

temperature in Celsius for six 

different sites. Transform mean 
and standard deviation into 

Fahrenheit. Fahrenheit and 

Celsius scales are related through 
following linear relation: 

𝑇𝐹 = 32 +
9

5
𝑇𝐶 

Solution 

𝑘1 = 32, 𝑘2 =
9

5
 

Then 

𝑥̅𝐹 = 32 +
9

5
× 30.7 = 87.3 𝐹𝑜 , 𝑠𝐹 =

9

5
× 4.6 = 8.3 𝐹𝑜  

 
 

 Weight, kg 

 55 

 67 

 66 

 64 

 61 

 53 

Mean 60.9 

Standard Deviation 5.7 

 Temperature, oC 

 26 

 35 

 35 

 33 

 30 

 25 

Mean 30.7 

Standard Deviation 4.6 
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Example 3.5-3 

For the simply supported beam shown, 
the applied force "F" has a mean value of 

50 kN and a standard deviation of 6 kN. 

What are the mean value and standard 
deviation for the reaction "R"? 

Solution 

Based on equilibrium conditions, reaction 

"R" relates to applied force "F" by the following linear relation: 

𝑅 =
1

2
𝐹 

Therefore  

𝑘1 = 0 and 𝑘2 =
1

2
 

𝑥̅𝑓𝑜𝑟 𝑅 =
1

2
𝑥̅𝑓𝑜𝑟 𝐹 =

1

2
× 50 = 25 𝑘𝑁,   𝑠𝑓𝑜𝑟 𝑅 =

1

2
𝑠𝑓𝑜𝑟 𝐹 =

1

2
× 6 = 3 𝑘𝑁 

 
Example 3.5-4 

Applied force, 𝑷 , and fixed end 

moment, 𝑴 , for cantilever beam 

shown are related to each other 

based on following relation: 
𝑀 = 𝑃𝐿 = 𝑃 × 3 = 3𝑃 

The applied force, 𝑃 , has a mean 

value of 12 kN and a standard 
deviation, 𝑠, of 5 kN. Based on linear 

transformation, what are the mean value and standard deviation of moment, 𝑀? 

Solution 
Based on linear transformation,  
𝑀̅ = 𝑘1 + 𝑘2𝑃̅ 

Based on linear relation between 𝑃 and 𝑀: 
𝑘1 = 0, 𝑘2 = 3 ⇒ 𝑀̅ = 0 + 3𝑃̅ = 3 × 12 = 36 𝑘𝑁. 𝑚 ∎ 

Standard deviations for bending moment and applied force are related to each 

other based on following relation: 
𝑠𝑀 =  |𝑘2|𝑠𝑃 ⇒ 𝑠𝑀 = 3 × 5 = 15 𝑘𝑁. 𝑚 ∎   
Example 3.5-5 

Uniformly distributed load, 𝑾, and fixed 

end moment, 𝑴, for cantilever beam 

shown are related based on following 

relation: 

𝑀 =
𝑊𝐿2

2
=

𝑊 × 52

2
= 12.5𝑊 

The uniform load, 𝑊, has a mean value 

of 40 kN/m and a standard deviation, 𝑠, 
of 5 kN/m. Based on linear 

transformation, what are the mean value and standard deviation of moment, 𝑀?. 

Solution 

Based on linear transformation,  
𝑀̅ = 𝑘1 + 𝑘2𝑊̅ 

Based on linear relation between 𝑃 and 𝑀: 
𝑘1 = 0, 𝑘2 = 12.5 ⇒ 𝑀̅ = 0 + 12.5𝑊̅ = 12.5 × 40 = 500 𝑘𝑁. 𝑚 ∎ 

Standard deviations for bending moment and uniformly distributed load are 

related based on following relation: 
𝑠𝑀 =  |𝑘2|𝑠𝑊 ⇒ 𝑠𝑀 =  12.5 × 5 = 62.5 𝑘𝑁. 𝑚 ∎  
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3.6 OTHER MEASURES* 
In addition the measures of central tendency and the measures of variation that 

have been discussed in Section 3.3 and Section 3.4, other two measures, namely 
the measure of asymmetry and the measure of peakdness, are necessary for full 

description of the data. 

3.6.1 MEASURE OF ASYMMETRY 

• The sample coefficient of skewness, 𝑔1, determined from relation 

below: 

𝑔1 =
(

1
𝑛

) ∑ (𝑥𝑖 − 𝑥̅)3𝑛
𝑖=1

𝑠3
 Eq. 3.6-1 

is nondimensional used to provides a measure of the degree of 

asymmetry about the mean of the data. 

• The coefficient is positive when more data are larger than the 
mean while it is negative when more data is lower than the mean. 

• Zero skewness results from symmetry but does not necessarily 

imply it.  
Example 3.6-1 

Compute the coefficient of skewness, 𝑔1, for beam failure load presented in Table 

3.4-1 above. 
Solution 
After computing of mean and standard deviation for the failure load: 
𝑥̅𝐹𝑎𝑖𝑙𝑢𝑟𝑒 𝑙𝑜𝑎𝑑 = 9890 𝑙𝑏 
𝑠𝐹𝑎𝑖𝑙𝑢𝑟𝑒 𝑙𝑜𝑎𝑑 = 455 𝑙𝑏 

The (𝑥𝑖 − 𝑥̅)3 for each test and their summation ∑ (𝑥𝑖 − 𝑥̅)315
𝑖=1  can be determined 

with referring to table below: 

Beam No. Failure load, lb 𝑥𝑖 − 𝑥̅ (𝑥𝑖 − 𝑥̅)3 

1 9300 -590 -205379000 

2 9300 -590 -205379000 

3 9400 -490 -117649000 

4 9500 -390 -59319000 

5 9550 -340 -39304000 

6 9550 -340 -39304000 

7 9600 -290 -24389000 

8 9900 10 1000 

9 10100 210 9261000 

10 10200 310 29791000 

11 10200 310 29791000 

12 10300 410 68921000 

13 10350 460 97336000 

14 10500 610 226981000 

15 10600 710 357911000 

  
∑(𝑥𝑖 − 𝑥̅)3

15

𝑖=1

 129270000 

Then the coefficient of skewness would be: 

𝑔1 =
(

1
𝑛

) ∑ (𝑥𝑖 − 𝑥̅)3𝑛
𝑖=1

𝑠3
=

((
1

15
) × 129270000)

4553 = 0.0915 

Therefore, data for beam failure load is skewed to the right of the mean value. Same 

conclusion can be drawn with referring to data histogram presented in below.  
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3.6.2 MEASURES OF PEAKEDNESS 

3.6.2.1 Basic Definition 

• The extent of the relative steepness of ascent in the vicinity and 
on either side of the mode in a histogram or frequency polygon is 

said to be a measure of its peakedness or tail weight.  
• This is quantified by the dimensionless sample coefficient of 

kurtosis (its is a Greek word with meaning “humped”), which is 
defined for a sample of observations, x1, x2, . . . , xn by: 

𝑔2 =  
∑ (𝑥𝑖 − 𝑥̅)4𝑛

𝑖=1

𝑛𝑠4
 Eq. 3.6-2 

 
Example 3.6-2 

Two samples have been selected randomly from two different concrete batches. 

Cylindrical compressive strength has been tested and presented in MPa as 
indicated below. For each sample, draw histogram and compute coefficient of 

kurtosis and comment on peakedness of data based on graphical aspects and 

numerical aspects. In your drawing of histogram, adopt a class width of 3.0 MPa 
for each sample data. 

Specimen No. Sample 1 Sample 2 

1 26 23 

2 25 25 

3 30 32 

4 26 30 

5 18 30 

6 29 26 

7 28 30 

8 28 26 

9 26 27 

10 32 29 

11 24 25 

12 32 25 
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Specimen No. Sample 1 Sample 2 

13 29 28 

14 28 27 

15 32 27 

16 21 29 

17 34 26 

18 26 29 

19 23 30 

20 26 25 

21 32 33 

22 37 27 

23 26 28 

24 30 26 

25 24 26 

26 29 27 

27 33 24 

28 29 29 

29 31 32 

30 30 29 

Solution 
Graphical Aspects 

Histogram for each sample data can be drawn as discussed in Chapter 2.  
As indicated in below, for comparison purposes both histograms have been drawn 
starting from same point. The histograms indicate that Sample 1 is flatter than 

Sample 2. The comparison gives an indication that Sample 1 has larger standard 

deviation and smaller peakedness, i.e. smaller coefficient of kurtosis.  

  
Numerical Aspects 

Regarding to the coefficient of kurtosis, for Sample 1, the mean and standard 

deviation can be computed as discussed previously: 
𝑥̅𝑆𝑎𝑚𝑝𝑙𝑒 1 =  28 𝑀𝑃𝑎 

𝑠𝑆𝑎𝑚𝑝𝑙𝑒 1 = 4.0 𝑀𝑃𝑎 

then, the coefficient of kurtosis can be determined with referring to table below: 

𝑔2 𝑓𝑜𝑟 𝑆𝑎𝑚𝑝𝑙𝑒 1 =  
∑ (𝑥𝑖 − 𝑥̅)4𝑛

𝑖=1

𝑛𝑠4
=

24879

30 × 44 = 3.23 ∎ 

No. Sample 1 (𝑥𝑖 − 𝑥̅)4 
1 26 10 
2 25 47 
3 30 28 
4 26 6 
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No. Sample 1 (𝑥𝑖 − 𝑥̅)4 
5 18 11124 
6 29 4 
7 28 0 
8 28 0 
9 26 13 

10 32 210 
11 24 197 
12 32 267 
13 29 2 
14 28 0 
15 32 194 
16 21 2783 
17 34 1687 
18 26 7 
19 23 435 
20 26 16 
21 32 293 
22 37 6165 
23 26 14 
24 30 36 
25 24 400 
26 29 2 
27 33 773 
28 29 0 
29 31 134 
30 30 33 

 

∑(𝑥𝑖 − 𝑥̅)4

𝑛

𝑖=1

 24879 

In the same approach, after computing mean and standard deviation for the 

Sample 2, 
𝑥̅𝑆𝑎𝑚𝑝𝑙𝑒 2 =  28 𝑀𝑃𝑎 

𝑠𝑆𝑎𝑚𝑝𝑙𝑒 2 = 2.0 𝑀𝑃𝑎 

it’s coefficient of kurtosis can be determined with referring to table below: 

𝑔2 𝑓𝑜𝑟 𝑆𝑎𝑚𝑝𝑙𝑒 2 =  
∑ (𝑥𝑖 − 𝑥̅)4𝑛

𝑖=1

𝑛𝑠4
=

2104

30 × 24 = 4.38 ∎ 

No. Sample 2 (𝑥𝑖 − 𝑥 ′̅)4 
1 23 495 
2 25 69 
3 32 199 
4 30 9 
5 30 22 
6 26 15 
7 30 32 
8 26 10 
9 27 0 

10 29 2 
11 25 81 
12 25 63 
13 28 0 
14 27 0 
15 27 4 
16 29 1 
17 26 35 
18 29 4 
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No. Sample 2 (𝑥𝑖 − 𝑥 ′̅)4 
19 30 6 
20 25 104 
21 33 441 
22 27 1 
23 28 0 
24 26 23 
25 26 5 
26 27 1 
27 24 268 
28 29 5 
29 32 202 
30 29 5 

 

∑(𝑥𝑖 − 𝑥̅)4

𝑛

𝑖=1

 2104 

Larger standard deviation and smaller kurtosis for Sample 1 comparing with those 

of Sample 2, indicate that Sample 1 has larger variation and smaller peakedness 

comparing with Sample 2. 
Engineering Important for Conclusions 

Irrespective they have been concluded from graphs or from numerical measures, 

larger standard deviation and smaller coefficient of kurtosis for Sample 1 
comparing with Sample 2 indicate that it has been produced under a process with 

a smaller quality control comparing with that process adopted to produce Sample 
2.  
3.6.2.2 Data Modeling with the Normal Curve 

• According to their coefficient of kurtosis, the curves can be 
classified into three types indicated Figure 3.6-1 below. 

 
Figure 3.6-1: Three types of curves according their coefficient of kurtosis.  

• The normal curve, sometimes called bell shape or Gaussian 

curve, is one of the most common probability models. It is usually 
used to model different natural phenomena and industrial 

processes. 

• The normal curve has a coefficient of kurtosis of three. This basic 

feature is usually used in statistical analysis to show how data is 
closed to normal curve through comparing its coefficient of 

kurtosis with standard value of three.  

• Referring to Example 3.6-2 above, one concludes that Sample 1 
that has a coefficient of kurtosis of 3.23 is closer to the normal 

curve than Sample 2 that has a coefficient of kurtosis of 4.38. 
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Therefore, the normal model is more suitable to simulate data of 
Sample 1 than data of Sample 2. This fact can be concluded from 

graphical interpretation when the normal curve is added to the 

histograms of data as indicated in below. 
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3.7 MEASURES OF POSITION* 
• These measures aim to locate a specific data is located relative to 

the other data in a sample or population. They include: 
o Standard scores,  

o Percentiles,  

o Deciles,  

o Quartiles.  
• For example,  

o If a value is located at the 80th percentile, it means that 80% 

of the values fall below it in the distribution and 20% of the 

values fall above it.  

o The median is the value that corresponds to the 50th 

percentile, since one-half of the values fall below it and one-half 
of the values fall above it.  

3.7.1 STANDARD SCORES 

• There is an old saying, “You can’t compare apples and oranges”. 
However, with the use of statistics, it can be done to some extent.  

• Suppose that a student scored 90 on a music test and 45 on an 

English exam.  
o Direct comparison of raw scores is impossible, since the exams 

might not be equivalent in terms of number of questions, value 

of each question, and so on.  

o However, a comparison of a relative standard similar to both 

can be made. This comparison uses the mean and standard 
deviation and is called a standard score or z score.  

• A standard score or z score tells how many standard deviations a 
data value is above or below the mean for a specific distribution of 
values. In general, it is computed according to Eq. 3.7-1 below: 

𝑧 =
𝑣𝑎𝑙𝑢𝑒 − 𝑚𝑒𝑎𝑛

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛
 Eq. 3.7-1 

• For samples, the formula Eq. 3.7-1 would be: 

𝑧 =
𝑥 − 𝑥̅

𝑠
 Eq. 3.7-2 

• While for population, the formula would be: 

𝑧 =
𝑥 − 𝜇

𝜎
 Eq. 3.7-3 

• Note: 
o If the z score is positive, the score is above the mean.  

o If the z score is 0, the score is the same as the mean.  

o If the z score is negative, the score is below the mean. 

o As indicated in formulation Eq. 3.7-1, standard score, 𝑧, is a 

nondimensional number. 

o It is insensitive for scaling nor for units system adopted.  
Example 3.7-1: (Positive z Score) 

A student scored 65 on a calculus test that had a mean of 50 and a standard 

deviation of 10; she scored 30 on a history test with a mean of 25 and a standard 
deviation of 5. Compare her relative positions on the two tests. 

Solution 

First, find the z scores. For calculus the z score is 

 
For history the z score is 
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Since the z score for calculus is larger, her relative position in the calculus class 

is higher than her relative position in the history class. 

The calculus score of 65 was actually 1.5 standard deviations above the mean 

of 50.  
Example 3.7-2 (Negative z Score) 

Find the z score for each test, and state which is higher. 

 
Solution 

For test A, 

 
For test B, 

 
The score for test A is relatively higher than the score for test B.  
3.7.2 PERCENTILES* 

 
3.7.2.1 Difference between Percentages and Percentiles: 

• Percentiles are not the same as percentages.  

• That is, if a student gets 72 correct answers out of a possible 
100, she obtains a percentage score of 72.  

• There is no indication of her position with respect to the rest of 
the class. She could have scored the highest, the lowest, or 

somewhere in between.  
• On the other hand, if a raw score of 72 corresponds to the 64th 

percentile, then she did better than 64% of the students in her 

class. 

3.7.2.2 Percentiles Symbols 

Percentiles are symbolized by: 

 
and divide the distribution into 100 groups. 

 
3.7.2.3 Construction of Percentiles Graphs 

Percentile graphs use the same values as the cumulative relative frequency 
graphs described previously, except that the proportions have been converted to 

percent.  
Example 3.7-3 (Construction of Percentiles Graph) 

The frequency distribution for the blood pressure readings (in millimeters of 

mercury, mm Hg) of 200 randomly selected college students is shown here. 

Construct a percentile graph. 
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Solution 
Step 1 

Find the cumulative frequencies and place them in column C. 

 
Step 2 

Find the cumulative percentages 
and place them in column D. To 

do this step, use the formula 

𝐶𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑣𝑒 % =
𝐶𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑣𝑒 𝑓𝑟𝑒𝑞.

𝑛
× 100 

Step 3  

Graph the data, using class 

boundaries for the x axis and the 

percentages for the y axis, as 

shown in Figure below. 
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Use of Percentiles Graph: 
• Once a percentile graph has been constructed, one can: 

o Find the approximate corresponding percentile ranks for 

given blood pressure values. 

o Or find approximate blood pressure values for given 

percentile ranks. 

• For example, to find the percentile rank of a blood pressure 

reading of 130, find 130 on the x axis of Figure below, and draw 

a vertical line to the graph. Then move horizontally to the value 

on the y axis. Note that a blood pressure of 130 corresponds to 

approximately the 70th percentile. 

 
• If the value that corresponds to the 40th percentile is desired, 

start on the y axis at 40 and draw a horizontal line to the graph. 

Then draw a vertical line to the x axis and read the value. In 

below, the 40th percentile corresponds to a value of 
approximately 118. 
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3.7.2.4 Percentile Formula 

• Finding values and the corresponding percentile ranks by using a 

graph yields only approximate answers. Several mathematical 
methods exist for computing percentiles for data.  

• These methods can be used to: 

o Find the approximate percentile rank of a data value  

o Or to find a data value corresponding to a given percentile.  

3.7.2.5 Formula Approximate Percentile Rank of a Data Value 

The percentile corresponding to a given value X is computed by using the 

following formula: 

  
Example 3.7-4 

A teacher gives a 20-point test to 10 students. The scores are shown here. Find 

the percentile rank of a score of 12. 

 
Solution 

Arrange the data in order from lowest to highest. 

 
Then substitute into the formula. 

 
Since there are six values below a score of 12, the solution is 

 
Thus, a student whose score was 12 did better than 65% of the class.  
3.7.2.6 Finding a Data Value Corresponding to a Given Percentile: 

The steps for finding a value corresponding to a given percentile are summarized 

below: 

  
Example 3.7-5 

Using the scores in previous Example, find the value corresponding to the 25th 

percentile. 

 
Solution 
Step 1  
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Arrange the data in order from lowest to highest. 

 
Step 2  

Compute 

 
where 

 
Thus, 

 
Step 3  

If c is not a whole number, round it up to the next whole number; in this case, 
𝑐 = 3 

Start at the lowest value and count over to the third value, which is 5. Hence, the 

value 5 corresponds to the 25th percentile. 

  
Example 3.7-6 

Using the scores in previous Example, find the value corresponding to the 60th 
percentile. 

 
Solution 
Step 1  
Arrange the data in order from smallest to largest. 

 
Step 2  
Substitute in the formula. 

 
Step 3  

If c is a whole number, use the value halfway between the c and c + 1 values when 

counting up from the lowest value in this case, the 6th and 7th values. 

 
The value halfway between 10 and 12 is 11. Find it by adding the two values and 

dividing by 2. 

 
Hence, 11 corresponds to the 60th percentile. Anyone scoring 11 would have 

done better than 60% of the class.  
3.7.3 DECILES* 

Deciles divide the distribution into 10 groups, as shown. They are denoted by D1, 

D2, etc. 
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3.7.4 QUARTILES 

3.7.4.1 Definition 

Quartiles divide the distribution into four groups, separated by Q1, Q2, Q3. 

 
3.7.4.2 Finding Procedures 

Method for finding quartiles is found in this Procedure Table. 

  
Example 3.7-7 

Find Q1, Q2, and Q3 for the data set 

 
Solution 

Step 1  

Arrange the data in order. 

 
Step 2  

Find the median (Q2). 

 
Step 3  
Find the median of the data values less than 14. 

 
Step 4  

Find the median of the data values greater than 14. 
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3.7.5 DETERMINATION OF OUTLIERS 

3.7.5.1 Definition 

A data set should be checked for extremely high or extremely low values. These 

values are called outliers. 

 
3.7.5.2 Outliers Importance 

• An outlier can strongly affect the mean and standard deviation of 

a variable.  

• For example, suppose a researcher mistakenly recorded an 
extremely high data value. This value would then make the mean 

and standard deviation of the variable much larger than they 

really were.  
• Outliers can have an effect on other statistics as well. 

3.7.5.3 Causes for Outliers 

There are several reasons why outliers may occur.  
• First, the data value may have resulted from a measurement or 

observational error. Perhaps the researcher measured the variable 

incorrectly.  

• Second, the data value may have resulted from a recording error. 
That is, it may have been written or typed incorrectly.  

• Third, the data value may have been obtained from a subject that 
is not in the defined population. For example, suppose test scores 

were obtained from a seventh-grade class, but a student in that 
class was actually in the sixth grade and had special permission to 

attend the class. This student might have scored extremely low on 
that particular exam on that day. 

• Fourth, the data value might be a legitimate value that occurred 
by chance (although the probability is extremely small). 

3.7.5.4 Check a Data Set for Outliers 

There are several ways to check a data set for outliers. One method is shown in 
this Procedure Table. 

 
Example 3.7-8 

Check the data set of Example 3.7-7 above for outliers. 

 
Solution 

The data value 50 is extremely suspect. These are the steps in checking for an 

outlier. 
Step 1  

Find Q1 and Q3. This was done in Example above; Q1 is 9 and Q3 is 20. 

Step 2  
Find the interquartile range (IQR), which is Q3 _ Q1. 
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Step 3  
Multiply this value by 1.5. 

 
Step 4  

Subtract the value obtained in step 3 from Q1, and add the value obtained in step 

3 to Q3. 

 
Step 5  

Check the data set for any data values that fall outside the interval from -7.5 to 

36.5.  

The value 50 is outside this interval; hence, it can be considered an outlier.  
Home Work 3.7-1 

Data indicated in Table 3.7-1 below, represents sulfate content, in form of 𝑆𝑂3, 

for a site in Baghdad. Does the data contain outlier values? 
Table 3.7-1: Sulfate content in form of 𝑺𝑶𝟑 for Home Work 3.7-1. 

So3  

.06 .05 

.05 .08 

.08 .06 

.07 .09 

.07 .07 

.08 .22 

.08 .07 

.06 .06 

.09 .05 

.07 .08 

.07 .07 

.07 .07 

.06 .05 

Answers 

Yes, the value of 0.22 represents an outlier reading.   
Home Work 3.7-2 

Data in Table 3.7-2 represents cubical compressive strength at age of one day 

for concrete adopted in a sliding form construction process similar to that 
indicated in Figure 3.7-1 below. Does this data include any outlier values? 

Figure 3.7-1: Sliding form 

construction. 

 
Table 3.7-2: Cubical compressive strength for concrete at age of one day in MPa. 

Specimen No.  𝑓𝑐𝑢 𝑀𝑃𝑎 
1 35.58 
2 34.48 
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Specimen No.  𝑓𝑐𝑢 𝑀𝑃𝑎 
3 27.14 
4 25.45 
5 27.04 
6 26.3 
7 45.56 
8 46.15 
9 26.18 

10 39.8 

11 39.3 
12 19.52 
13 21.66 
14 29.89 
15 30.91 

Answer 

𝑄1 = 26.18 𝑀𝑃𝑎, 𝑄2 = 29.89 𝑀𝑃𝑎, and 𝑄3 = 39.3 𝑀𝑃𝑎 
𝐼𝑄𝑅 = 𝑄3 − 𝑄1 = 39.3 − 26.18 = 13.12 𝑀𝑃𝑎 
𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑉𝑎𝑙𝑢𝑒 = 46.15 𝑀𝑃𝑎 < 39.3 + 1.5 × 13.12 ≈ 59 𝑀𝑃𝑎, ∴ 𝑁𝑜 𝑜𝑢𝑡𝑙𝑖𝑒𝑟 
𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑉𝑎𝑙𝑢𝑒 = 19.52 𝑀𝑃𝑎 > 26.18 − 1.5 × 13.12 ≈ 6.50 𝑀𝑃𝑎, ∴ 𝑁𝑜 𝑜𝑢𝑡𝑙𝑖𝑒𝑟  
3.7.5.5 Box Plot* 

• Box plot is a useful technique adopted by most of statistical 

software to described distribution of data and diagnose outliers if 
any. 

• As box plot is usually drawn with aid of a software, therefore its 
details have been presented in this article with referring to SPSS 
software. 

• With referring to data of Example 3.7-8 above, steps for drawing 
Box plot in SPSS have been presented in Figure 3.7-2 below. 

 
Figure 3.7-2: Steps to draw a Box plot in SPSS environment.  
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• When pressing ok button, the SPSS box plot would be as indicated 
in Figure 3.7-3 below. Some interest values are indicated also.  

• In SPSS, a value far by more than 1.5IQR from ends of box is 

called an outlier and it is indicated with a circle “o” while a value 

far by more than 3IQR from ends of box is called extreme outlier 

and it is indicated with an asterisk “*”.  

 

Figure 3.7-3: Box plot in 

SPSS environment for 

data of Example 3.7-8.   
Example 3.7-9 

Use SPSS software to resolve Example 3.7-8 above when the 50 value is change 

into 100. 
Solution 

When 50 value is change into 100, the box plot in SPSS environment would be 
as indicated in Figure 3.7-4 below. As the value is far from box upper end by 

more that 3IQR 
100 > 20 + 3 × 11 = 53 

therefore it has been classified as an extreme outlier value and indicated with an 

asterisk “*” instead of “o” as done in Example 3.7-8 above.  

 

Figure 3.7-4: Box plot in 

SPSS environment for data 

of Example 3.7-9.  
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Home Work 3.7-3 

Resolve Home Work 3.7-1 above with using box plot. According to SPSS notation, 
does the value of 0.22 represent an outlier or extreme outlier?  

Answer 

The box plot is indicated in Figure 3.7-5 below. According to notations of SPSS, 
the value of 0.22 is classified as an extreme outlier.  

Figure 3.7-5: Box plot for 
Home Work 3.7-3.   
Home Work 3.7-4 

Using box plot, resolve Home Work 3.7-2 above for sliding form construction to 
show if there is any outlier. 

Answer 
The box plot is indicated in Figure 3.7-6 below. According to SPSS box plot, 
there is no outlier in the data. 

Figure 3.7-6: Box 

plot for Home 

Work 3.7-4.   
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CHAPTER 4  

PROBABILITY AND 

COUNTING RULES 
4.1 INTRODUCTION 
4.1.1 CHAPTER LAYOUT 

• Many people are familiar with probability from observing or playing 
games of chance. 

• In addition to being used in games of chance, probability is the 

basis of inferential statistics. 

• The basic concepts of probability are explained in this chapter. 
These concepts include: 

o Probability experiments and sample spaces. These include rules 

for counting. 
o Deferent interpretations for probability.  

o Addition rule, multiplication rule, probabilities of complementary 

events, and conditional probability. 

4.1.2 PROBABILITY THEORY IN ENGINEERING  

• Every engineering problem involves phenomena that exhibit 

scatter of the type illustrated in the previous chapters.  
• To deal with such situations in a manner in which incorporates this 

variability in his analyses, the engineer makes use of the theory of 

probability, a branch of mathematics dealing with uncertainty. 

4.1.3 SOURCES FOR UNCERTAINTY IN ENGINEERING 

• Uncertainty is introduced into engineering problems through the: 

o Through lack of sufficient data: 
Lacking a full-depth hole, the depth of soil to rock at a building 

site can only be estimated. This uncertainty is the result of 

incomplete information. 

o Variation inherent in nature: 
This type of uncertainty occurs even one surveys whole 

population.  

For example, even with a long history of data, one cannot predict 
the maximum flood that will occur in the next 10 years in a given 

area. This uncertainty is a product of natural variation. 

Both the depth to rock and the maximum flood are uncertain, 
and both can be dealt with using the same theory, namely the 

probability theory. 

o Through man's lack of understanding of all the causes and 

effects in physical systems  

• As a result of uncertainties like those mentioned above, the future 

can never be entirely predicted by the engineer.  

• The engineer must, rather, consider the possibility of the 

occurrence of particular events and then determine the likelihood 

of their occurrence.  

4.1.4 MODELING IN ENGINEERING 

• A fundamental step in any engineering investigation is the 

formulation of a set of mathematical models that is, descriptions of 
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real situations in a simplified, idealized form suitable for 

computation.  

• In civil engineering, one frequently: 

o Ignores friction,  

o Assumes rigid bodies,  

o Adopts an ideal fluid  

to arrive at relatively simple mathematical models, which are 

amenable to analysis by arithmetic or calculus.  

4.1.5 DETERMINISTIC VERSUS PROBABILISTIC MODELS 

• Frequently the models in engineering are deterministic, where a 
single number describes each independent variable and a formula 

(a model) predicts a specific value for the dependent variable.  

• When the element of uncertainty, owing to: 

o Natural variation, 
o Or incomplete professional knowledge,  

is to be considered explicitly, the models derived are probabilistic 

and subject to analysis by the rules of probability theory.  
• In the probabilistic model, the values of the independent variables 

are not known with certainty, and thus the variable related to them 

through the physical model cannot be precisely predicted.  
• In addition, the physical model may itself contain elements of 

uncertainty. Many examples of both situations will follow. 
 

Example 4.1-1 

For the simply supported beam shown below, 
where a deterministic or probabilistic model is 

adopted? 

Solution 

When deterministic model is adopting, as in Engineering Mechanic, the 
magnitude, position, and direction for applied force, P, are assumed completely 

defined.  

While when we are 
uncertain about, 

for example, the 

magnitude of 

applied force, P, 
we should adopt a 

probabilistic 
model where 

frequency 

distributions for 

reactions, 𝑅1  and 

𝑅2 , are 

determined from 

frequency 

distribution for the 
applied force, P.  

 

4.1.6 COMMON EXAMPLES IN PROBABILITY THEORY 

As theory of probability grew out of the study of various games of chance, then 
following common examples are usually used to explain of probability basic 

concepts. 
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• Coins Examples: 

 
• Dice or Die (old name) Examples: 

 
• Cards Examples: 

 

 
• Since these devices lend themselves well to the application of 

concepts of probability, they will be used in this chapter as 

examples. 

4.2 SAMPLE SPACE 
4.2.1 DEFINITION 

• Processes such as flipping a coin, rolling a die, or drawing a card 

from a deck are called probability experiments. 
• An outcome is the result of a single trial of a probability 

experiment. 
• A sample 

space is 

the set of 

all 
possible 

outcomes 

of a probability experiment. Some sample spaces for various 

probability experiments are shown here. 
 

Example 4.2-1 

Find the sample space for rolling 

two dice. 

Solution 

Since each die can land in six 
different ways, and two dice are 

rolled, the sample space can be 

presented by a rectangular array, 

as shown in Figure below. The 
sample space is the list of pairs of 

numbers in the chart.  
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Example 4.2-2 

Find the sample space for drawing one card from an ordinary deck of cards. 

Solution 

Since there are 4 suits and 13 cards for each suit (ace through king), there are 

52 outcomes in the sample space.  
 

Example 4.2-3 

Find the sample space for the gender of the children if a 
family has three children. Use B for boy and G for girl. 

Solution 

In previous examples, the sample spaces were found by 

observation and reasoning; however, another way to 

find all possible outcomes of a probability experiment is 
to use a tree diagram. 

1. Since there are two possibilities (boy or girl) 

for the first child, draw two branches from a 

starting point and label one B and the other 
G.  

2. Then if the first child is a boy, 

there are two possibilities for 
the second child (boy or girl), 

so draw two branches from B 
and label one B and the other 

G. Do the same if the first 
child is a girl.  

3. Follow the same procedure 

for the third child. The 
completed tree diagram is 

shown in in Figure below: 
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Example 4.2-4, Traffic Example 

Suppose that a traffic engineer goes to a particular street intersection exactly at 

noon each weekday and waits until the traffic signal there has gone through one 
cycle. The engineer records the number of southbound vehicles which had to 

come to a complete stop before their light turned green. If a minimum vehicle 
length is 15 ft and the block is 300 ft long, the maximum possible number of cars 
in the queue is 20.  

If only the total number of vehicles is of interest, what is the sample space for 
this experiment? 

Solution 

The sample space 

is a set of 21 points 

labeled, say,  

𝐸0, 𝐸1, … … … … . . , 𝐸20 

each associated 

with a particular number of observed vehicles. These might be represented as in 

Figure below.  
 

Example 4.2-5 

What is the sample space for experiment of previous example when the engineer 

needed other information regarding for differentiating between trucks and 

automobiles? 

Solution 

As more information are required, then the sample space for the experiment 

would then be larger, containing an individual sample point 𝐸𝑖,𝑗 for each possible 

combination of 𝑖 cars and 𝑗 trucks such that the maximum value of 

𝑖 +  𝑗 =  20 

Therefore, sample space would be as in shown in Figure below. 
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Example 4.2-6 

In testing the ultimate strength of reinforced-concrete beams, what is sample 

space when testing machine is only sensitive to the nearest 50 lb. 

 
Solution 

The sample space for the experiment consists of a set of points, each associated 
with an outcome, 

0, 50, 100, . . . , 𝑜𝑟 𝑀 𝑙𝑏 

where 𝑀 maximum capacity of testing machine, a multiple of 50 lb. 
 

Example 4.2-7 

Resolve previous example of testing machine with assuming the machine is so 

precise that can match any load value between zero and its maximum capacity, 

𝑀 𝑙𝑏. 
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Solution 

Instead of discrete sample 
space of previous example, 

the sample space is a 

continuous one from zero to 

𝑀 𝑙𝑏. In set notation, sample 

space can be written as, 

Ω ≡ {𝑆: 0 ≤ 𝑆 ≤ 𝑀} 

where  

Ω is the sample space, 

𝑆 is strength of a reinforced 

concrete beam measured by 

proving ring, in lb. 

𝑀 is the maximum strength of proving ring, in lb. 
 

Example 4.2-8, Wind Direction in an Airport Site 

In an airport site, what is the sample space of wind direction for an observing 

tower located in an open region? 

Solution 

Assuming completely open region and 

neglecting seasonal effect, wind can blow from 
any side and sample space would be: 

Ω ≡ {𝑊𝐷: 0𝑜 ≤ 𝑊𝐷 < 360𝑜} 

 

 
 

Example 4.2-9 

The amount of water, 𝑆 , stored in a 

reservoir varies with time from 0 to c, the 

active reservoir capacity, owing to the 

combined effect of inflows and outflows 
(see Figure below). What is the sample 

space for water in this reservoir? 
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Solution 

As flood control storage, for 
example a spillway, works 

just when water reaches 

maximum level, 𝐶 , then the 

sample space will be: 

Ω ≡ {𝑆: 0 ≤ 𝑆 < 𝑐} 

Graphically, the sample space 
will be: 

 

 

4.2.2 EVENT 

4.2.2.1 BASIC DEFINITION 

• An outcome was defined previously as the result of a single trial of 
a probability experiment. In many problems, one must find the 

probability of two or more outcomes. 

• For this reason, it is necessary to distinguish between an outcome 

and an event. 

 
• An event can be one outcome or more than one outcome, then 

events could be classified into: 
o Simple Event 

It is an event that consists from single outcome. For example 

getting 6 in die rolling. 
o Compound Event  

It is an event that consists from more than one outcome. For 
example, getting odd number in die rolling. 

 

Example 4.2-10 

In an experiment to measure beam 

strength expressed in terms of maximum 
point load, in pound, applied at mid-span 
of beam, sketch following events:  

𝐷1 =  [𝑡ℎ𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑤𝑎𝑠 10101] 

𝐷2 =  [𝑡ℎ𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑤𝑎𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 10,000, 𝑡ℎ𝑎𝑡 𝑖𝑠, >  10,000] 

𝐷3 =  [𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑤𝑎𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 9000 𝑏𝑢𝑡 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑜𝑟 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 

10,000, 𝑡ℎ𝑎𝑡 𝑖𝑠, >  9000 𝑎𝑛𝑑 ≤;  10,000] 

Solution 

The sketch for aforementioned 
event is presented in below: 

 

 
 

4.2.2.2 RELATIONSHIPS AMONG EVENTS 

Events in a sample space may be related in a number of ways: 

4.2.2.2.1 Mutually Exclusive Events 

The events are said to be mutually exclusive or disjoint when events contain no 

sample point in common. 
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Example 4.2-11 

For the Example 4.2-4, Traffic Example, if events A and B are defined as: 

A, "fewer than 6 stopped vehicles were observed" 

B, "more than 10 stopped vehicles were observed" 

then, are the two events mutually exclusive? 

Solution 

If two events are 

shaded on sample 

space as shown in 

the indicated, one 

concludes that 
events are mutually 

exclusive, as they 

have no common 
sample point. 

 

Example 4.2-12 

Are events 𝐷1, and 𝐷3 or 𝐷2 and 𝐷3 of Example 4.2-10 above mutually exclusive?  

Solution 

For convenience, definitions 

and graphical description of 
events are represented in 

below: 

𝐷1 =  [𝑡ℎ𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑤𝑎𝑠 10,101] 

𝐷2 =  [𝑡ℎ𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑤𝑎𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 10,000, 𝑡ℎ𝑎𝑡 𝑖𝑠, >  10,000] 

𝐷3 =  [𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑤𝑎𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 9000 𝑏𝑢𝑡 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑜𝑟 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 

10,000, 𝑡ℎ𝑎𝑡 𝑖𝑠, >  9000 𝑎𝑛𝑑 ≤ 10,000] 

The events 𝐷1 and 𝐷3, defined above are mutually exclusive as they have no 

common point. 

The 𝐷2  and 𝐷3  are also mutually exclusive, owing to the care with which the 

inequality (≤) and strict inequality (>) have been written at 10,000. 
 

4.2.2.2.2 Intersection Events 

If a pair of events A and B are not mutually exclusive, the set of points which 

they have in common is called their intersection, denoted 𝐴 ∩ 𝐵. 
 

4.2.2.2.3 Collectively Exhaustive Events 

 

 

 
 

Example 4.2-13 

For the Example 4.2-4, Traffic Example, if events A and C are defined as: 

A, "fewer than 6 stopped vehicles were observed" 

C, "from four to eight stopped vehicles were observed" 

then, are the two events mutually exclusive? 
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Solution 

If two events are 
shaded on sample 

space as shown in 

the figure, one 

concludes that 
events are not 

mutually exclusive 
as they have common sample points. 

 

Example 4.2-14 

Are events 𝐷1, and 𝐷2 of Example 4.2-10 above mutually exclusive? 

Solution 

For convenience, definitions 

and graphical description of 
events are represented in 

below: 

𝐷1 =  [𝑡ℎ𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑤𝑎𝑠 10101] 

𝐷2 =  [𝑡ℎ𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑤𝑎𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 10,000, 𝑡ℎ𝑎𝑡 𝑖𝑠, >  10,000] 

𝐷3 =  [𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑤𝑎𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 9000 𝑏𝑢𝑡 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑜𝑟 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 

10,000, 𝑡ℎ𝑎𝑡 𝑖𝑠, >  9000 𝑎𝑛𝑑 ≤;  10,000] 

The intersection of the events 𝐷1 and 𝐷2, in Figure above is simply the event 𝐷1, 

itself. 

If the intersection of two events is equivalent to one of the events, that event 

is said to be contained in the other. This is written  

𝐷1 ⊂ 𝐷3 

where operator ⊂ read as a subset. 
 

4.2.2.2.4 The Union of Two Events 

The union of two events A and C is the event which is the collection of all sample 

points which occur at least once in either A or C, written 𝐴 ∪  𝐶. 
 

Example 4.2-15 

For the Example 4.2-4, Traffic Example, if events A and C are defined as: 

A, "fewer than 6 stopped vehicles were observed" 

C, "from four to eight stopped vehicles were observed" 

What is the union of the events A and C? 

Solution 

The union of the 

events A and C is 

presented 
graphically in the 

indicated figure. 
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4.2.2.2.5 Complementary Events 

The complement of an event E is the set of outcomes in the sample space that 

are not included in the outcomes of event E. The complement of E is denoted by 

𝐸𝑐. 

Above definition is valid irrespective the type of interpretation that adopted. 
 

Example 4.2-16 

Find the complement of each event. 

a. Rolling a die and getting a 4 

b. Selecting a month and getting a month that begins with a J 

c. Selecting a day of the week and getting a weekday 

Solution 

a. Getting a 1, 2, 3, 5, or 6 

b. Getting February, March, April, May, August, September, October, 

November or December 

c. Getting Saturday or Sunday 
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4.2.2.3 VENN DIAGRAM 

•  Venn diagrams were developed by 

mathematician John Venn and are used in set 
theory and symbolic logic.  

• Such diagrams provide a very useful visual 

representation of sets and set operations such as 

the complement, union, intersection, and other 
combinations.  

• Because sample points, sample spaces, and 

events are sets, one can use this type of 

illustration to show the events in a sample space 

and important relationships among events. 

• Because the algebra of events is analogous to 
areas on a plane, Venn diagrams such as those 

of Figure 4.2-1 are most helpful for 

interpretation. 

 
Figure 4.2-1: Venn diagrams representing the sample space and different 

random events. 

 
John Venn, (4 August 

1834–4 April 1923) 
was an English 
mathematician, 

logician and 
philosopher noted for 
introducing the Venn 
diagram, used in the 

fields of set theory, 
probability, logic, 
statistics, competition 

math, and computer 
science.  
In 1866, Venn 

published The Logic of 
Chance, a ground-
breaking book which 
adopted the frequency 

theory of probability, 
offering that 
probability should be 

determined by how 
often something is 
forecast to occur as 

opposed to “educated” 
assumptions.  
Venn then further 
developed George 

Boole's theories in the 
1881 work Symbolic 
Logic, where he 

highlighted what 
would become known 
as Venn diagrams. 
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4.2.3 TWO-DIMENSIONAL SAMPLE SPACE 

Two-dimensional sample space is useful when where the experiment involves 

observing two numbers, for example the number of cars and the number of 

trucks. 
 

Example 4.2-17 

Represent sample space for Example 4.2-4, Traffic Example in terms of two-
dimensional sample space. 

Solution 

For convenience, the 

original sample space for 

Example 4.2-4, Traffic 
Example is represented in 

below, 

In terms of two-dimensional, the 

sample space is shown below. 

Where each point on the grid 
represents a possible outcome, a 

sample point. 

 

 

Example 4.2-18 

Use two-dimensional sample space to describe the sample space for an 
experiment concerns with direction and speed of wind in an airport site.  

Solution 

The two-dimensional sample 

space for wind speed and 

direction is presented in 

below. Wind is implicitly 
assumed to blow from any 

direction and has no upper 

bound velocity limit.  
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4.2.4 CONDITIONAL SAMPLE SPACE 

If the engineer is interested in the possible outcomes of an experiment given that 

some event A has occurred, the set of events associated with event A can be 

considered a new, reduced sample space called as conditional sample space. 
 

Example 4.2-19 

For the Example 4.2-4, Traffic Example, what is conditional sample space if we 
only concern with observation of two or fewer trucks? 

Solution 

After excluding more than two 

trucks from two-dimensional 

sample space for Example 4.2-4, 
Traffic Example, its conditional 

sample space would be as shown 

below: 

 

 

 

 
 

Example 4.2-20 

For the experiment concerns with wind direction and speed in an airport site, 
what is the conditional sample space if the engineer interests only with wind 

velocity greater than 20 mph? 

Solution 

Assuming wind to blow from any 
direction and has no upper bound 

velocity limit, the conditional 

sample space would be: 

 

 

 

 

 

 

 

 
 

Example 4.2-21 

A civil engineer is asked to assess the reliability of a balcony overlooking a football 
stadium. The maximum number of people who can be accommodated in the 

balcony is 20. The weight of an individual can be approximately 50, 75, or 100 

kg. 

(a) Sketch the sample space. 

(b) Show the following events involving numbers of people and their weights 

at any time: 

A ≡ {there are more than 16 people in the balcony}, 

B ≡ {the total weight of people in the balcony is 1500 kg}, 

C ≡ {there are more than 15 people of the maximum weight}. 

Solution 

The sample space is shown below: 
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Events A, B, and C are shown in below: 
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B   {the total weight of people in 

the balcony is 1500 kg}

C   {there are more than 15 people 

of the maximum weight}
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Example 4.2-22 

A reservoir impounds water from a stream X and receives water Y deviated via a 
tunnel from an adjoining catchment. The annual inflow from source X can be 

approximated to 1 or 2 or 3 units of 106 m3, and that from source Y is 2 or 3 or 

4 units of 106 m3. On an appropriate sample space, show the following events: 

A ≡ {source X is less than 3 units}. 

B ≡ {source Y is more than 2 units}. 

Solution 

Sample space is shown below: 

 
Event A ≡ {source X is less than 3 units} is shown below: 

 
While event B ≡ {source Y is more than 2 units} will be: 
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Example 4.2-23 

Use two-dimensional sample space to 
describe sample space for reactions 𝑅𝐴 

and 𝑅𝐵  of a simply supported beam 

shown below. The concentered force, 𝑃, 

can move anywhere between points A 

and B. 

Then indicate the events B1 
corresponding to location 0 ≤ x ≤ L/2, 

and B2, with L/2 < x ≤ L, are mutually 

exclusive? 

Solution 

From engineering mechanics, one can show that: 

𝑅𝐴 = 𝑃 ×
𝐿 − 𝑥

𝐿
,     𝑅𝐵 = 𝑃 ×

𝑥

𝐿
 

Therefore, the relation is linear and one needs two points to draw sample space. 

When force 𝑃 acts at point A,  

𝑅𝐴 = 𝑃, 𝑅𝐵 = 0 

while when force 𝑃 acts at point B, 

𝑅𝐴 = 0,        𝑅𝐵 = 𝑃 

The sample space is shown in Figure below: 

RB

RA

P

P
 

With events 𝐵1 and 𝐵2 indicated on it, sample space would be 

RB

RA

P

P
 

The events 𝐵1 and 𝐵2 are mutually exclusive. 
 

  

P
Beam Span, L

A B

RA RB

x L-x
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4.3 COUNTING RULES FOR SAMPLE SPACE 
Instead of computing number of all possible outcomes for an experiment based 

on drawing of a related tr-e or sample space (these methods may be time-

consuming and inapplicable in sometimes) following three mathematical 
methods could be used: 

• Fundamental counting rule. 
• Permutation rule. 

• Combination rule. 

These rules are explained below. 

4.3.1 THE FUNDAMENTAL COUNTING RULE 

4.3.1.1 BASIC CONCEPTS 

In a sequence of 𝑛 events in which the first one has 𝑘1 possibilities and the second 

has 𝑘2 and the third has 𝑘3, and so forth, the total number of possibilities of the 

sequence will be: 

Total number of possibilities = k1. 𝑘2. 𝑘3. … … 𝑘𝑛 Eq. 4.3-1 

Note: In this case and means to multiply. 
 

Example 4.3-1 

A coin is tossed, and a die is rolled. Find the number of outcomes for the sequence 
of events. 

Solution 

This example could be solved 

based on tree method and as 

shown below: 

Or could be solved based on 
fundamental counting rule that 

based on following reasoning:  

Since the coin can land either 
heads up or tails up and since 

the die can land with any one 
of six numbers showing face 
up, then there are 

𝑃𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠 =  2𝐶𝑜𝑖𝑛 ×  6𝐷𝑖𝑒

=  12 

 

 

 
 

Example 4.3-2 

A paint manufacturer wishes to manufacture several different paints. The 

categories include: 

 
How many different kinds of paint can be made if you can select one color, one 

type, one texture, and one use? 
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Solution 

You can choose one color and one type and one texture and one use. Since there 
are 7 color choices, 2 type choices, 3 texture choices, and 2 use choices, the total 

number of possible different paints is: 

𝑃𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠 = 7𝐶𝑜𝑙𝑜𝑟 × 2𝑇𝑦𝑝𝑒 × 3𝑇𝑒𝑥𝑡𝑢𝑟𝑒 × 2𝑈𝑠𝑒 = 84 
 

Example 4.3-3 

There are four blood types, A, B, AB, and O. Blood can also be Rh+ and Rh-. 

Finally, a blood donor can be classified as either male or female. How many 

different ways can a donor have his or her blood labeled? 

Solution 

Based on tree diagram, the 

possible outputs are presented in 

the indicated tree. 

Based on fundamental computing 
rule: Since there are 4 

possibilities for blood type, 2 

possibilities for Rh factor, and 2 
possibilities for the gender of the 

donor, there are: 

𝑃𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠
=  4𝐵𝑙𝑜𝑜𝑑 𝑡𝑦𝑝𝑒 ×  2𝑅𝐻

×  2𝐺𝑒𝑛𝑑𝑒𝑟 = 16 

 

 

 

 

 

 

 

 
 

4.3.1.2 NOTES ABOUT REPETITIONS 

When determining the number of different possibilities of a sequence of events, 

you must know whether repetitions are permissible. 
 

Example 4.3-4 

The manager of a department store chain wishes to make four-digit identification 

cards for her employees. How many different cards can be made if she uses the 
digits 1, 2, 3, 4, 5, and 6 and the following two cases: 

• Repetitions are permitted. 

• Repetitions are not permitted. 

Solution 

• Repetitions are permitted: 

Since there are 4 spaces to fill on each card and there are 6 

choices for each space, the total number of cards that can be made 
is  
Possible number of cards =  6 × 6 ×  6 ×  6 =  1296 
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• Repetitions are not permitted: 
Here the first digit can be chosen in 6 ways. But the second digit 

can be chosen in only 5 ways, since there are only five digits left, 

etc. Thus, the solution is 
6 ×  5 ×  4 ×  3 =  360 

 

4.3.1.3 FACTORIAL NOTATION 

In order to put the counting rules in a compact form, factorial notation is usually 

used. For any counting 𝑛: 

𝑛! = 𝑛(𝑛 − 1)(𝑛 − 2) … … … .1 

To use the formulas in the permutation and combination rules, a special definition 

of 0! is needed. 0! = 1. 

For example: 

5!  = 5 ×  4 ×  3 ×  2 ×  1 

9! =  9 ×  8 ×  7 ×  6 ×  5 × 4 ×  3 ×  2 ×  1 

4.3.2 PERMUTATIONS 

 
4.3.2.1 PERMUTATION BASED ON FUNDAMENTAL COUNTING RULE 

Permutation could be computed based on fundamental counting rule and as 
shown in following examples. 

 

Example 4.3-5 

Suppose a business owner has a choice of 5 locations in which to establish her 
business. She decides to rank each location according to certain criteria, such as 

price of the store 
and parking 

facilities. How 
many different 

ways can she rank 
the 5 locations? 

Solution 

She has 5 choices 

for the first 

location, 4 choices 
for the second 

location, 3 choices 

for the third 

location, etc. There 
are: 

5! = 5 × 4 × 3 × 2 × 1
= 120 

different possible 
rankings. 
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Example 4.3-6 

Suppose the business owner in previous example wishes to rank only the top 3 
of the 5 locations. How many different ways can she rank them? 

Solution 

Using the fundamental 

counting rule, she can 

select any one of the 5 

for first choice, then any 

one of the remaining 4 

locations for her second 

choice, and finally, any 
one of the remaining 

locations for her third 

choice, as shown. 

𝑃𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑐ℎ𝑜𝑖𝑐𝑒𝑠 = 5 × 4 × 3
= 60 

 
4.3.2.2 PERMUTATION BASED ON PERMUTATION RULE 

The arrangement of 𝑛 objects in a specific order using 𝑟 objects at a time is called 

permutation of n objects taking r objects at a time. It is written as 𝑛𝑃𝑟, and the 

formula is: 

𝑛𝑃𝑟 =
𝑛!

(𝑛 − 𝑟)!
 Eq. 4.3-2 

 

Example 4.3-7 

Based on computing 6𝑃4, show the relation between fundamental computing 

rule and permutation rule. 

Solution 

Relation between fundamental 

computing rule and permutation 
rule have been summarized 

below: 

 

 

 

 
Example 4.3-8 

Resolve Example 

4.3-5 above with 

using the 
permutation relation 

of Eq. 4.3-2. 

Solution 

This example aims to show that the permutation rule, Eq. 4.3-2, is applicable for 

𝑟 = 𝑛. 

𝑛𝑃𝑟 =
𝑛!

(𝑛 − 𝑟)!
⟹ 5𝑃5 =

5!

(5 − 5)!
=

5!

0!
=

5 × 4 × 3 × 2 × 1

1
= 120 

 
Home Work 4.3-1 

In how many ways can a party of 7 persons arrange themselves in a row of 7 

chairs? Answer 7𝑃7 = 7! 
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Solution 

𝑛𝑃𝑟 =
𝑛!

(𝑛 − 𝑟)!
⟹ 7𝑃7 =

7!

(7 − 7)!
=

7!

0!
= 7! 

 

Home Work 4.3-2 

A contractor wishes to build 9 houses, each different in design. In how many ways 

can he place these houses on a street if 6 lots are on one side of the street and 

3 lots are on the opposite side? Answer 9𝑃9 = 362880 

Solution 
From permutation point of view, building 9 houses on two sides such that 6 house are on one side and 3 
houses are on the other sides has no difference from building all 9 houses on one side only. Hence 

∵ 𝑛𝑃𝑟 =
𝑛!

(𝑛 − 𝑟)!
 

∵ 𝑁𝑜. 𝐻𝑜𝑢𝑠𝑒𝑠 𝐴𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡 = ( 9𝑃9) = (
9!

(9 − 9)!
) = 362880  

 
Example 4.3-9 

The advertising director for a television show has 7 ads to use on the program. 

If she selects 1 of them for the opening of the show, 1 for the middle of the show, 

and 1 for the ending of the show, how many possible ways can this be 
accomplished? 

Solution 

Since order is important, the solution is: 

𝑛𝑃𝑟 =
𝑛!

(𝑛 − 𝑟)!
⟹ 7𝑃3 =

7!

(7 − 3)!
=

7!

4!
= 210 

Hence, there would be 210 ways to show 3 ads. 
 

Example 4.3-10 

A school musical director can select 2 musical plays to present next year. One 

will be presented in the fall, and one will be presented in the spring. If she has 9 
to pick from, how many different possibilities are there? 

Solution 

Order is important since one play can be presented in the fall and the other play 

in the spring. 

𝑛𝑃𝑟 =
𝑛!

(𝑛 − 𝑟)!
⟹ 9𝑃2 =

9!

(9 − 2)!
=

9!

7!
=

9 × 8 × 7!

7!
= 72 

There are 72 different possibilities. 
 

4.3.2.3 CIRCULAR PERMUTATION 

In general, n objects can be arranged in a circular in (n-1)! Ways. 
 

Example 4.3-11 

In how many ways can a party of 

7 persons arrange themselves 

around a circular table? 

Solution 

Referring to the indicated figure, 

7𝑃7 𝑖𝑛 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑚𝑎𝑛𝑛𝑒𝑟 = (7 − 1)! 
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4.3.3 COMBINATIONS 

4.3.3.1 BASIC CONCEPTS  

• Suppose a dress designer wishes to select two colors of material to 

design a new dress, and she has on hand four colors. How many 

different possibilities can there be in this situation? 

• This type of problem differs from previous ones in that the order of 

selection is not important. That is, if the designer selects yellow 

and red, this selection is the same as the selection red and yellow.  

• This type of selection is called a combination. The difference 

between a permutation and a combination is that in a 

combination, the order or arrangement of the objects is not 

important; by contrast, order is important in a permutation. 

Example below illustrates this difference. 

  
Example 4.3-12 

Given the letters A, B, C, and D, list the permutations and combinations for 

selecting two letters. 

Solution 

The permutations are: 

 
In permutations, AB is different from BA.  

But in combinations, AB is the same as BA since 
the order of the objects does not matter in 

combinations. Therefore, if duplicates are 
removed from a list of permutations, what is left 
is a list of combinations, as shown. Hence the combinations of A, B, C, and D are 

AB, AC, AD, BC, BD, and CD. (Alternatively, BA could be listed, and AB crossed 

out, etc.). The combinations have been listed alphabetically for convenience, but 

this is not a requirement. 
 

4.3.3.2 COMBINATION RULE 

• Instead of working based on direct exclusion of one of outcomes 

that differs in order only from related tree diagram, combinations 
could be computed based on following rule: 

𝑛𝐶𝑟 =
𝑛!

(𝑛 − 𝑟)! 𝑟!
 Eq. 4.3-3 

• Essen of the combination rule might 
be understood based on the 

indicated reasoning: 
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Example 4.3-13 

A newspaper editor has received 8 books to review. He decides that he can use 
3 reviews in his newspaper. How many different ways can these 3 reviews be 

selected? 

Solution 

𝑛𝐶𝑟 =
𝑛!

(𝑛 − 𝑟)! 𝑟!
⟹ 8𝐶3 =

8!

(8 − 3)! 3!
=

8!

5! 3!
=

8 × 7 × 6 × 5!

5! 3!
=

8 × 7 × 6

3 × 2 × 1
= 56 

There are 56 possibilities. 
 

Example 4.3-14 

In a staff, there are 7 women and 5 men. A committee of 3 women and 2 men is 

to be chosen. How many different possibilities are there? 

Solution 

Number of required possibilities could be computed based on following reasoning: 

• First, you must select 3 women from 7 women, which can be done 
in 7C3, or 35, ways.  

• Next, 2 men must be selected from 5 men, which can be done in 

5C2, or 10, ways.  

• Finally, by the fundamental counting rule, the total number of 
different ways is 
35 ×  10 = 350 

since you are choosing both men and women.  

• Above reasoning could be put in a formula form: 
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4.4 PROBABILITY AND ITS INTERPRETATIONS 
• In our discussion of probability theory, we shall distinguish 

between the interpretation of probability and the calculus of the 

probability. 

• Interpretation of Probability:  

o The interpretation of probability deals with the question: 
What do we mean by probability and how should we 

interpret it? 

o For example, the probability of a head occurring when a coin is 

tossed is 1/2. How should this statement be interpreted? 

o There are three basic interpretations of probability: 
i. Classical Probability. 

ii. Objective, Empirical1 or Relative Frequency Probability. 

iii. Subjective2 Probability. 
• Calculus of Probability: 

The calculus of probability deals with the mathematical deductions 

obtained from the basic postulates (probability rules that should be 

satisfied regardless interpretation type) of probability.  

4.4.1 INTERPRETATION OF PROBABILITY 

Probability can be interpreted based on one of following approaches: 

• Classical or prior probability, 

• Objective or empirical or posterior probability, 
• Subjective probability. 

These interpretations have been discussed briefly in below. 

4.4.2 CLASSICAL OR PRIOR PROBABILITY 

• Classical probability assumes that all outcomes in the sample 

space are equally likely to occur.  

• For example, when a single die is rolled, each outcome has the 
same probability of occurring. Since there are six outcomes, each 

outcome has a probability of 1/6.  
• On the other hand, when a card is selected from an ordinary deck 

of 52 cards, you assume that the deck has been shuffled, and each 
card has the same probability of being selected. In this case, it is 

1/52. 

4.4.2.1 ORIGIN OF CLASSICAL PROBABILITY INTERPRETATION  

• Classical interpretation is based on the principle of insufficient 

reason (or principle of indifference) was used by the famous 
Swiss mathematician Jacob Bernoulli (1655-1705) to define 

probabilities. 

 

 
1 According to Merriam-Webster Dictionary, empirical can be defined as originating in or 
based on observation or experience. it is from the Greek empeirikos, meaning experienced. 
2 Subjective versus Objective Knowledge: 

Subjective Knowledge: 
That which has been acquired by direct experience and interpreted by the experiencer. 

Subjective knowledge is not about objective reality though the two are frequently confused, 
it is about subjective reality or as some call it, the soul. The two can be very similar if the 

owner is mature enough to have created an accurate model of the world. 
Objective Knowledge: 
That which has been acquired by indirect means primarily observation and analysis when one 
is not personally involved in the activity being observed. 
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• Suppose a fair die is tossed and a 
student is asked the probability that a 

2 will occur. He will probably give the 

answer 1/6. If a fair coin is tossed and 

he is asked the probability that a head 

will occur, he will probably give the 

answer 1/2. However, if he is asked 

why he answered 1/6 or 1/2, he 
may have trouble giving a precise 

reason. 

• The principle of insufficient reason 
proposes that when there is no basis 

for preferring any one of the possible 

events (outcomes) to any other; then 
all should be treated as if they were 

equally likely to occur.  

• The famous French mathematician P. 

S. Laplace (1749-1827) stated this 
principle as follows: "The theory of 

chance consists in reducing all the 

events of the same kind to a certain 

number of cases equally possible that 

is to say, to such as we may be 

equally undecided about in regard to 

their existence". 

• This principle of insufficient reason has 
several characteristics,  

o One of which is that it assumes 
symmetry of events. Thus, we have 

a fair die, or a fair coin, or a fair 

deck of cards.  
o A second characteristic is that it is 

based-on abstract reasoning and 

does not depend on experience. 

4.4.2.2 EQUALLY LIKELY EVENTS 

 
4.4.2.3 FORMULA FOR CLASSICAL PROBABILITY 

The probability of any event 𝐸 is: 

P(E) =
Number of oucomes in E

𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑜𝑢𝑐𝑜𝑚𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑒 𝑠𝑝𝑎𝑣𝑒
=  

n(E)

n(S)
 Eq. 4.4-1 

This probability is called classical probability. 

4.4.3 HOW TO EXPRESS PROBABILITY? 

• Probabilities can be expressed as  

o Fractions,  

o Decimals,  

o Or — where appropriate—percentages.  

• If you ask, “What is the probability of getting a head when a coin is 

tossed?” typical responses can be any of the following three.  

o “One-half.” 
o “Point five.” 

o “Fifty percent.” 

 
Jacob Bernoulli[a] (6 January 
1655 August 1705) was one of 

the many prominent 

mathematicians in the Bernoulli 

family.  

He was an early proponent of 

Leibnizian calculus and had 
sided with Gottfried Wilhelm 

Leibniz during the Leibniz–

Newton calculus controversy.  

He is known for his numerous 

contributions to calculus, and 
along with his brother Johann, 

was one of the founders of the 
calculus of variations. He also 

discovered the fundamental 

mathematical constant 𝑒 . 

However, his most important 

contribution was in the field of 
probability, where he derived 

the first version of the law of 

large numbers. 
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These answers are all equivalent and correct irrespective type of 
interpretation.  

 

Example 4.4-1 

Find the probability of getting a black 10 when drawing a card from a deck. 

Solution 

There are 52 cards in a 

deck, and there are two 
black 10s—the 10 of 

spades and the 10 of 
clubs. Hence the 

probability of getting a 

black 10 is: 

𝑃𝑏𝑙𝑎𝑐𝑘 10 =
2

52
=

1

26
 

 

Example 4.4-2 

If a family has three children, find the probability that two of the three children 
are girls. 

Solution 

The sample space for the 
gender of the children for a 
family that has three 

children has eight 
outcomes, that is,  

BBB, BBG, BGB, GBB, 
GGG, GGB, GBG, and BGG. 

Since there are three ways 
to have two girls, namely, 

GGB, GBG, and BGG, 

𝑃𝑡𝑤𝑜 𝑔𝑖𝑟𝑙𝑠 =
3

8
 

 

 

 

 
 

 
Example 4.4-3 

A tipping bucket rain gauge type operates by 
means of a pair of buckets (see Figure below). 

After the rain has been collected through a 

funnel at the top, it fills the first bucket, which 
then overbalances and empties, thereby 

directing the flow of water into the second 

bucket. The alternating motion of the tipping 

buckets is transmitted to a recording time 
device, which provides a measure of the rainfall 

intensity by counting the rate of tilting. What is 

the probability that the water flows into either 

the left or the right bucket? 
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Solution 
Because the two buckets are equal in volume and based on principle of 

insufficient reason (or principle of indifference) 1/2 probability can be assigned 

to flow into either the left or the right bucket.  
Example 4.4-4 Flood occurrence. 

Consider the floods that exceed the previously established design flood in the 

outlet reach of the Bisagno River at Genoa, Italy, observed from 1931 to 1995. 

Records indicate that six floods occurred in the period, namely, in 1945, 1951 
(twice), 1953, 1970, and 1992. The engineer is interested in evaluating the 

likelihood of the occurrence of such a flood in any year. 

Solution 

Let, A event representing the occurrence of at least one flood in a year. Based on 
principle of insufficient reason 

P(A) =
n(E)

n(S)
=

5

65
= 0.077 

This number measures the hydrological risk affecting the river site. 
 

4.4.4 OBJECTIVE OR EMPIRICAL OR POSTERIOR 

PROBABILITY 

• The difference between classical 
and empirical probability is that 
classical probability assumes that 

certain outcomes are equally likely 
(such as the outcomes when a die 

is rolled), while empirical 
probability relies on actual 

experience to determine the 
likelihood of outcomes. 

• The basic reference to this 

approach is the Russian 

mathematician A. N. Kolmogorov’s 
book, Foundations of the Theory of 

Probability (1933). 

4.4.4.1 BASIC ILLUSTRATION 

• Let us explain this 

approach with an 

illustration. Consider 
an experiment of 

tossing a fair coin. 

There are 2 possible 

outcomes (events), E1 

(heads) and E2 (tails). 

Let us repeat this 

experiment 200 times 
under uniform 

conditions. The 

results are given in 
indicated tabke 

o The column labeled H 

shows the number of 

heads per 10 tosses.  

 
Andrey Nikolaevich Kolmogorov (25 April 

1903 – 20 October 1987) was a 20th-
century Soviet mathematician who made 
significant contributions to the 

mathematics of probability theory, 
topology, intuitionistic logic, 
turbulence, classical mechanics, 

algorithmic information theory and 

computational complexity. 



Engineering Statistics Chapter 4: Probability and Counting Rules 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 4: Page29  
 

o The column 𝑚 = Σ𝐻  is the cumulative sum of heads.  

o The column m/n is the relative frequency of heads for n 
tosses.  

o For example, in the third row, m/n. = 14/30=0.47 is the 

relative frequency of heads in 30 tosses. 
• The fluctuations of the relative frequencies of heads, m/ n, 

fluctuate considerably when n is small, but as n becomes large, 

the amplitude of the fluctuations decreases. This phenomenon 

is expressed by saying: the relative frequency becomes stable, 

or the relative frequency shows statistical regularity, as n 

becomes large. 
• Let us show about 

statistical 
regularity, in 

terms of a graph. 

In Fig. below, we 
have relative 

frequencies on the 

vertical axis and the 

number of tosses n 
on the horizontal 

axis. We see from 

the figure that the 
amplitude of the fluctuations gradually decreases as n becomes 
larger and, in our present case, tends to fluctuate around the value 

0.5. 
• In mathematical form, statistical regularity can be written as 

follows: 

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝐸𝑣𝑒𝑛𝑡 𝐴 =  𝑃(𝐴) = lim
𝑛→∞

𝑚

𝑛
 

4.4.4.2 BASIC DEFINITION 

Given a frequency distribution, the probability of an even being in a given class 

is: 

P(E) =
Frequency of the class

𝑇𝑜𝑡𝑎𝑙 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛
=  

f

n
 Eq. 4.4-2 

The probability is called empirical probability and is based on observation. 
 

Example 4.4-5 

After observing the vehicles at the intersection every weekday for a year, the 

traffic engineer in the Example 4.2-4, Traffic Example, of the previous section 
might assign the observed relative frequencies of the simple events, "no cars," 

"one stopped car," etc., to the sample points Eo, E1, ... , E2o. Which type of 

probability he had assigned? 

Solution 

As they based on relatively a long period of observation and data gathering, a 

year, therefore assigned relative frequency can be considered as an objective 

probability.  
 

Example 4.4-6 

Data of 165 tests to measure tensile strength of timber beams, expressed in 

terms of modulus of rapture, 𝑓𝑟, (MPa), have been summarized in terms of the 

histogram shown below. In terms of objective probability interpretation: 
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• What is the probability that modulus of rapture in the range from 
20 to 25 MPa? 

• If one is to use this material under a maximum design strength of 

25 N/mm2, what is the reliability of a structure using this timber? 

 

Solution 

According to objective interpretation of probability, relative frequency can be to 

measure probability.   

𝑃(20 ≤ 𝑓𝑟 ≤ 25) ≈
9

165
= 0.0545 = 5.45 % 

With design strength of 25 MPa, the structure reliability will equal to the 
probability of: 

𝑃 ≥ 25 =
18 + 26 + 38 + 34 + 20 + 9 + 5 + 3 + 1

165
=

154

165
= 0.933 = 93.3% 

 
Example 4.4-7 

A storage S in a reservoir was discretized into four states, ω1, ω2, ω3, and ω4 

shown in Figure below. Observations of reservoir storage are made at the end of 
each period of operation, say, one year. Suppose that after 36 years of reservoir 

operation, the following frequencies have been observed: 5, 15, 10, and 6, for 

simple events A1, A2, A3, and A4, respectively. Use objective interpretation to 
estimates the probability for these events.  
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Solution 

According to objective probability interpretation, relative frequency can be used 
to estimate events probability. 

𝑃(𝐴1) =
5

36
, 𝑃(𝐴2) =

15

36
, 𝑃(𝐴3) =

10

36
, 𝑃(𝐴4) =

6

36
 

 
Example 4.4-8 

A quality-control engineer samples 100 items manufactured by a certain process 

and finds that 15 of them are defective. Answer by true or false for the following 
statements with explanations for your answers. 

a. The probability that an item produced by this process is defective is 0.15. 
b. The probability that an item produced by this process is defective is likely to 

be close to 0.15, but not exactly equal to 0.15. 

Solution 

Statement “a” is false as with sample data one cannot exactly determine the 

probability for a possible outcome.  
Statement “b” is true as with sample data one can conclude that the probability 
of a possible outcome would be close to its relative frequency.  
4.4.5 SUBJECTIVE PROBABILITY 

• In subjective probability, a person or group makes an educated 

guess at the chance that an event will occur.  
• This guess is based on the person’s experience and evaluation of a 

solution.  

• For example,  

o A physician might say that, based on her diagnosis, there is a 
30% chance the patient will need an operation.  

o A seismologist might say there is an 80% probability that an 

earthquake will occur in a certain area.  

• The Subjective Approach has following application:  

o The subjective approach may be applied to events that have not 

yet occurred.  

o The subjective approach may be applied to events that occur 
only once and does not required an experiment with a large 

number of trails or the assumption of statistical regularity. 

o Meaning of 𝑛 → ∞ in objective interpretation could be interpret 

in terms of a subjective approach.  
• All three types of probability (classical, empirical, and subjective) 

are used to solve a variety of problems in business, engineering, 

and other fields. 
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Example 4.4-9 

Calling upon past experience in similar situations, a knowledge of local geology, and the 

taste of a handful of the material on the surface, a soils engineer might state the 

probabilities that each of several types of soil might be found below a particular footing. 

Which types of probabilities has assigned? 

Solution 

As he has assigned probability based on his experience without any data gathering, 

therefore a subjective probability has been assigned. 
 

Home Work 4.4-1 

For the cantilever beam 

indicated in Figure 4.4-1: 

• What is the failure 

probability if the beam 
has a strength of 200 

kN?  

What probability 
interpretation you use 

in your answer.  

• What would the failure 
probability if the beam 

has a strength of 210 
kN and based on which interpretation it is determined? 

Solution 
Using the objective interpretation, the failure probability is: 

𝑃(𝑓) ≈ 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑜𝑓 𝑓𝑎𝑖𝑢𝑙𝑟𝑒 =
6 + 1

4 + 7 + 9 + 10 + 8 + 6 + 1
= 0.156 = 15.6%∎ 

Using the objective interpretation in general and the classical interpretation to estimate the probability 
between 200 and 220 kN, the failure probability would be: 

𝑃(𝑓) ≈ 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑜𝑓 𝑓𝑎𝑖𝑢𝑙𝑟𝑒 =
1 +

1
2

× 6

4 + 7 + 9 + 10 + 8 + 6 + 1
= 0.0889 = 8.89%∎ 

 

Home Work 4.4-2 

For the simple beam indicated in 

Figure 4.4-2: 

• What is the failure probability if the 
beam has a strength of 300 kN?  

What probability interpretation you 

use in your answer.  
• What would the failure probability if 

the beam has a strength of 310 kN 

and based on which interpretation it 

is determined? 

Solution 
Using the objective interpretation, the failure 
probability is: 

𝑃(𝑓) ≈ 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑜𝑓 𝑓𝑎𝑖𝑢𝑙𝑟𝑒 =
12 + 2

8 + 14 + 18 + 20 + 16 + 12 + 2
= 0.156 = 15.6%∎ 

Using the objective interpretation in general and the classical interpretation to estimate the probability 
between 200 and 220 kN, the failure probability would be: 

𝑃(𝑓) ≈ 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑜𝑓 𝑓𝑎𝑖𝑢𝑙𝑟𝑒 =
2 +

1
2

× 12

8 + 14 + 18 + 20 + 16 + 12 + 2
= 0.0889 = 8.89%∎ 

 

 
Figure 4.4-1: Cantilever beam for Home Work 4.4-1. 

 
Figure 4.4-2: Simple beam for Home 

Work 4.4-2. 
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4.5 AXIOMS OF PROBABILITY 
• No matter how the engineer chooses to interpret the meaning of 

the probability measure and no matter what its source, as long as 
the assignment of these weights is consistent with three simple 

axioms, the mathematical validity of any results derived through 

the correct application of the axiomatic theory of probability is 

assured. 
• We use the notation P(A) to denote the probability of an event A, 

which in the context of probability is frequently called a random 

event. 

• The following conditions must hold on the probabilities assigned to 

the events in the sample space: 

4.5.1 AXIOM I 

The probability of an event is a number greater than or equal to zero but less 

than or equal to unity: 

0 ≤ 𝑃(𝐴) ≤ 1 Eq. 4.5-1 

4.5.2 AXIOM II 

The probability of the certain event S is unity: 

P(S) = 1 Eq. 4.5-2 

where S is the event associated with all the sample points in the sample space. 

4.5.3 AXIOM III  

The probability of an event which is the union of two mutually exclusive events 
is the sum of the probabilities of these two events: 

𝑃(𝐴 ∪ 𝐵)  =  𝑃(𝐴)  +  𝑃(𝐵) Eq. 4.5-3 

Since S is the union of all simple events, the third axiom implies that Axiom II 

could be written: 

∑ 𝑃(𝐸𝑖)

𝑎𝑙𝑙 𝑖

= 1 Eq. 4.5-4 

in which the 𝐸, are simple events associated with individual sample points. 
 

Example 4.5-1 

When a single die is rolled, find the probability of getting a 9. 

Solution 

Since the sample space is 1, 2, 3, 4, 5, and 6, it is impossible to get a 9. Hence, 

the probability is: 

 
 

Example 4.5-2 

When a single die is rolled, what is the probability of getting a number less than 
7? 

Solution 

Since all outcomes 1, 2, 3, 4, 5, and 6 are less than 7, the probability is 

 
The event of getting a number less than 7 is certain. 

 

Example 4.5-3 

A probability experiment is conducted. 
Which of these cannot be considered a 

probability outcome? 
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Solution 

  
Example 4.5-4 

Based on his personal experience, a geotechnics engineer has assigned following 
possibility for soil profile at a specific site: 

𝑃(𝐶) =
1

4
, 𝑃(𝑆) =

1

4
 

where C and S are clay and sand respectively. What is the probability of that 

the profile be a rock? 

Solution 

As profile is classified as either sand, or clay, or rock, therefore these 

classifications are mutually exclusive events that represent whole sample space. 
According to Axiom III 

𝑃(𝑆) + 𝑃(𝐶) + 𝑃(𝑅) = 1 

𝑃(𝑅) = 1 −
1

4
−

1

4
=

1

2
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4.6 PROBABILITY OF COMPLEMENTARY EVENTS 
Probability of a complementary event could be computed based on following 

relation (this relation has been derived based on definition of a complementary 

event and based on probability rules): 

𝑃(𝐸̅) =  1 − 𝑃(𝐸)  

𝑃(𝐸) =  1 − 𝑃(𝐸̅)  

𝑃(𝐸) + 𝑃(𝐸̅) = 1 Eq. 4.6-1 
 

Example 4.6-1 

If the probability that a person lives in an industrialized country of the world is 

1/5, find the probability that a person does not live in an industrialized country. 

Solution 

𝑃𝑛𝑜𝑡 𝑙𝑖𝑣𝑖𝑛𝑔 𝑖𝑛 𝑎𝑛 𝑖𝑛𝑑𝑢𝑠𝑡𝑟𝑖𝑎𝑙𝑖𝑧𝑒𝑑 𝑐𝑜𝑢𝑛𝑡𝑟𝑦 =  1 – 𝑃𝑙𝑖𝑣𝑖𝑛𝑔 𝑖𝑛 𝑎𝑛 𝑖𝑛𝑑𝑢𝑠𝑡𝑟𝑖𝑎𝑙𝑖𝑧𝑒𝑑 𝑐𝑜𝑢𝑛𝑡𝑟𝑦 

𝑃𝑛𝑜𝑡 𝑙𝑖𝑣𝑖𝑛𝑔 𝑖𝑛 𝑎𝑛 𝑖𝑛𝑑𝑢𝑠𝑡𝑟𝑖𝑎𝑙𝑖𝑧𝑒𝑑 𝑐𝑜𝑢𝑛𝑡𝑟𝑦 =  1 –
1

5
=

4

5
 

 
Example 4.6-2 

If the probability that it will rain tomorrow is 0.20, what is the probability that it 

will not rain tomorrow? Would you recommend taking an umbrella? 

Solution 

𝑃𝑛𝑜 𝑟𝑎𝑖𝑛 𝑡𝑜𝑚𝑜𝑟𝑟𝑜𝑤 =  1 − 0.2 =  0.80 

Since the probability that it will not rain is 80%, you could leave your umbrella 

at home and be fairly safe. 
 

Example 4.6-3 

Consider the floods that exceed the previously established design flood in the 
outlet reach of the Bisagno River at Genoa, Italy, observed from 1931 to 1995. 

Records indicate that six floods occurred in the period, namely, in 1945, 1951 
(twice), 1953, 1970, and 1992. What is the probability that no flood occurs in 

any year? 

Solution 

Let, A event representing the occurrence of at least one flood in a year. Therefore 

𝐴̅ represents complementary event where no flood occurs in any year. 

Based on principle of insufficient reason 

P(A) =
n(E)

n(S)
=

5

65
= 0.077 

Then, the probability that no flood occurs in any year would be: 

𝑃(𝐴̅) = 1 − 0.077 = 0.923 
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4.7 MEANING OF “AND” AND “OR” 
• In probability theory (irrespective what interpretation is 

adopted), it is important to understand the meaning of the words 
“and” and “or”.  

• For example, if you were asked to find the probability of getting a 

queen “and” a heart when you were drawing a single card from a 

deck, you would be looking for the queen of hearts. Here the 

word and means “at the same time.”  

 
• The word or has two meanings. 

o For example, if you were asked to find the probability of 
selecting a queen or a heart when one card is selected from a 
deck, you would be looking for one of the 4 queens or one of 
the 13 hearts. In this case, the queen of hearts would be 

included in both cases and counted twice. So there would be 

4 + 13 -1 = 16 

possibilities. 

 
o On the other hand, if you were asked to find the probability of 

getting a queen or a king, you would be looking for one of the 4 

queens or one of the 4 kings. In this case, there would be 

4 + 4 = 8 

possibilities.  
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• Definition of “Inclusive Or” and “Exclusive Or” 
o Inclusive or: 

In the first case, both events can occur at the same time; we 

say that this is an example of the inclusive or.  

o Exclusive or: 
In the second case, both events cannot occur at the same time, 

and we say that this is an example of the exclusive or. 
 

Example 4.7-1 

A card is drawn from an ordinary deck. Find these probabilities. 

a. Of getting a jack 

b. Of getting the 6 of clubs (i.e., a 6 and a club) 
c. Of getting a 3 or a diamond 

d. Of getting a 3 or a 6 

Solution 

Refer to the sample space in the 

indicated figure  

a. Of getting a jack: 

There are 4 jacks so 
there are 4 outcomes 

in event E and 52 

possible outcomes in 
the sample space. 

Hence, 

𝑃𝑗𝑎𝑐𝑘 =
4

52
=

1

13
 

a. Of getting the 6 of clubs (i.e., a 6 and a club): 

Since there is only one 6 of clubs in event E, the probability of 

getting a 6 of clubs is:  

𝑃(6 𝑜𝑓 𝑐𝑙𝑢𝑏𝑠) =
1

52
 

b. Of getting a 3 or a diamond: 
There are four 3s and 

13 diamonds, but the 

3 of diamonds (i.e. 3 
and diamonds) is 

counted twice in this 

listing. Hence, there 

are 16 possibilities of 
drawing a 3 or a 

diamond, so 

𝑃(3 𝑜𝑟 𝑑𝑖𝑎𝑚𝑜𝑛𝑑) =
13 + 4 − 1

52
=

16

52
=

4

13
 

This is an example of 

the inclusive or. 
c. Of getting a 3 or a 6: 

𝑃(3 𝑜𝑟 6) =
8

52
=

2

13
 

This is an example of 

the exclusive or. 
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4.8 THE ADDITION RULES FOR PROBABILITY 
4.8.1 FIRST ADDITION RULE (FOR EXCLUSIVE MUTUALLY EVENTS) 

The probability of two or more events can be determined by the addition rules. 

The first addition rule is used when the events are mutually exclusive. 

P(Aor B) = P(A) + P(B) Eq. 4.8-1 
 

Example 4.8-1 

A city has 9 coffee shops: 3 Starbuck’s, 2 Caribou Coffees, and 4 Crazy Mocho 

Coffees. If a person selects one shop at random to buy a cup of coffee, find the 
probability that it is either a Starbuck’s or Crazy Mocho Coffees. 

Solution 

Since there are 3 Starbuck’s and 4 Crazy Mochos, and a total of 9 coffee shops, 

and since the events are mutually exclusive, then: 

𝑃(Starbuck’s or Crazy Mochos) = 𝑃(Starbuck’s) + P(Crazy Mochos) =
3

9
+

4

9
=

7

9
 

 
Example 4.8-2 

The corporate research and development centers for three local companies have 
the following number of employees: 

 
If a research employee is selected at random, find the probability that the 
employee is employed by U.S. Steel or Alcoa. 

Solution 

Since the events are mutually exclusive, then: 

𝑃(𝑈. 𝑆. 𝑆𝑡𝑒𝑒 𝑜𝑟 𝐴𝑙𝑐𝑜𝑎) = 𝑃(𝑈. 𝑆. 𝑆𝑡𝑒𝑒𝑙) + 𝑃(𝐴𝑙𝑐𝑜𝑎) =
110

1110
+

750

1110
=

860

1110
=

86

111
 

 
Example 4.8-3 

A day of the week is selected at random. Find the probability that it is a weekend 

day. 

Solution 

Since the events are mutually exclusive, then: 

𝑃(𝑆𝑎𝑡𝑢𝑟𝑑𝑎𝑦 𝑜𝑟 𝑆𝑢𝑛𝑑𝑎𝑦) = 𝑃(𝑆𝑎𝑡𝑢𝑟𝑎𝑑𝑦) + 𝑃(𝑆𝑢𝑛𝑑𝑎𝑦) =
1

7
+

1

7
=

2

7
 

 
4.8.2 SECOND ADDITION RULE (FOR EXCLUSIVE MUTUALLY EVENTS) 

When two events are not mutually exclusive, we must subtract one of the two 
probabilities of the outcomes that are common to both events, since they have 

been counted twice. 

P(A or B) = P(A) + P(B) − P(A and B) Eq. 4.8-2 
 

Example 4.8-4 

A single card is drawn at random from an ordinary deck of cards. Find the 
probability that it is either an ace or a black card. 

Solution 

Since there are 4 aces and 26 black cards (13 spades and 13 clubs), 2 of the aces 

are black cards, namely, the ace of spades and the ace of clubs. Hence the 

probabilities of the two outcomes must be subtracted since they have been 

counted twice. 
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Example 4.8-5 

In a hospital unit, there are 8 nurses and 5 physicians; 7 nurses and 3 physicians 

are females. If a staff person is selected, find the probability that the subject is a 
nurse or a male. 

Solution 

The sample space is shown here. 

The probability is: 

𝑃(𝑛𝑢𝑟𝑠𝑒 𝑜𝑟 𝑚𝑎𝑙𝑒)
= 𝑃(𝑛𝑢𝑟𝑠𝑒) + 𝑃(𝑚𝑎𝑙𝑒)
− 𝑃(𝑚𝑎𝑙𝑒 𝑛𝑢𝑟𝑠𝑒) 

𝑃(𝑛𝑢𝑟𝑠𝑒 𝑜𝑟 𝑚𝑎𝑙𝑒) =
8

13
+

3

13
−

1

13
=

10

13
 

 
4.8.3 WHICH ONE OF TWO ADDITION RULE IS MORE FUNDAMENTAL?  

• Rule 2 can also be used when the events are mutually exclusive, 
since 

• P (A and B) will always equal 0, then it is more fundamental than 

rule 2.  

• However, it is important to make a distinction between the two 
situations. 

4.8.4 ADDITION RULES FOR MORE THAN TWO EVENTS 

• The probability rules can be extended to three or more events. For 
three mutually exclusive events A, B, and C, 

P(A or B or C) = P(A) + P(B) + P(C) Eq. 4.8-3 

• For three events that are not mutually exclusive, 

P(A or B or C) = P(A) + P(B) + P(C) − P(A and B) − P(A and C)
− P(B and C) + 𝑃(𝐴 𝑎𝑛𝑑 𝐵 𝑎𝑛𝑑 𝐶) 

Eq. 4.8-4 

 
Example 4.8-6 

If one card is drawn from an ordinary deck of cards, find the probability of getting 

the following. 

• A king or a queen or a jack 

• A club or a heart or a spade 

• A king or a queen or a diamond 
• An ace or a diamond or a heart 

Solution 

Refereeing to the deck of cards: 

• A king or a queen or a jack: 

As events are mutually exclusive, then: 

𝑃(𝑘𝑖𝑛𝑔 𝑜𝑟 𝑞𝑢𝑒𝑒𝑛 𝑜𝑟 𝑗𝑎𝑐𝑘) =
4

52
+

4

52
+

4

52
=

12

52
=

3

13
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• A club or a heart or a spade: 
As events are mutually exclusive, then: 

𝑃(club or a heart or a spade) =
13

52
+

13

52
+

13

52
=

39

52
=

3

4
 

• A king or a queen or a diamond: 

As events are not mutually exclusive, then: 

𝑃(king or a queen or a diamond) =
4

52
+

4

52
+

13

52
−

2

52
=

19

52
 

• An ace or a diamond or a heart: 

As events are not mutually exclusive, then: 

𝑃(ace or a diamond or a heart) =
4

52
+

13

52
+

13

52
−

2

52
=

28

52
=

7

13
 

 
Example 4.8-7 

For data of timber 

strength with size of 165 

and that has histogram 
shown below. Define 

following events: 

𝐴 ≡  {25 <  𝑆 <  50 𝑀𝑃𝑎} 

and 

𝐵 ≡  {35 < 𝑆 <  60 𝑀𝑃𝑎} 

where 𝑆  denotes the 

modulus of rupture of a 
test sample in MPa. 

Compute following 
probabilities: 

𝑃(𝐴) , 𝑃(𝐵) , 𝑃(𝐴𝐵) , and 
𝑃(𝐴 + 𝐵) 

Solution 

Using the relative 

frequencies to estimate 
probabilities: 

𝑃(𝐴) =
18 + 26 + 38 + 34 + 20

165
=  0.824, 𝑃(𝐵) =

38 + 34 + 20 + 9 + 5

165
= 0.642 

The intersection event, AB, is given by the common outcomes of A and B, so that: 

𝐴𝐵 ≡ {35 < 𝑆 <  50 𝑀𝑃𝑎} 

Accordingly, 

𝑃(𝐴𝐵) = 𝑃(𝐴 𝑎𝑛𝑑 𝐵) =
38 + 34 + 20

165
= 0.557 

Finally, the probability of the union event A + B can be computed by: 

𝑃(𝐴 + 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴𝐵) =  0.824 + 0.642 − 0.557 = 0.909  

As verification, probability of event A+B can be determined directly from 

definition of the event and histogram based on objective interpretations of 

probability. 

𝐴 +  𝐵 ≡  {25 <  𝑆 <  60 𝑀𝑃𝑎} 

𝑃(𝐴 +  𝐵) =
18 +  26 +  38 +  34 +  20 +  9 +  5

165
 =

150

165
 =  0.909 

 
Example 4.8-8 

A storage S in a reservoir was discretized into four states, ω1, ω2, ω3, and ω4 
shown in Figure below. Observations of reservoir storage are made at the end of 
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each period of operation, say, one year. Suppose that after 36 years of reservoir 
operation, the following frequencies have been observed: 5, 15, 10, and 6, for 

simple events A1, A2, A3, and A4, respectively.  

 
Find the probability for following event: 

𝐷 =  𝐴3  +  𝐴4  ≡  {𝑆: 𝑐/2 ≤  𝑆 <  𝑐} 

Solution 

According to objective probability interpretation, relative frequency can be used 

to estimate events probability. 

𝑃(𝐴3) =
10

36
 

𝑃(𝐴4) =
6

36
 

As two events are mutually exclusive, therefore, 𝑃(𝐷) would be: 

𝑃(𝐷) =  𝑃(𝐴3) + 𝑃(𝐴4) =
10

36
+

6

36
=

16

36
 

 
4.8.5 FURTHER PROPERTIES OF PROBABILITY FUNCTIONS 

Some other useful properties can be demonstrated by using the three preceding 
axioms with basic aspects of set theory. These properties hold for any probability 

space. 

4.8.5.1 PROBABILITY OF A CONTAINED EVENT 

The probability of an event A that is contained in another event B does not exceed 

the probability of B; that is, 

𝑃(𝐴)  ≤  𝑃(𝐵), 𝑖𝑓 𝐴 ⊂  𝐵 Eq. 4.8-5 

4.8.5.2 BOOLE’S INEQUALITY 

According to Boole’s Inequality, the probability of the union of n events does not 

exceed the sum of their probabilities; that is: 

𝑃(𝐴1 + 𝐴2+ . . . + 𝐴𝑛) ≤  𝑃(𝐴1) +  𝑃(𝐴2)+ . . . + 𝑃(𝐴𝑛) Eq. 4.8-6 

4.8.5.3 USEFULNESS OF THE FURTHER PROPERTIES 

In certain cases, the above inequalities of a Contained Event and Boole’s 

Inequality can provide conservative approximations of the required design 

probability in the absence of sufficient knowledge to determine the probability of 
a design event. 

 
Example 4.8-9 Dam Failure 

Two natural events can result in the failure of a dam in an earthquake-prone 

area.  

• Firstly, a very high flood, exceeding the design capability of its 
spillway, say, event A, may destroy it.  

• Secondly, a destructive earthquake can cause a structural collapse, 

say, event B.  



Engineering Statistics Chapter 4: Probability and Counting Rules 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 4: Page42  
 

Hydrological and seismological consultants estimate that 
the probability measures characterizing flood exceedance 

and earthquake occurrence on a yearly basis are  

𝑃(𝐴)  =  0.02 𝑎𝑛𝑑 𝑃(𝐵)  =  0.01 

respectively. The occurrence of one or both events can 

result in the failure of the dam. What is probability of dam 
failure? 

Solution  

According to addition rule, probability of dam failure is: 

𝑃(𝐴 +  𝐵)  =  𝑃(𝐴)  +  𝑃(𝐵)  −  𝑃(𝐴𝐵) 

As nothing is known about 𝑃(𝐴𝐵), therefore 𝑃(𝐴 +  𝐵) can 

be approximately and conservatively estimated based on 
Boole’s Inequality: 

𝑃(𝐴 +  𝐵) ≈  𝑃(𝐴) +  𝑃(𝐵) =  0.02 + 0.01 = 0.03 

This indicates a probability of not more than 3% that the 

dam will collapse in a given year. 

 
  

 
George Boole (2 

November 1815 – 8 
December 1864) was a 
largely self-taught 
English mathematician, 

philosopher and 
logician, most of whose 
short career was spent as 

the first professor of 
mathematics at Queen's 
College, Cork in Ireland. 

He worked in the fields of 
differential equations 
and algebraic logic and 
is best known as the 

author of The Laws of 
Thought (1854) which 
contains Boolean 

algebra. Boolean logic 
is credited with laying 
the foundations for 

the information age. 
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4.9 THE MULTIPLICATION RULES AND CONDITIONAL PROBABILITY 
• Previous section showed that the addition rules are used to 

compute probabilities for mutually exclusive and non-mutually 
exclusive events.  

• This section introduces the multiplication rules. 

4.9.1 THE MULTIPLICATION RULES FOR INDEPENDENT EVENTS 

The multiplication rules can be used to find the probability of two or more 

events that occur in sequence.  

4.9.1.1 INDEPENDENT EVENTS 

• To derive a multiplication rule, one should define independent 

events as: 

 
• Examples of Independent Events: 

o Rolling a die and getting a 6, and then rolling a second die and 
getting a 3. 

o Drawing a card from a deck and getting a queen, replacing it, 

and drawing a second card and getting a queen. 

4.9.1.2 FORMULA OF MULTIPLICATION RULE 

• To find the probability of two independent events that occur in 

sequence, you must find the probability of each event occurring 
separately and then multiply the answers. 

P(A and B) = P(A). P(B) Eq. 4.9-1 

• For example, if a coin is tossed twice, the probability of getting two 

heads is: 
1

2
.
1

2
=

1

4
 

• This result can be verified by looking at the sample space HH, HT, 

TH, TT. Then: 

𝑃(𝐻𝐻) =
1

4
 

 
Example 4.9-1 

A coin is flipped, and a die is rolled. Find the probability of getting a head on the 
coin and a 4 on the die. 

Solution 

As the two evets are intuitively independent, then: 

𝑃(ℎ𝑒𝑎𝑑 𝑎𝑛𝑑 4) = 𝑃(ℎ𝑒𝑎𝑑). 𝑃(4) =
1

2
.
1

6
=

1

12
 

 
Example 4.9-2 

Resolve previous example but based on analysis of sample space. 

Solution 

The sample space is: 

 
Size of sample space is 12. As there is only one outcome in the specified event 

(H4), then the probability is: 

𝑃(𝐻4) =
1

12
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Example 4.9-3 

A card is drawn from a deck and replaced; then a second card is drawn. Find the 
probability of getting a queen and then an ace. 

Solution 

The probability of getting a queen is 4/52, and since the card is replaced, the 

probability of getting an ace is 4/52 and two events are independent. Hence, the 

probability of getting a queen and an ace is: 

𝑃(𝑞𝑢𝑒𝑒𝑛 𝑎𝑛𝑑 𝑎𝑐𝑒) = 𝑃(𝑞𝑢𝑒𝑒𝑛). 𝑃(𝑎𝑐𝑒) =
4

52
.

4

52
=

16

2704
=

1

169
 

 
Example 4.9-4 

An urn contains 3 red balls, 2 blue balls, and 5 white balls. A ball is selected, and 

its color noted. Then it is replaced. A second ball is selected, and its color noted. 
Find the probability of each of these. 

• Selecting 2 blue balls. 
• Selecting 1 blue ball and then 1 white ball. 

• Selecting 1 red ball and then 1 blue ball. 

Solution 

The replacement indicates two independent events. 

• Selecting 2 blue balls: 

𝑃(𝑏𝑙𝑢𝑒 𝑎𝑛𝑑 𝑏𝑙𝑢𝑒) = 𝑃(𝑏𝑙𝑢𝑒). 𝑃(𝑏𝑙𝑢𝑒) =
2

10
.

2

10
=

4

100
=

1

25
 

• Selecting 1 blue ball and then 1 white ball: 

𝑃(𝑏𝑙𝑢𝑒 𝑎𝑛𝑑 𝑤ℎ𝑖𝑡𝑒) = 𝑃(𝑏𝑙𝑢𝑒). 𝑃(𝑤ℎ𝑖𝑡𝑒) =
2

10
.

5

10
=

10

100
=

1

10
 

• Selecting 1 red ball and then 1 blue ball: 

𝑃(𝑟𝑒𝑑 𝑎𝑛𝑑 𝑏𝑙𝑢𝑒) = 𝑃(𝑟𝑒𝑑). 𝑃(𝑏𝑙𝑢𝑒) =
3

10
.

2

10
=

6

10
=

3

50
 

 
4.9.1.3 MULTIPLICATION RULE FOR THREE OR MORE INDEPENDENT EVENTS 

Multiplication rule 1 can be extended to three or more independent events by 
using the formula: 

 
4.9.1.4 USING OF TREE DIAGRAM TO SOLVE PROBABILITY PROBLEMS WHEN EVENTS ARE 

SEQUENTIAL 

Aforementioned multiplication formula can be intuitively grasped if one use tree 

diagram in his solution.  
 

Example 4.9-5 

Box 1 contains 2 red 
balls and 1 blue ball. 

Box 2 contains 3 

blue balls and 1 red 
ball.  

A coin is tossed. If it 
falls heads up, box 1 

is selected and a ball 

is drawn. If it falls 

tails up, box 2 is 
selected and a ball is 

drawn.  Find the 

probability of 
selecting a red ball. 
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Solution 

Tree diagram for this example is: 

𝑃(𝑟𝑒𝑑 𝑏𝑎𝑙𝑙) =
2

6
+

1

8
=

11

24
 

 
4.9.1.5 NON-REPLACEMENT COULD BE NEGLECTED FOR LARGE POPULATIONS 

When a small sample is selected from a large population and the subjects are not 
replaced, the probability of the event occurring changes so slightly that for the 

most part, it is considered to remain the same. Two Examples below illustrate 

this concept. 
 

Example 4.9-6 

A Harris poll found that 46% of Americans say they suffer great stress at least 

once a week. If three people are selected at random, find the probability that all 

three will say that they suffer great stress at least once a week. 

Solution 

As the population is so large (all Americans) compared to sample, then the 

probability of simple event (48%) could be assumed constant even without 
replacement.  

Let S denote stress. Then 

𝑃(𝑆 𝑎𝑛𝑑 𝑆 𝑎𝑛𝑑 𝑆) = 𝑃(𝑆). 𝑃(𝑆). 𝑃(𝑆) = 0.46 × 0.46 × 0.46 ≈ 0.097 
 

Example 4.9-7 

Approximately 9% of men have a type of color blindness that prevents them from 

distinguishing between red and green. If 3 men are selected at random, find the 
probability that all of them will have this type of red-green color blindness. 

Solution 

Let C denote red-green color blindness. Then 

𝑃(𝐶 𝑎𝑛𝑑 𝐶 𝑎𝑛𝑑 𝐶) = 𝑃(𝐶). 𝑃(𝐶). 𝑃(𝐶) = 0.09 × 0.09 × 0.09 = 0.000729 

Hence, the rounded probability is 0.0007. 
 

4.9.2 MULTIPLICATION RULE FOR DEPENDENT EVENT 

4.9.2.1 DEFINITION OF DEPENDENT EVENT 

• In all previous examples, the events were independent of one 

another, since the occurrence of the first event in no way affected 
the outcome of the second event.  

• On the other hand, when the occurrence of the first event changes 

the probability of the occurrence of the second event, the two 
events are said to be dependent.  

• Dependent events are formally defined now. 

 
4.9.2.2 EXAMPLES ON DEPENDENT EVENTS 

Here are some examples of dependent events: 

• Drawing a card from a deck, not replacing it, and then drawing a 

second card. 

• Selecting a ball from an urn, not replacing it, and then selecting a 

second ball. 

• Having high grades and getting a scholarship. 

• Parking in a no-parking zone and getting a parking ticket. 
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4.9.2.3 FORMULA FOR MULTIPLICATION RULE FOR DEPENDENT EVENTS 

To find probabilities when events are dependent, use the multiplication rule with 

a modification in notation. 
 

Example 4.9-8 

Suppose a card is drawn from a deck and not replaced, and then a second card 

is drawn. What is the probability of selecting an ace on the first card and a king 
on the second card? 

Solution 

The probability of getting an ace on the first draw is 4/52, and the probability of 

getting a king on the second draw is 4/51. By the multiplication rule, the 

probability of both events occurring is: 

𝑃(𝑎𝑐𝑒 𝑎𝑛𝑑 𝑘𝑖𝑛𝑔) =
4

52
.

4

51
=

16

2652
=

4

663
 

 
4.9.2.4 CONDITIONAL PROBABILITY 

4.9.2.4.1 Basic Definition 

• In above example, the event of getting a king on the second draw 
given that an ace was drawn the first time is called a conditional 

probability. 
• The conditional probability of an event B in relationship to an 

event A is the probability that event B occurs after event A has 

already occurred.  
• The notation for conditional probability is: 

𝑃(𝐵 𝐴⁄ ) 
• This notation does not mean that B is divided by A; rather, it 

means the probability that event B occurs given that event A has 

already occurred. 

• With notation of conditional probability, multiplication rule for 
dependent events can be written as: 

𝑃(𝐴 𝑎𝑛𝑑 𝐵) = 𝑃(𝐴). 𝑃(𝐵 𝐴⁄ ) Eq. 4.9-2 

Or 

𝑃(𝐵 𝐴⁄ ) =  
𝑃(𝐴 𝑎𝑛𝑑 𝐵)

𝑃(𝐴)
 Eq. 4.9-3 

4.9.2.4.2 Venn Diagram for Conditional Probability 

• The Venn diagram for conditional 

probability is shown in Figure 4.9-1 
above. 

• In this case, 

𝑃(𝐵 𝐴⁄ ) =  
𝑃(𝐴 𝑎𝑛𝑑 𝐵)

𝑃(𝐴)
 

which is represented by the area in 
the intersection or overlapping part 

of the circles A and B, divided by 

the area of circle A. 
• The reasoning here is that if you 

assume A has occurred, then A 

becomes the sample space for the next 

calculation and is the denominator of 

the probability fraction: 
𝑃(𝐴 𝑎𝑛𝑑 𝐵)

𝑃(𝐴)
 

 
Figure 4.9-1: Venn 
diagrams representing the 

conditional probability. 
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• The numerator P(A and B) represents the probability of the part of B that 

is contained in A. 

• Imposing a condition reduces the sample space. 

4.9.2.4.3 Examples on Conditional Probability 

Example 4.9-9 

At a university in western Pennsylvania, there were 5 burglaries   سطط reported in 

2003, 16 in 2004, and 32 in 2005. If a researcher wishes to select at random two 
burglaries to further investigate, find the probability that both will have occurred 

in 2004. 

Solution 

In this case, the events are dependent since the researcher wishes to investigate 

two distinct cases. Hence the first case is selected and not replaced. 

𝑃(𝐶1 𝑎𝑛𝑑 𝐶2) = 𝑃(𝐶1). 𝑃(𝐶2 𝐶1⁄ ) =
16

53
.
15

52
=

60

689
  

 
Example 4.9-10 

World Wide Insurance Company found that 53% of the residents of a city had 

homeowner’s insurance (H) with the company. Of these clients, 27% also had 

automobile insurance (A) with the company. If a resident is selected at random, 
find the probability that the resident has both homeowner’s and automobile 

insurance with World Wide Insurance Company. 

Solution 

As 27% has already given regarding the clients instead of the residents, therefore 

it represents the conditional probability 𝑃(𝐴 𝐻⁄ ) and can be used directly in the 

multiplication rule. 

𝑃(𝐻 𝑎𝑛𝑑 𝐴) = 𝑃(𝐻). 𝑃(𝐴 𝐻⁄ ) = 0.53 × 0.27 = 0.1431 
 

Example 4.9-11 

A box contains black chips and white chips. A person selects two chips without 

replacement. If the probability of selecting a black chip and a white chip is 15/56, 

and the probability of selecting a black chip on the first draw is 3/8, find the 
probability of selecting the white chip on the second draw, given that the first 

chip selected was a black chip. 

Solution 

Let: 

𝐵 is selecting a black chip and 𝑊 is selecting a white chip. Then  

𝑃(𝐵 𝑎𝑛𝑑 𝑊) = 𝑃(𝐵). 𝑃(𝑊 𝐵)⁄  

As 𝑃(𝐵 𝑎𝑛𝑑 𝑊) and 𝑃(𝐵) are given and 𝑃(𝑊 𝐵)⁄  is required, therefore the relation 

can be rewritten as: 

𝑃(𝑊 𝐵)⁄ =  
𝑃(𝐵 𝑎𝑛𝑑 𝑊)

𝑃(𝑊 𝐵)⁄
=  

15
56
3
8

=
15

56
×

8

3
=

5

7
 

Hence, the probability of selecting a white chip on the second draw given that the 

first chip selected was black is 5/7. 
 

Example 4.9-12 

The probability that Sam parks in a no-parking zone and gets a parking ticket is 

0.06, and the probability that Sam cannot find a legal parking space and has to 

park in the no-parking zone is 0.20.  

On Tuesday, Sam arrives at school and has to park in a no-parking zone. Find 
the probability that he will get a parking ticket. 
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Solution 

Let 𝑁  is parking in no-parking zone and 𝑇  is getting a ticket. The example 

statement information can be written as: 

𝑆𝑎𝑚 𝑝𝑎𝑟𝑘𝑠 𝑖𝑛 𝑎 𝑛𝑜 − 𝑝𝑎𝑟𝑘𝑖𝑛𝑔 𝑧𝑜𝑛𝑒 𝑎𝑛𝑑 𝑔𝑒𝑡𝑠 𝑎 𝑝𝑎𝑟𝑘𝑖𝑛𝑔 𝑡𝑖𝑐𝑘𝑒𝑡 = 𝑃(𝑁 𝑎𝑛𝑑 𝑇) = 0.06 

𝑆𝑎𝑚 ℎ𝑎𝑠 𝑡𝑜 𝑝𝑎𝑟𝑘 𝑖𝑛 𝑡ℎ𝑒 𝑛𝑜 − 𝑝𝑎𝑟𝑘𝑖𝑛𝑔 𝑧𝑜𝑛𝑒 =  𝑃(𝑁)  =  0.20 

Then 

𝑃(𝑁 𝑎𝑛𝑑 𝑇) = 𝑃(𝑁). 𝑃(𝑇 𝑁⁄ ) ⟹ 𝑃(𝑇 𝑁⁄ ) =
𝑃(𝑁 𝑎𝑛𝑑 𝑇)

𝑃(𝑁)
=

0.06

0.20
= 0.30 

Hence, Sam has a 0.30 probability of getting a parking ticket, given that he 

parked in a no-parking zone. 
 

Example 4.9-13 

A recent survey asked 100 people if they 

thought women in the armed forces should be 
permitted to participate in combat  في القترل تشطرك . 

The results of the survey are shown. 

Find these probabilities. 

a. The respondent answered yes, given that the respondent was a female. 

b. The respondent was a male, given that the respondent answered no. 

Solution 

Let 

𝑀 respondent was male 𝑌 respondent answered yes 

𝐹 respondent was a female 𝑁 respondent answered no 

a. The respondent answered yes, given that the respondent was a female. 

𝑃(𝑌 𝐹⁄ ) =
𝑃(𝑌 𝑎𝑛𝑑 𝐹)

𝑃(𝐹)
=

8
100
50

100

=
8

50
=

4

25
 

b. The respondent was a male, given that the respondent answered no. 

𝑃(𝑀 𝑁⁄ ) =
𝑃(𝑀 𝑎𝑛𝑑 𝑁)

𝑃(𝑁)
=  

18
100
60

100

=
18

60
=

3

10
 

 
Example 4.9-14 

Consider the n = 40 
paired data of densities 

and compressive 

strengths of concrete 
given have been 

measured and presented 

in scatter plot below with 

following events: 

𝐴 ≡  {2440 < 𝜌𝑐  

<  2460
𝑘𝑔

𝑚3
} 

and  

𝐵 ≡  {55 <  𝑆𝑐  <  65
𝑁

𝑚𝑚2
} 

where 𝜌𝑐  denotes the 

density of a concrete cube 

under test, measured in 
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𝑘𝑔/𝑚3 , and 𝑆𝑐  denotes the compressive strength of that cube, measured in 

𝑁/𝑚𝑚2. Based on above data, compute 𝑃(𝐴), 𝑃(𝐵), 𝑃(𝐴𝐵) and 𝑃(𝐴/𝐵). 

Solution 

Based on classical interpretation of probability:  

𝑃(𝐴) =
𝑛𝐴

𝑛
=

19

40
,       𝑃(𝐵) =

𝑛𝑏

𝑛
=

26

40
 

𝑃(𝐴𝐵) =
𝑛𝐴𝐵

𝑛
=

16

40
, 𝑃(𝐴 𝐵⁄ ) =

𝑛𝐴𝐵

𝑛𝐵
=

16

26
  

 
Example 4.9-15 

Ten timber beams were tested on 
simply supported span by a single 

concentrated load at mid-span. Test 

results are presented in scatter 

diagram of figure below. If two events, 
A and B have been defined as follows: 

𝐴 ≡  {1800 < 𝑈𝑙𝑡𝑖𝑚𝑎𝑡𝑒 𝐿𝑜𝑎𝑑 <  2200 𝑙𝑏} 

and 

𝐵 ≡  {0.14 <  𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 <  0.17 𝑖𝑛𝑐ℎ𝑒𝑠} 

Based on classical interpretation of 
probability compute the following probabilities: 

𝑃(𝐴), 𝑃(𝐵), 𝑃(𝐴𝐵) and 𝑃(𝐴/𝐵). 

Solution 

Based on classical interpretation of probability:  

𝑃(𝐴) =
𝑛𝐴

𝑛
=

4

10
= 0.4 

𝑃(𝐵) =
𝑛𝑏

𝑛
=

4

10
= 0.4 

𝑃(𝐴𝐵) =
𝑛𝐴𝐵

𝑛
=

1

10
= 0.1 

𝑃(𝐴 𝐵⁄ ) =
𝑃(𝐴𝐵)

𝑃(𝐵)
=

0.1

0.4
= 0.25  

 
Example 4.9-16 

Consider a pipeline for the 

distribution of a water supply of an 
urban area of 200 km2. The city plan 

is approximately rectangular with 

dimensions of 10 by 20 km, and it is 

uniformly covered by the network 
shown in below.  

Pressures and flow rates are uniform 

throughout the whole network, so 

that losses are equally likely to occur 

within it. Define the events A and B 

as shown below, compute 𝑃(𝐴) , 

𝑃(𝐵), 𝑃(𝐴𝐵), and 𝑃(𝐴 𝐵⁄ ). 

Solution 

As uniform pressures and uniform losses are mentioned in example statement, 

therefore classical probability interpretation has been implicitly assumed. 

Therefore, probabilities for above events will be: 

1400
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𝑃(𝐴) =
𝑛𝐴

𝑛
=

3 + 3 ×
1
2

10 × 5
= 0.09, 𝑃(𝐵) =

𝑛𝐵

𝑛
=

8

10 × 5
= 0.16 

𝑃(𝐴𝐵) =

1
2

10 × 5
= 0.01,    𝑃(𝐴 𝐵⁄ ) =

𝑛𝐴𝐵

𝑛𝐵
=

1
2
8

= 0.0625 

 
Example 4.9-17 

The foundation of a wall can fail either by excessive settlement or from bearing 

capacity. The respective failures are represented by events A and B, with 

probabilities 𝑃(𝐴)  =  0.005, and 𝑃(𝐵)  =  0.002. The probability of failure in bearing 

capacity given that the foundation displays excessive settlement is 𝑃(𝐵|𝐴)  =  0.2. 

Based on these information, find the probabilities for the following compound 

events: 

• The probability of failure of the wall foundation, 𝑃(𝐴 + 𝐵). 
• The probability that there is excessive settlement in the foundation 

but there is no failure in bearing capacity, 𝑃(𝐴𝐵̅). 
• The conditional probability that the foundation has excessive 

settlement given that it fails, 𝑃(𝐴 𝐵⁄ ). 

Solution 

The probability of failure of the wall foundation, 𝑃(𝐴 + 𝐵): 

𝑃(𝐴 + 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐵 𝐴⁄ ) 𝑃(𝐴) 

𝑃(𝐴 + 𝐵) = 0.005 + 0.002 − 0.2 × 0.005 = 0.006 

The probability that there is excessive settlement in the foundation but there is 

no failure in bearing capacity, 𝑃(𝐴𝐵̅): 

𝑃(𝐴𝐵̅) = 𝑃(𝐵̅ 𝐴)⁄ 𝑃(𝐴) = (1 − 𝑃(𝐵 𝐴⁄ )𝑃(𝐴) = (1 − 0.2) × 0.005 = 0.004 

The conditional probability that the foundation has excessive settlement given 

that it fails, 𝑃(𝐴 𝐵⁄ ): 

𝑃(𝐴 𝐵⁄ ) =
𝑛𝐴𝐵

𝑛𝐵
=

𝑛𝐴𝐵

𝑛𝐵
×

𝑛𝐴

𝑛𝐴
=

𝑛𝐴𝐵

𝑛𝐴

𝑛𝐴

𝑛𝐵
= 𝑃(𝐵 𝐴⁄ )

𝑃(𝐴)

𝑃(𝐵)
 = 0.2 ×

0.005

0.002
= 0.5 

 
Example 4.9-18 

A question of the acceptability of an existing concrete culvert to carry an 

anticipated flow has arisen. Records are sketchy, and the engineer assigns 

estimates of annual maximum flow rates and their likelihoods of occurrence as 
follows: 

𝐸𝑣𝑒𝑛𝑡 𝐴 = [5 𝑡𝑜 10 𝑐𝑓𝑠] 𝑃(𝐴) = 0.6 

𝐸𝑣𝑒𝑛𝑡 𝐵 = [8 𝑡𝑜 12 𝑐𝑓𝑠] 𝑃(𝐵) = 0.6 

𝐸𝑣𝑒𝑛𝑡 𝐶 = 𝐴 ∪ 𝐵 𝑃(𝐶) = 0.7 

• Construct the sample space. Indicate events A, B, C, 𝐴 ∩  𝐶, and 

𝐴 ∩  𝐵 on the sample space. 

• Find 𝑃(𝐴 ∩ 𝐵), 𝑃(𝐴̅), 𝑃(𝐴|𝐵), 𝑃(𝐵|𝐴), and 𝑃(𝐵 ∪ 𝐴̅) 

Solution 

• Sample space: 

The sample space would be as 

indicated: 
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• Probabilities: 

𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵)  

0.7 = 0.6 + 0.6 − 𝑃(𝐴 ∩ 𝐵) 

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴&𝐵) = 0.6 + 0.6 − 0.7 = 0.5∎ 

𝑃(𝐴̅) = 1 − 𝑃(𝐴) = 1 − 0.6 = 0.4∎ 

𝑃(𝐴|𝐵) =
𝑃(𝐴&𝐵)

𝑃(𝐵)
=

𝑃(𝐴 ∩ 𝐵)

𝑃(𝐵)
=

0.5

0.6
=  0.833∎ 

𝑃(𝐵|𝐴) =
𝑃(𝐴&𝐵)

𝑃(𝐴)
=

𝑃(𝐴 ∩ 𝐵)

𝑃(𝐴)
=

0.5

0.6
= 0.833∎ 

𝑃(𝐵 ∪ 𝐴̅) = 𝑃(𝐵) + 𝑃(𝐴̅) − 𝑃(𝐵𝐴̅) 

The probability of 𝑃(𝐵𝐴̅) can be determined 

with referring to following Venn diagrams: 

𝑃(𝐵𝐴̅) = 𝑃(𝐴 ∪ 𝐵) − 𝑃(𝐴) = 0.7 − 0.6 = 0.1 

𝑃(𝐵 ∪ 𝐴̅) = 0.6 + 0.4 − 0.1 = 0.9 ∎ 
 

4.9.2.5 MULTIPLICATION RULE FOR THREE OR MORE DEPENDENT EVENTS 

The multiplication rule can be extended to three or more events, as shown in 

example below: 
 

Example 4.9-19 

Three cards are drawn from an ordinary deck and not replaced. Find the 

probability of these events.  

• Getting 3 jacks. 
• Getting an ace, a king, and a queen in order. 

• Getting a club, a spade, and a heart in order. 
• Getting 3 clubs. 

Solution 

With referring to the indicated 
standard deck of cards: 

• Getting 3 jacks. 

𝑃(3 𝑗𝑎𝑐𝑘𝑠) =
4

52
.

3

51
.

2

50
=

24

132600

=
1

5525
 

• Getting an ace, a king, and a queen in order. 

𝑃(𝑎𝑐𝑒 𝑎𝑛𝑑 𝑘𝑖𝑛𝑔 𝑎𝑛𝑑 𝑞𝑢𝑒𝑒𝑛) =
4

52
.

4

51
.

4

50
=

64

132600
=

8

16575
 

• Getting a club, a spade, and a heart in order. 

𝑃(𝑐𝑙𝑢𝑏 𝑎𝑛𝑑 𝑠𝑝𝑎𝑑𝑒 𝑎𝑛𝑑 ℎ𝑒𝑎𝑟𝑡) =
13

52
.
13

51
.
13

50
=

2197

132600
=

169

10200
 

• Getting 3 clubs. 

𝑃(𝑐𝑙𝑢𝑏 𝑎𝑛𝑑 𝑐𝑙𝑢𝑏 𝑎𝑛𝑑 𝑐𝑙𝑢𝑏) = (
13

52
) × (

12

51
) × (

11

50
) =

11

850
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4.10 THE THEOREM OF TOTAL PROBABILITY* 
4.10.1 BASIC CONCEPTS THROUGH AN EXAMPLE 

• On occasion, the probability of an event, say 𝐴, cannot be 

determined directly: its occurrence will depend on the occurrence 

or nonoccurrence of other events such as 𝐸𝑖, 𝑖 =  1, 2, . . 𝑛, and the 

probability of 𝐴 will depend on which of the 𝐸𝑖′𝑠 has occurred. On 

such an occasion, the probability of A would be composed of the 
conditional probabilities (conditioned on each of the 𝐸𝑖′𝑠) and 

weighted by the respective probabilities of the 𝐸𝑖′𝑠. Such problems 

require the theorem of total probability. 
• Before formally presenting the mathematical theorem. let us 

examine the following example to illustrate the essential elements 

of the theorem. 
 

Example 4.10-1 

The flooding of a river in the spring season will depend on the accumulation of 

snow in the mountains during the past winter season. The accumulation of snow 
may be described as heavy, normal, and light. Clearly. if the snow accumulation 

in the mountains is heavy. the probability of flooding in the following spring will 

be high whereas, if the snow accumulation is light, this probability will be low. 

Flooding, of course, may also be caused by rainfalls in the spring. With the 
following notations. 

𝐹 is occurrence of flooding in the river, 

𝐻 is heavy accumulation of snow, 

𝑁 is normal accumulation of snow, 

𝐿 is light (including no) accumulation of snow 

Assume that: 

𝑃(𝐹 𝐻⁄ ) =  0.90, 𝑃(𝐹 𝑁⁄ ) = 0.4, 𝑃(𝐹 𝐿⁄ ) = 0.1 

whereas in a given winter season, 

𝑃(𝐻)  =  0.20;  𝑃(𝑁)  =  0.50;  𝑃(𝐿)  =  0.30 

Based on these assumption and information, find the probability of flooding in the 
river during the following spring. 

Solution 

Based on the definition of the conditional probability, the probability of flooding 

in the river during the following spring season will be: 

𝑃(𝐹) = 𝑃(𝐹 𝐻⁄ )𝑃(𝐻) + 𝑃(𝐹 𝑁⁄ )𝑃(𝑁) + 𝑃(𝐹 𝐿⁄ )𝑃(𝐿) 

𝑃(𝐹) = 0.9 × 0.20 + 0.4 × 0.50 + 0.10 × 0.30 = 0.41 ∎ 
 

In Example 4.10-1, we can observe the following: 

• The accumulations of snow in the past winter, namely. heavy, 

normal, and light. Are mutually exclusive. 

• The probabilities of the three levels of snow accumulation, namely, 

𝐻, 𝑁. and 𝐿 add up to 1.0. 

Therefore, the three events 𝐻 , 𝑁 , and 𝐿  are mutually exclusive and also 

collectively exhaustive. 

4.10.2 FORMAL FORMULATION 

• Formally. consider n events that are mutually exclusive and 

collectively exhaustive, namely 𝐸1, 𝐸2, … … , 𝐸𝑛. That is, 
𝐸1 ∪ 𝐸2 ∪ 𝐸3 ∪ … … . .∪ 𝐸𝑛 = 𝑆 
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• Then, if 𝐴 is an event in the same 

sample space S as shown in Figure 
4.10-1, we derive the theorem of 

total probability as follows: 
𝐴 = 𝐴𝑆 = 𝐴(𝐸1 ∪ 𝐸2 ∪ 𝐸3 ∪ … … ∪ 𝐸𝑛)  
𝐴 = (𝐴𝐸1 ∪ 𝐴𝐸2 ∪ 𝐴𝐸3 ∪ … … ∪ 𝐴𝐸𝑛) 
where 𝐴𝐸1 ∪ 𝐴𝐸2 ∪ 𝐴𝐸3 ∪ … … ∪ 𝐴𝐸𝑛 

are also mutually exclusive as can 

be seen in the Venn diagram of 

Figure 4.10-1. 

• Therefore, 
𝑃(𝐴) = 𝑃(𝐴𝐸1) + 𝑃(𝐴𝐸2) + 𝑃(𝐴𝐸3) + ⋯ … 𝑃(𝐴𝐸𝑛) 

• Finally, by virtue of the multiplication rule, we obtain the theorem 

of total probability as: 

𝑃(𝐴) = 𝑃(𝐴|𝐸1) + 𝑃(𝐴|𝐸2) + 𝑃(𝐴|𝐸3) + ⋯ … 𝑃(𝐴|𝐸𝑛) Eq. 4.10-1 

• Again, in applying the above total probability theorem, it is 

important to observe that the conditioning events 𝐸1, 𝐸2, … … , 𝐸𝑛, 

must be mutually exclusive and collectively exhaustive. 
 

Example 4.10-2 

Hurricanes along the Gulf of Mexico and the eastern seaboard of the United States 

occur every year, mostly in the summer and fall. These hurricanes are classified 

into five categories from 𝐶1 through C5; to be classified as a hurricane, the wind 

speed must be at least 75 miles per hour (120 km/hr). The frequencies of 
hurricanes, of course, would decrease with the categories; for example, a 

Category 𝐶5 hurricane, with sustained wind > 150 mph (242 km/hr), would very 

seldom occur. 

Assume that annually there can be at most one hurricane striking a particular 

area in the southern coast of Louisiana along the Gulf of Mexico, and the annual 
occurrence probabilities of the different hurricane categories are as follows: 

𝑃(𝐶1) = 0.35, 𝑃(𝐶2) = 0.25, 𝑃(𝐶3) = 0.14, 𝑃(𝐶4) = 0.05, 𝑃(𝐶5) = 0.01 

Structural damage to an engineered building in the reference area can be 
expected to occur depending on the category of hurricane that the building will 

be subjected to. Suppose the conditional probabilities of damage to the building 
are as follows: 

𝑃(𝐷|𝐶1) = 0.05; 𝑃(𝐷|𝐶2) = 0.10; 𝑃(𝐷|𝐶3) = 0.25; 𝑃(𝐷|𝐶4) = 0.60; 𝑃(𝐷|𝐶5) = 1.00; 𝑃(𝐷|𝐶0)
= 0 

Find the annual probability of wind damage to the building. 

Solution 

We might observe first that the five categories of hurricanes, C1, C2, C3, C4, C5, 
are mutually exclusive, as it is reasonable to assume that no two categories can 

occur at the same time and cover all possible hurricanes; thus, these five 

categories plus non-hurricane winds (denoted C0) are also collectively 

exhaustive. Therefore, Eq. 4.10-1 is applicable and the total probability of the 

damage would be: 

𝑃(𝐷) = 𝑃(𝐷|𝐶1) × 𝑃(𝐶1) + 𝑃(𝐷|𝐶2) × 𝑃(𝐶2) + 𝑃(𝐷|𝐶3) × 𝑃(𝐶3) + 𝑃(𝐷|𝐶4) × 𝑃(𝐶4)
+ 𝑃(𝐷|𝐶5) × 𝑃(𝐶5) 

𝑃(𝐷) = 0.05 × 0.35 + 0.10 × 0.25 + 0.25 × 0.14 + 0.60 × 0.05 + 1.00 × 0.01 = 0.1175 

Therefore, annually the probability of hurricane wind damage to the building is 

about 12%. 

 
Figure 4.10-1: Intersection of 

A and 𝑬𝟏, 𝑬𝟐, … … , 𝑬𝒏, in sample 

space 𝑺. 
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We might observe from the above calculations that the greatest contributions to 
the annual damage probability are from hurricanes of Categories 3 and 4, 

𝑃(𝐷|𝐶3) × 𝑃(𝐶3) =  0.25 × 0.14 = 0.035 𝑎𝑛𝑑  𝑃(𝐷|𝐶4) × 𝑃(𝐶4) = 0.60 × 0.05 = 0.03  

Observe also that even though damage to the building will certainly occur under 

a Category 5 hurricane 𝑃(𝐷|𝐶5) = 1.00 the occurrence of such hurricanes is very 

rare, annually 𝑃(𝐶5) = 0.01, which means that it might occur (on the average) only 

about a once in every 100 years. 
 

Example 4.10-3 

Figure 4.10-2 shows the eastbound 
directions of two interstate highways I1 

and I2 merging into another highway I3. 

Interstates I1 and I2 have the same traffic 
capacities; however, the rush-hour traffic 

volume on I2 is about twice that on I1 so 

that during rush hour, the probabilities of 

traffic congestion, denoted, respectively, 

as 𝐸1 and 𝐸2, are as follows: 

𝑃(𝐸1) = 0.10; 𝑃(𝐸2) = 0.20 

Also, when one route has excessive traffic, the chance of excessive traffic on the 

other route can be expected to increase; assume that these conditional 
probabilities are: 

𝑃(𝐸1|𝐸2) = 0.40 whereas, from Bayes' theorem (see Section 4.11), we must have: 

𝑃(𝐸2|𝐸1) = 0.80 

Determine the probability of traffic congestion on the third route I3, 𝑃(𝐸3) with 

the following two cases: 

• First: Let us assume that the capacity of I3 is the same as that of 
I1 or I2 and that when I1 and I2 are both carrying less than their 

respective traffic capacities, there is a 20% probability that I3 will 
experience excessive traffic; i.e., 𝑃(𝐸3|𝐸̅1𝐸̅2) =  0.20. 

•  

Solution 

We would expect that the relevant probability will depend on the traffic conditions 

on I1 and I2, which may be 𝐸1𝐸2, 𝐸̅1𝐸2, or 𝐸̅1𝐸̅2; observe that these four joint 

events are mutually exclusive and collectively exhaustive. Their respective 

probabilities are then: 

The solution is not complete yet. 

  

 
Figure 4.10-2: Eastbound 

interstate highways. 
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CHAPTER 5 
DISCRETE PROBABILITY DISTRIBUTIONS 
5.1 INTRODUCTION 

• This chapter explains the concepts and applications of what is 

called a probability distribution.  

• In addition, special probability distributions, such as the binomial, 

and Poisson distributions, are explained. 

5.2 MODELING CONCEPT 
• In mathematics, curves can be represented by equations. For 

example, the equation of the circle is: 
𝑥2

+  𝑦2
=  𝑟2 

where r is the radius. 
• A circle can be used to represent many physical objects, such as a 

wheel or a gear. Even though it is not possible to manufacture a 

wheel that is perfectly round, the equation and the properties of a 

circle can be used to study many aspects of the wheel, such as 
area, velocity, and acceleration. 

 
Figure 5.2-1: Using circle to model of a wheel. 

• In a similar manner, many theoretical curves, called probability 

distribution curves, can be used to simulate many variables that 

are not perfectly coincide with these distributions. 
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5.3 RANDOM VARIABLE AND PROBABILITY DISTRIBUTIONS* 
5.3.1 RANDOM VARIABLE 

A random variable is a variable whose values are determined by chance. 
 

Example 5.3-1 

Should strength of concrete be modeled as variable or as random variable? 

Solution 

If strength of concrete can be related to other parameters such as constituent 

materials, sample shape (cylinder or cube), test age (7 days, 28 days, etc.), then 

it can be simulated as a variable (mathematical variable).  

Experimentally, it has found that different concrete sample that have been 

produced from same constituent materials with same sample shape and tested 

at same age and under same conditions will have differences in their strength. In 
this sense, concrete strength should be simulated as a random variable as it 

depends on parameters that are out of controlled (determined by chance). 
 

Example 5.3-2 

Consider Figure 5.3-1 above that 

represents temperature in oF measured at 

a Columbia on May 2010. 
Should temperature at this location be 

simulated as a mathematical variable or as 

a random variable?  
Solution 

When temperature at a specific date, for 
example 10th of May, at 2010 is compared 

to temperature records on same time but at 
different years, one notes a significant 
different and concludes that the temperature should be simulated as a random 

variable.  

 
 

5.3.2 PROBABILITY MASS FUNCTION 

• For the case of discrete variable, the Probability Mass Function, 
abbreviated pmf, is defined as: 
𝑝𝑋(𝑥) = 𝑃𝑟(𝑋 = 𝑥) 
where the capital letter 𝑋, refers to the random variable, while the 

small letter 𝑥 refers to a specific value for the random variable.  

• Based on probability axioms: 

0 ≤ 𝑝𝑋(𝑥) ≤ 1, for all possible 𝑥, 

𝑝𝑋(𝑥) = 0 for all unrealizable 𝑥, 

Σ𝑝𝑋(𝑥) = 1 which is summed over all possible 𝑥, 

 
Figure 5.3-1: Temperature versus 

date, data for Example 5.3-2 
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𝑃𝑋(𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛) = 𝑝𝑋(𝑥1) + 𝑝𝑋(𝑥2) + ⋯ + 𝑝𝑋(𝑥𝑛) for mutually 

exclusive outcomes 𝑥1, 𝑥2, …, 𝑥𝑛.  
 

Example 5.3-3 

Construct a probability distribution for rolling a single die. 

Solution 

Since the sample space is 1, 2, 3, 4, 5, 6 and each outcome has a probability of 
1

6
, according to classical or prior probability interpretation, the distribution is as 

shown. 

 
Probability distributions can be shown graphically by representing the values of 

X on the x-axis and the probabilities P(X) on the y-axis. 

 
Figure 5.3-2: Probability distribution for Example 5.3-3. 

 

Example 5.3-4 

Represent graphically the probability distribution for the sample space for tossing 
three coins and getting a head. 

Solution 
Using classical or prior probability interpretation, when three coins are tossed, 

the sample space is represented as  

TTT, TTH, THT, HTT, HHT, HTH, THH, HHH;  

and if X is the random variable for the number of heads, then X assumes the 

value 0, 1, 2, or 3. Probabilities for the values of X can be determined as follows: 

 
Hence, the probability of getting no heads is, one head is 

3

8
, two heads is 

3

8
, and 

three heads is 
1

8
. From these values, a probability distribution can be constructed 

by listing the outcomes and assigning the probability of each outcome, as shown 
here. 

 
The values that X assumes are located on the x axis, and the values for P(X) are 

located on the y axis. The graph is shown in Figure 5–1. 
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Figure 5.3-3: Probability distribution for Example 5.3-4. 

 

Example 5.3-5 

Plot a probability distribution for the data indicated in Table 5.3-1 below that 

represents the number of floods recorded per year at a gauging station for a 
specific river. 
Table 5.3-1  

 
Solution 

As data have been gathered from a recording and measuring process, therefore 
presented probabilities are objective or empirical probabilities.  

Consider number of floods per year, 𝑋, as a random variable, the probability 

distribution would be as indicated in Figure 5.3-4 below. 

 
Figure 5.3-4: Probability distribution for number of floods per year recorded at 

a specific station. 
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5.4 MEAN, VARIANCE, STANDARD DEVIATION, AND EXPECTATION* 
• The mean, variance, and standard deviation for a probability 

distribution are computed differently from the mean, variance, 

and standard deviation for samples.  
• This section explains how these measures as well as a new 

measure called the expectation are calculated for probability 

distributions. 

5.4.1 MEAN 

• In Chapter 3, the mean for a sample or population was computed 

by adding the values and dividing by the total number of values, as 

shown in these formulas: 

𝜇 =  
∑ 𝑋

𝑁
 Eq. 5.4-1 

• As discussed in Chapter 4, according to objective (empirical) 

interpretation of probability, exact parameter, for example the 

mean, 𝜇, can be obtained from sample only when sample size is 

infinity larger, i.e. 𝑛 →  ∞.  Since this task is impossible, the 

previous formula cannot be used because the denominator would 

be infinity.  

• Hence, a new method of computing the mean is necessary. To 
derive the new formula, the above equation has been re-written in 

the following form: 

𝜇 =  
𝑓1𝑋1 + 𝑓2𝑋2 + ⋯ + 𝑓𝑁𝑋𝑁

𝑁
  Eq. 5.4-2 

• Based on objective (empirical) interpretation of probability, each 
term of above relation can be re-written in the following form: 

lim
𝑁→∞

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑜𝑓 𝑋𝑖

𝑁
= 𝑃(𝑋𝑖) Eq. 5.4-3 

• Therefore, in its final form the relation for the mean, 𝜇, would be 

as indicated in below: 

 
• This method gives the exact theoretical value of the mean as if it 

were possible to roll the die an infinite number of times. 

5.4.2 VARIANCE AND STANDARD DEVIATION 

• Recall from Chapter 3 that to measure this spread or variability, 

statisticians use the variance and standard deviation. These 
formulas were used: 

σ2 =
Σ(𝑋 − 𝜇)2

𝑁
 Eq. 5.4-4 

𝜎 = √
Σ(𝑋 − 𝜇)2

𝑁
 Eq. 5.4-5 

• As for mean, to be suitable for cases where 𝑁 → ∞, above relations 

are rewritten as indicated in below in terms of objective 

interpretations of probability.  
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Example 5.4-1 

Find the mean, variance, and standard deviations of the number of spots that 

appear when a die is tossed. 

Solution 
In the toss of a die, the mean can be computed thus. 

 
That is, when a die is tossed many times, the theoretical mean will be 3.5. Note 

that even though the die cannot show a 3.5, the theoretical average is 3.5. 
Square each outcome and multiply by the corresponding probability, sum those 

products, and then subtract the square of the mean. 

 
To get the standard deviation, find the square root of the variance. 

 
 

Example 5.4-2 

The data indicated in below represents the observed number of days per month 

of high-amplitude waves acting on a sea pier is given below. Determine the mean 

and variance of X. 
X P(X) 
0 0.38 

1 0.22 

2 0.18 

3 0.13 

4 0.09 
5 0.06 

6 0.03 

≥7 0.01 

Solution 

Based on relation for the mean value, 𝜇,  
𝜇 = Σ𝑋. 𝑃(𝑋) 
data table has been updated as indicated in below: 
X P(X) X.P(X) 

0 0.38 0 

1 0.22 0.22 
2 0.18 0.36 

3 0.13 0.39 

4 0.09 0.36 

5 0.06 0.3 

6 0.03 0.18 
≥7 0.01 0.07 

 μ = ∑X.P(X) 1.88 
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To determine variance based on the relation of 

𝜎2 = Σ(𝑋2. 𝑃(𝑋)) − 𝜇2 

Data table has been updated to follows  

X P(X) X.P(X) X2 X2.P(X) 

0 0.38 0 0 0 

1 0.22 0.22 1 0.22 
2 0.18 0.36 4 0.72 

3 0.13 0.39 9 1.17 

4 0.09 0.36 16 1.44 

5 0.06 0.3 25 1.5 

6 0.03 0.18 36 1.08 

≥7 0.01 0.07 49 0.49 

 μ = ∑X.P(X) 1.88  6.62 

Then: 

𝜎2 = Σ(𝑋2. 𝑃(𝑋)) − 𝜇2 = 6.62 − 1.882 = 3.09 

Finally, the standard deviation would be: 

𝜎 =  √𝜎2 =  √3.09 = 1.78 
 

Example 5.4-3 

In a building project, the construction of the foundations takes time T1 and the 
construction of the superstructure takes time T2. Because of inclement weather, 

labor problems, and other factors, T1 and T2 behave like random variables with 
empirical probabilities indicated in below. Calculate the mean times taken for the 

foundations and the superstructure. 
Time in Weeks, T P(T1) P(T2) 

1 0.1 0 
2 0.3 0 

3 0.4 0 
4 0.2 0.1 
5 0 0.5 

6 0 0.4 
7 0 0 

Solution 

Based on relation for the mean value, 𝜇,  
𝜇 = Σ𝑇. 𝑃(𝑇) 
data table has been updated as indicated in below: 

Time in Weeks, T P(T1) P(T2) T.P(T1) T.P(T2) 

1 0.1 0 0.1 0 

2 0.3 0 0.6 0 

3 0.4 0 1.2 0 
4 0.2 0.1 0.8 0.4 

5 0 0.5 0 2.5 

6 0 0.4 0 2.4 
7 0 0 0 0 

  Summation 2.7 5.3 
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5.5 THE BINOMIAL DISTRIBUTION 
5.5.1 EXPERIMENTS WITH TWO POSSIBLE OUTCOMES 

• Many types of probability problems have only two outcomes or can 
be reduced to two outcomes.  

• For example,  

o When a coin is tossed, it can land heads or tails.  

o In a basketball game, a team either wins or loses. 

o A true/false item can be answered in only two ways, true or 

false.  

5.5.2 SITUATIONS THAT CAN BE REDUCED TO TWO OUTCOMES  

• Other situations can be reduced to two outcomes. For example,  

o A medical treatment can be classified as effective or 
ineffective, depending on the results.  

o A person can be classified as having normal or abnormal blood 

pressure, depending on the measure of the blood pressure 

gauge.  
o A multiple-choice question, even though there are four or five 

answer choices, can be classified as correct or incorrect.  

5.5.3 BINOMINAL EXPERIMENT 

Situations like these are called binomial experiments. 

 
5.5.4 BINOMINAL DISTRIBUTION AND ITS FORMULA 

• A binomial experiment and its results give rise to a special 
probability distribution called the binomial distribution. 

 
• In binomial experiments, the outcomes are usually classified as 

successes or failures. For example, the correct answer to a 

multiple-choice item can be classified as a success, but any of the 

other choices would be incorrect and hence classified as a 

failure.  
• The notation that is commonly used for binomial experiments and 

the binomial distribution is defined now. 

 
• In a binominal experiment, the probability of exactly 𝑋 successes 

in 𝑛 trials is: 

𝑃(𝑋) =
𝑛!

(𝑛 − 𝑋)! 𝑋!
× 𝑝𝑋 × 𝑞𝑛−𝑋 Eq. 5.5-1 
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Example 5.5-1 

A coin is tossed 3 times. Based on the sample space, find the probability of getting 

exactly two heads. 
Solution 

This problem can be solved by looking at the sample space. There are three ways 

to get two heads. 

 
The answer is 

3

8
, or 0.375. 

 

Example 5.5-2 

Resolve  

Example 5.5-1 above based on binominal probability formula if applicable.  

Solution 
Looking at the  

Example 5.5-1 from the standpoint of a binomial experiment, one can show that 

it meets the four requirements. 
1. There are a fixed number of trials (three). 

2. There are only two outcomes for each trial, heads or tails. 

3. The outcomes are independent of one another (the outcome of one toss in no 

way affects the outcome of another toss). 
4. The probability of a success (heads) is ½ in each case. 

Therefore, the binominal probability formula is applicable. In this case, n = 3, X 

= 2, p = 1/2 , and q = 1/2 . Hence, substituting in the formula gives: 

𝑃(𝑋) =  
𝑛!

(𝑛 − 𝑋)! 𝑋!
× 𝑝𝑋 × 𝑞𝑛−𝑋 =  

3!

(3 − 2)! × 2!
×

1

2

2

×
1

2

(3−2)

= 0.375 

which is the same answer obtained by using the sample space. 
 

Explaining Binominal Formula with Referring to  

5.5.5 EXAMPLE 5.5-1 AND EXAMPLE 5.5-2  

• Example 5.5-1 and Example 5.5-2 above can be used to explain 

the formula.  
• First, note that there are three ways to get exactly two heads and 

one tail from a possible eight ways. They are HHT, HTH, and THH. 

• In this case, then, the number of ways of obtaining two heads 

from three-coin tosses is 3C2, or 3, as shown in Chapter 4.  

• In general, the number of ways to get X successes from n trials 

without regard to order is: 

 
This is the first part of the binomial formula. 

• Next, each success has a probability of 𝑝 and can occur twice.  

• Likewise, each failure has a probability of 𝑞 and can occur once, 

giving the second part of the formula.  
• To generalize, then, each success has a probability of 𝑝 and can 

occur X times, and each failure has a probability of 𝑞 and can 

occur 𝑛 − 𝑋 times. Putting it all together yields the binomial 

probability formula. 
 

Example 5.5-3 

A survey found that one out of five Americans say he or she has visited a doctor 

in any given month. If 10 people are selected at random, find the probability that 

exactly 3 will have visited a doctor last month. 
  



Engineering Statistics Chapter 5: Discrete Probability Distributions 
 

Dr. Salah R. Al-Zaidee and Dr. Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 5: Page 10 
 

Solution 

𝑃(𝑋) =  
𝑛!

(𝑛 − 𝑋)! 𝑋!
× 𝑝𝑋 × 𝑞𝑛−𝑋  ⟹ 𝑃(3) =  

10!

(10 − 3)! × 3!
× (

1

5
)

3

× (
4

5
)

(10−3)

= 0.201 
 

Example 5.5-4 

A survey from Teenage Research Unlimited (Northbrook, Illinois) found that 30% 

of teenage consumers receive their spending money from part-time jobs. If 5 
teenagers are selected at random, find the probability that at least 3 of them will 

have part-time jobs. 

Solution 

To find the probability that at least 3 have part-time jobs, it is necessary to find 

the individual probabilities for 3, or 4, or 5 and then add them to get the total 

probability. 

∵ 𝑃(𝑋) =  
𝑛!

(𝑛 − 𝑋)! 𝑋!
× 𝑝𝑋 × 𝑞𝑛−𝑋 

𝑃(3) =  
5!

(5 − 3)! × 3!
× (

30

100
)

3

× (
70

100
)

(5−3)

= 0.132 

𝑃(4) =  
5!

(5 − 4)! × 4!
× (

30

100
)

4

× (
70

100
)

(5−4)

= 0.028 

𝑃(5) =  
5!

(5 − 5)! × 5!
× (

30

100
)

5

× (
70

100
)

(5−5)

= 0.002 

𝑃(𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑡ℎ𝑟𝑒𝑒 𝑡𝑒𝑒𝑛𝑎𝑔𝑒𝑟𝑠 ℎ𝑎𝑣𝑒 𝑝𝑎𝑟𝑡 − 𝑡𝑖𝑚𝑒 𝑗𝑜𝑏𝑠) =  0.132 +  0.028 +  0.002 =  0.162 
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5.5.6 TABLE TO COMPUTE PROBABILITIES USING THE BINOMIAL PROBABILITY FORMULA  

• Computing probabilities by using the binomial probability formula 

can be quite tedious at times, so tables have been developed for 

selected values of n and p.  
• Table 5.5-1 below gives the probabilities for individual events.  

Table 5.5-1: The Binomial Distribution 
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Table 5.5-1: The Binomial Distribution (Continued)  

 
  



Engineering Statistics Chapter 5: Discrete Probability Distributions 
 

Dr. Salah R. Al-Zaidee and Dr. Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 5: Page 13 
 

Table 5.5-1: The Binomial Distribution (Continued)  
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Table 5.5-1: The Binomial Distribution (Continued)  
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Table 5.5-1: The Binomial Distribution (Continued) 
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Table 5.5-1: The Binomial Distribution (Continued) 
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Example 5.5-5 

Resolve  

Example 5.5-1 using Table 5.5-1 above. 
Solution 

Since n = 3, X = 2, and p = 0.5, the value 0.375 is found as shown in Figure 

5.5-1. 

 
Figure 5.5-1: Using Table 5.5-1 to solve Example 5.5-1. 

 

Example 5.5-6 

Public Opinion reported that 5% of Americans are afraid of being alone in a house 
at night. If a random sample of 20 Americans is selected, find these probabilities 

by using the binomial table. 

a. There are exactly 5 people in the sample who are afraid of being alone at night. 

b. There are at most 3 people in the sample who are afraid of being alone at 
night. 

c. There are at least 3 people in the sample who are afraid of being alone at night. 
Solution 
a. n = 20, p = 0.05, and X = 5. From the table, we get 0.002. 

b. n = 20 and p = 0.05. “At most 3 people” means 0, or 1, or 2, or 3. 

Hence, the solution is 
𝑃(0)  +  𝑃(1)  +  𝑃(2)  +  𝑃(3)  =  0.358 +  0.377 +  0.189 +  0.060 =  0.984 

c. n = 20 and p = 0.05. “At least 3 people” means 3, 4, 5, . . . , 20.  

This problem can best be solved by finding P(0) + P(1) + P(2) and subtracting 

from 1. 
𝑃(0)  +  𝑃(1)  +  𝑃(2)  =  0.358 +  0.377 +  0.189 =  0.924 
1 −  0.924 =  0.076 

 

Example 5.5-7 

A report from the Secretary of Health and Human Services stated that 70% of 
single-vehicle traffic fatalities that occur at night on weekends involve an 

intoxicated driver. If a sample of 15 single-vehicle traffic fatalities that occur at 

night on a weekend is selected, find the probability that exactly 12 involve a 

driver who is intoxicated. 

Solution 
Now, n = 15, p = 0.70, and X = 12. From Table 5.5-1,  
𝑃 (12)  =  0.170 

Hence, the probability is 0.170. 
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5.5.7 MEAN, VARIANCE, AND STANDARD DEVIATION FOR THE BINOMIAL DISTRIBUTION 

The mean, variance, and standard deviation of a variable that has the binomial 

distribution can be found by using the following formulas. 
𝑀𝑒𝑎𝑛 = 𝜇 = 𝑛. 𝑝 Eq. 5.5-2 
𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒, 𝜎2 = 𝑛. 𝑝. 𝑞 Eq. 5.5-3 

𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛, 𝜎 =  √𝑛. 𝑝. 𝑞 Eq. 5.5-4 
 

Example 5.5-8 

A coin is tossed 4 times. Find the mean, and standard deviation of the number of 

heads that will be obtained. 

Solution 

With the formulas for the binomial distribution and n = 4, p = 1/2, and q = 1/2 , 

the results are: 

𝜇 = 4 ×
1

2
= 2 

𝜎 =   √𝑛. 𝑝. 𝑞 =  √4 ×
1

2
×

1

2
= 1 

From this example, when four coins are tossed many, many times, the average 

of the number of heads that appear is 2, and the standard deviation of the 

number of heads is 1. Note that these are theoretical values. 
 

Example 5.5-9 

A die is rolled 480 times. Find the mean, and standard deviation of the number 
of 3s that will be rolled. 

Solution  

This is a binomial experiment since getting a 3 is a success and not getting a 3 is 
considered a failure. 

Hence n = 480, 𝑝 = 1/6, and 𝑞 = 5/6. 

𝜇 = 𝑛. 𝑝 = 480 ×
1

6
= 80 

𝜎 =  √𝑛. 𝑝. 𝑞 =  √480 ×
1

6
×

5

6
≈ 8 

 

Example 5.5-10 

The Statistical Bulletin published by Metropolitan Life Insurance Co. reported that 

2% of all-American births result in twins. If a random sample of 8000 births is 

taken, find the mean, and standard deviation of the number of births that would 
result in twins. 

Solution 

𝜇 = 𝑛. 𝑝 = 8000 ×
2

100
= 160 

𝜎 =  √𝑛. 𝑝. 𝑞 =  √8000 ×
2

100
×

98

100
≈ 13 
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5.5.8 ENGINEERING EXAMPLES 
Example 5.5-11 

The quality assurance department in a structural-steel factory inspects every 

product coming off its production line. The product either fails (F) or passes (S) 
the inspection. Past experience indicates that the probability of failure (having a 

defective product) is 5%. When production line manufactures (on the average) 

1000 units of the product daily, what are the mean, standard deviation, and 

coefficient of variation for the nondefective units. 
Solution 

The mean, standard deviation, and coefficient of variation for the nondefective 

units: 

𝜇 = 𝑛. 𝑝 = 1000 ×
95

100
= 950 nondefective units per day 

𝜎 =  √𝑛. 𝑝. 𝑞 =  √1000 ×
95

100
×

5

100
≈ 7 nondefective units per day  

𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 = 𝜈 =
𝜎

𝜇
=

7

950
=  0.00737 

 

Example 5.5-12 

Suppose a road is flooded with probability p = 0.1 during a year and not more 
than one flood occurs during a year. What is the probability that it will be flooded 
at least once during a 5-year period? 

Solution 
One needs to determine the probability of having no floods and subtracting this 

from unity, which is the sum of the probabilities of having 0, 1, 2, 3, 4, or 5 floods 
during the 5-year period. This procedure is followed when it is easier to compute 

the probability of the complementary event than the probability of the stated 
event. Thus, the probability that the road will be flooded at least once is: 

𝑃(𝑋) =  
𝑛!

(𝑛 − 𝑋)! 𝑋!
× 𝑝𝑋 × 𝑞𝑛−𝑋 

𝑛 = 5, 𝑋 = 0, 𝑎𝑛𝑑 𝑝 = 0.1 

𝑃(0) =  
5!

(5 − 0)! × 0!
× (0.1)0 × (0.9)(5−0) = 0.590 

𝑃(𝑋 ≥ 1) = 1 − 𝑃(0) = 1 − 0.590 = 0.41 
 

  



Engineering Statistics Chapter 5: Discrete Probability Distributions 
 

Dr. Salah R. Al-Zaidee and Dr. Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 5: Page 20 
 

5.5.9 HOMEWORK PROBLEMS 
Home Work 5.5-1 
 

The probability of a flood in any one year is 0.1. In a 10 years period, what is the 

probability of: (a) No floods, (b) Two or fewer floods? 
Ans. 𝑃(No floods) = 0.349 ∎ 

Solutions 
(a) No floods: 
Based on formula: 

𝑃(𝑋) =  
𝑛!

(𝑛 − 𝑋)! 𝑋!
× 𝑝𝑋 × 𝑞𝑛−𝑋 

Where: 𝑝 is the probability of success, 
𝑞 is the probability of failure, 
𝑛 the number of trials, 
𝑋 the number of successes in 𝑛 trials. 
Therefore, 𝑝 = 0.1, 𝑞 = 0.9, 𝑛 = 10 

𝑃(No floods) =  
10!

(10 − 0)! × 0!
× 0.10 × 0.910 = 0.3487 ∎ 

Based on Table 5.5-1: 
𝑃(No floods) = 0.349 ∎ 

 

Home Work 5.5-2 

Each sample of water has a 10% chance of containing a particular organic 

pollutant. Assume that the samples are independent with regard to the presence 

of the pollutant. Find: 
The probability that in the next 18 samples, exactly 2 contain the pollutant. 

The probability that at least four samples contain the pollutant. 

Ans. 𝑃(𝑋 ≥ 4) = 0.098 ∎ 

Solution 
Adopting binominal distribution model, the required probabilities would be: 
Probability of 𝑋 = 2: 

𝑃(𝑋) =  
𝑛!

(𝑛 − 𝑋)! 𝑋!
× 𝑝𝑋 × 𝑞𝑛−𝑋 ⟹ 𝑃(2) =  

18!

(18 − 2)! 2!
× 0.12 × 0.9(18−2) = 0.2835 ∎ 

Probability of 𝑋 ≥ 4: 

𝑃(𝑋 ≥ 4) = 1 − 𝑃(𝑋 < 4) = 1 − (𝑃(3) + 𝑃(2) + 𝑃(1) + 𝑃(0)) 

From Table 5.5-1 of binominal distribution: 
𝑃(𝑋 ≥ 4) = 1 − (0.168 + 0.284 + 0.300 + 0.150) = 0.098 ∎ 

 
Home Work 5.5-3 

A particularly long traffic light on your morning commute is green 20% of the 

time that you approach it. Assume that each morning represents an independent 
trial. 

(a) Over five mornings, what is the probability that the light is green on exactly 

one day? Ans 𝑃(1) =  0.4096 ∎ 

(b) Over 20 mornings, what is the probability that the light is green on exactly 
four days? Ans. 𝑃(4) =  0.2182 ∎ 

(c) Over 20 mornings, what is the probability that the light is green on more than 

four days? Ans. 𝑃(𝑋 > 4) = 0.370 ∎ 

Solution 
According to binominal model, the probability that the light is green on exactly one day over five morning: 

𝑃(𝑋) =  
𝑛!

(𝑛 − 𝑋)! 𝑋!
× 𝑝𝑋 × 𝑞𝑛−𝑋 ⟹ 𝑃(1) =  

5!

(5 − 1)! 1!
× 0.21 × 0.85−1 = 0.4096 ∎ 

The probability that the light is green on exactly four days over 20 morning: 

𝑃(4) =  
20!

(20 − 4)! 4!
× 0.24 × 0.820−4 = 0.2182 ∎ 

The probability that the light is green on more than four days over 20 morning: 

𝑃(𝑋 > 4) = 1 − (𝑃(4) + 𝑃(3) + 𝑃(2) + 𝑃(1) + 𝑃(0)) 

𝑃(𝑋 > 4) = 1 − (0.218 + 0.205 + 0.137 + 0.058 + 0.012) = 0.370 ∎ 
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Home Work 5.5-4 

Suppose a construction company has an experience record showing that 60% of 

its projects were completed on schedule. If this record prevails, the probability of 
the number of on-schedule completions in the next six projects can be described 

by the binomial distribution. Determine the probability that at least two projects 

complete on the schedule. 

Ans. 𝑃(𝑋 ≥ 2) = 0.959∎ 

Solution 
According to binominal model: 

𝑃(𝑋) =  
𝑛!

(𝑛 − 𝑋)! 𝑋!
× 𝑝𝑋 × 𝑞𝑛−𝑋 ⟹ 𝑃(0) =  

6!

(6 − 0)! × 0!
× 0.60 × 0.46 = 0.004 

𝑃(1) =  
6!

(6 − 1)! × 1!
× 0.61 × 0.45 = 0.0369 

𝑃(𝑋 ≥ 2) = 1 − 𝑃(0) − 𝑃(1) = 1 − 0.004 − 0.0369 = 0.959∎ 
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5.6 THE POISSON DISTRIBUTION 
5.6.1 DEFINITION, APPLICATIONS, AND FORMULA 

• It is a discrete probability distribution that is useful: 

o When 𝑛 is large and 𝑝 is small, 

o When the independent variables occur over a period of time is 

called the Poisson distribution. 

o when a density of items is distributed over a given area or 
volume, such as the number of plants growing per acre or the 

number of defects in a given length of videotape. 

• Formula for the Poisson Distribution: 
The probability of X occurrences in an interval of time, volume, 

area, etc., for a variable where 𝜆 (Greek letter lambda) is the 

mean number of occurrences per unit (time, volume, area, etc.) 

is: 

𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 Eq. 5.6-1 

where X = 0, 1, 2, . . . 

The letter 𝑒 is a constant approximately equal to 2.7183. 

5.6.2 MEAN AND VARIANCE OF THE POISSON DISTRIBUTION 

For a Poisson distinction with a mean number of occurrences per unit, 𝜆, the mean 

and variance of X are given by: 
𝜇𝑋 = 𝜆 Eq. 5.6-2 
𝜎𝑋

2 = 𝜆 Eq. 5.6-3 
 

Example 5.6-1 

If there are 200 typographical errors randomly distributed in a 500-page 
manuscript, find the probability that a given page contains exactly 3 errors. 

Solution 
First, find the mean number 𝜆 of errors. Since there are 200 errors distributed 

over 500 pages, each page has an average of: 

𝜆 =
200

500
= 0.4 𝑒𝑟𝑟𝑜𝑟 𝑝𝑒𝑟 𝑝𝑎𝑔𝑒 

Since X = 3, substituting into the formula yields: 

𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
  

𝑃(3; 0.4) =
𝑒−0.4 × 0.43

3!
= 0.00715 

Thus, there is less than a 1% chance that any given page will contain exactly 3 

errors. 
 

  



Engineering Statistics Chapter 5: Discrete Probability Distributions 
 

Dr. Salah R. Al-Zaidee and Dr. Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 5: Page 23 
 

5.6.3 TABLE FOR THE POISSON DISTRIBUTION 

• Since the mathematics involved in computing Poisson probabilities 

is somewhat complicated, tables have been compiled for these 

probabilities.  

• Table 5.6-1 below gives P for various values for 𝜆 and X. 
Table 5.6-1: The Poisson Distribution. 
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Table 5.6-1: The Poisson Distribution. Continued 
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Table 5.6-1: The Poisson Distribution. Continued 
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Table 5.6-1: The Poisson Distribution. Continued 
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Table 5.6-1: The Poisson Distribution. Continued 
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Table 5.6-1: The Poisson Distribution. Continued 
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Example 5.6-2 

Resolve Example 5.6-1 above with using Table 5.6-1. 

Solution 

In Example 5.6-1, where X is 3 and 𝜆 is 0.4, the table gives the value 0.0072 for 

the probability.  

 
 

Example 5.6-3 

A sales firm receives, on average, 3 calls per hour on its toll-free number. For 

any given hour, find the probability that it will receive the following. 

a. At most 3 calls, 
b. At least 3 calls, 
c. 5 or more calls 

Solution 
a.  “At most 3 calls” means 0, 1, 2, or 3 calls. Hence, 

𝑃(0;  3)  +  𝑃(1;  3)  +  𝑃(2;  3)  +  𝑃(3;  3)  =  0.0498 +  0.1494 +  0.2240 +  0.2240 
=  0.6472 

b. “At least 3 calls” means 3 or more calls. It is easier to find the 

probability of 0, 1, and 2 calls and then subtract this answer from 
1 to get the probability of at least 3 calls. 
𝑃(0;  3)  +  𝑃(1;  3)  +  𝑃(2;  3)  =  0.0498 +  0.1494 +  0.2240 =  0.4232 

and 
1 −  0.4232 =  0.5768 

c. For the probability of 5 or more calls, it is easier to find the 

probability of getting 0, 1, 2, 3, or 4 calls and subtract this answer 

from 1. Hence, 
𝑃(0;  3)  +  𝑃(1;  3)  +  𝑃(2;  3)  +  𝑃(3;  3)  +  𝑃(4;  3) 
=  0.0498 +  0.1494 +  0.2240 +  0.2240 +  0.1680 
=  0.8152 

and 
1 −  0.8152 =  0.1848 

Thus, for the events described, the part “a” event is most likely to 

occur, and the part “c” event is least likely to occur. 
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5.6.4 ENGINEERING EXAMPLES 
Example 5.6-4 

Atmospheric dust particles at a particular location cause an environmental 

problem. The number of particles within a unit volume is observed by focusing a 
powerful microscope on the particles and making counts. The results of tests on 

100 such volumes are shown in Table 5.6-2 below. 
Table 5.6-2: Poisson distribution of dust particles in the atmosphere. 

 
Use these data to estimate the mean value for dust particle in unit volume and 

then use Poisson distribution to generate the corresponding theoretical 
frequencies. 

Solution 

As discussed in Chapter 3, mean value for grouped data can be estimated based 
on following relation: 

𝑥̅ =
Σ𝑥𝑖𝑓𝑖

𝑛
=

0 × 13 + 1 × 24 + 2 × 30 + 3 × 18 + 4 × 7 + 6 × 8

100
= 2.14 ⟹ 𝜆 ≈ 𝑥̅ = 2.14 

The theoretical frequencies would be: 

𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦(𝑋) = 𝑃(𝑋; 𝜆) × 100 

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦(0) = 𝑃(0; 2.14) × 100 =
𝑒−2.14 × 2.140

0!
× 100 ≈ 12 

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦(1) = 𝑃(1; 2.14) × 100 =
𝑒−2.14 × 2.141

1!
× 100 ≈ 26 

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦(2) = 𝑃(2; 2.14) × 100 =
𝑒−2.14 × 2.142

2!
× 100 ≈ 27 

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦(3) = 𝑃(3; 2.14) × 100 =
𝑒−2.14 × 2.143

3!
× 100 ≈ 19 

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦(4) = 𝑃(4; 2.14) × 100 =
𝑒−2.14 × 2.144

4!
× 100 ≈ 10 

𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦(6) = 𝑃(6; 2.14) × 100 =
𝑒−2.14 × 2.146

6!
× 100 ≈ 2 

 

Example 5.6-5 

Particles suspended in a liquid medium at a concentration of 10 particles per mL. 

A large volume of the suspension is thoroughly agitated, i.e. disturbed, and then 
1 mL is withdrawn. What is the probability that exactly eight particles are 

withdrawn? 

Solution 

𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 

𝑋 = 8 

𝜆 = 10 because the mean number of particles in 1 mL of suspension (the volume 

withdrawn) was 10. 

𝑃(8; 10) =
𝑒−10 × 108

8!
= 0.1126 

 

Example 5.6-6 

Particles are suspended in a liquid medium at a concentration of 6 particles per 

mL. A large volume of the suspension is thoroughly agitated, and then 3 mL are 

withdrawn. What is the probability that exactly 15 particles are withdrawn? 
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Solution 
𝜆𝑓𝑜𝑟 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 3𝑚𝑙 = 6 × 3 = 18 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 

𝑋 = 15 𝑃𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 

∵ 𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 

∴ 𝑃(15; 18) =
𝑒−18 × 1815

15!
= 0.0786 

 

Example 5.6-7 

Assume that the number of hits, i.e. visits, on a certain website during a fixed 

time interval follows a Poisson distribution. Assume that the mean rate of hits is 

5 per minute. Find the probability that there will be exactly 17 hits in the next 

three minutes. 
Solution 
𝜆𝑓𝑜𝑟 3 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 = 5 × 3 = 15 ℎ𝑖𝑡𝑠 

𝑋 = 17 𝐻𝑖𝑡𝑠 𝑝𝑒𝑟 3 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 

∵ 𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 

∴ 𝑃(17; 15) =
𝑒−15 × 1517

17!
= 0.0847 

 

Example 5.6-8 

The annual rate is assumed to equal the annual probability of fatal accidents per 
1000 miles (i.e., 𝜆 =  1.8 ×  10–5). The variable t is considered to be the travel 

distance in thousands of miles. Find the probability of having one fatal accident 

in 10,000 miles of travel. 

Solution  
𝜆𝑓𝑜𝑟 10000  =  (1.8 ×  10–5) × 10 = 1.8 × 10−4 𝑓𝑎𝑡𝑎𝑙 𝑎𝑐𝑐𝑖𝑑𝑒𝑛𝑡 𝑝𝑒𝑟 thousand of miles 

∵ 𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 

∴ 𝑃(1; 1.8 × 10−4) =
𝑒−1.8×10−4

× (1.8 × 10−4)1

1!
= 1.7997 × 10−4  

 

Example 5.6-9 

In a certain city, the number of potholes on a major street follows a Poisson 
distribution with a rate of 3 per mile. Let X represent the number of potholes in 

a two-mile stretch of road. Find 

a. P(X = 4) 
b. P(X ≤ 1) 

c. 𝜇𝑥 

d. 𝜎𝑥 

Solution 

a. P(X = 4): 
𝜆𝑓𝑜𝑟 2 𝑚𝑖𝑙𝑒 = 3 × 2 = 6 

𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
⟹ 𝑃(4; 6) =

𝑒−664

4!
= 0.1339∎ 

b. P(X ≤ 1) 

𝑃(𝑋 ≤ 1; 6) =
𝑒−661

1!
+

𝑒−660

0!
= 0.0174∎ 

c. 𝜇𝑥 
𝜇𝑥 = 𝜆 = 6∎ 

d. 𝜎𝑥 

𝜎𝑥
2 = 𝜆 ⇒ 𝜎𝑥 = √𝜆 = √6 = 2.45 ∎  
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5.6.5 HOMEWORK PROBLEMS 
Home Work 5.6-1 

All the pumps at a water treatment plant have been made to the same 

specifications by a single manufacturer. From tests made over 4-week period, it 
has been determined that there are on average two breakdowns during each 

period. A new plant manager assumes that the problem is not serious if there 

are no more than four breakdowns over a period of 4 weeks. What is the 

probability of such an occurrence? It is assumed that the failures occur randomly 
in time, the occurrences are independent, and the rate of failure is constant. 

Thus, the Poisson model is applicable.  

Ans. 𝑃(𝑁𝑜 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 4 𝑏𝑟𝑒𝑎𝑘𝑑𝑜𝑤𝑛; 2) = 0.9473∎ 

Solution 

𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 

Where: X occurrences in an interval of time, volume, area, etc., for a variable, 
λ (Greek letter lambda) is the mean number of occurrences per unit (time, volume, area, etc.). 
𝜆 = 2 breakdowns 𝑝𝑒𝑟 𝑓𝑜𝑢𝑟 𝑤𝑒𝑒𝑘𝑠 
𝑃(𝑁𝑜 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 4 𝑏𝑟𝑒𝑎𝑘𝑑𝑜𝑤𝑛; 2) = 𝑃(0; 2) + 𝑃(1; 2) + 𝑃(2; 2) + 𝑃(3; 2) + 𝑃(4; 2) 
From Table 5.6-1: 
𝑃(𝑁𝑜 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 4 𝑏𝑟𝑒𝑎𝑘𝑑𝑜𝑤𝑛; 2) = 0.1353 + 0.2707 + 0.2707 + 0.1804 + 0.0902 = 0.9473∎ 

 
Home Work 5.6-2 

The number of cracks in a section of interstate highway that are significant 

enough to require repair is assumed to follow a Poisson distribution with a mean 
of two cracks per mile. 

(a) What is the probability that there are no cracks that require repair in 5 miles 

of highway? Ans. 𝑃(0; 10) = 4.54 × 10−5 

(b) What is the probability that at least one crack requires repair in half mile of 
highway? Ans. 𝑃(𝑋 ≥ 1,1) =  0.6321 

Solution 
According to Poisson distribution model: 

𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 

The probability that there are no cracks that require repair in 5 miles of highway: 
𝜆𝑓𝑜𝑟 5 𝑚𝑖𝑙𝑒 = 5 × 𝜆𝑓𝑜𝑟 1 𝑚𝑖𝑙𝑒 = 5 × 2 = 10 𝑐𝑟𝑎𝑐𝑘𝑠 

𝑃(0; 10) =
𝑒−10 × 100

0!
= 4.54 × 10−5 ∎ 

The probability that at least one crack requires repair in half mile of highway: 

𝜆
𝑓𝑜𝑟

1
2

 𝑚𝑖𝑙𝑒
=

1

2
× 𝜆𝑓𝑜𝑟 1 𝑚𝑖𝑙𝑒 =

1

2
× 2 = 1 

𝑃(𝑋 ≥ 1,1) = 1 − 𝑃(0,1) = 1 −
𝑒−1 × 10

0!
=  0.6321 ∎ 

 
Home Work 5.6-3 

A flow of magnitude 40 m3/s is exceeded at a particular site on a river once in 3 

months on average. What is the probability of having at least one such flood in a 
year? State assumptions made. Ans. 𝑃(@ 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑠𝑢𝑐ℎ 𝑓𝑙𝑜𝑜𝑑 𝑖𝑛 𝑎 𝑦𝑒𝑎𝑟) = 0.982 

Solution 
According to Poisson distribution model: 

𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 

∵ 𝜆𝑓𝑜𝑟 3 𝑚𝑜𝑛𝑡ℎ𝑠 = 1 ⟹ 𝜆𝑓𝑜𝑟 1 𝑦𝑒𝑎𝑟 = 4 

𝑃(@ 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑠𝑢𝑐ℎ 𝑓𝑙𝑜𝑜𝑑 𝑖𝑛 𝑎 𝑦𝑒𝑎𝑟) = 1 − 𝑃(0; 4) = 1 −
𝑒−440

0!
= 0.982∎ 

In computing 𝜆𝑓𝑜𝑟 1 𝑦𝑒𝑎𝑟  from 𝜆𝑓𝑜𝑟 3 𝑚𝑜𝑛𝑡ℎ𝑠 and in adopting the Poisson distribution model, we implicitly 

assume that all months are identical and independent from each other in regarding to the river flow 
phenomenon. 
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Home Work 5.6-4 

Historical records of severe rainstorms in a town over the last 20 years indicated 

that there had been an average number of four rainstorms per year. Assuming 
that the occurrences of rainstorms may be modeled with the Poisson process, 

what is the probability of two or more rainstorms in the next year? 

Ans.  𝑃(𝑋 ≥ 2; 4) = 0.908 ∎ 

Solution 
𝑃(𝑋 ≥ 2; 𝜆) = 1 − 𝑃(0; 𝜆) − 𝑃(1; 𝜆) 

𝑃(𝑋; 𝜆) =
𝑒−𝜆𝜆𝑋

𝑋!
 

𝜆 = 4 𝑠𝑡𝑜𝑟𝑚𝑠 𝑝𝑒𝑟 𝑦𝑒𝑎𝑟 

𝑃(0; 4) =
𝑒−4 × 40

0!
= 0.0183, 𝑃(1; 4) =

𝑒−4 × 41

1!
= 0.0733 

𝑃(𝑋 ≥ 2; 4) = 1 − 0.0183 − 0.0733 = 0.908 ∎ 
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Chapter 6 
The Normal Distribution 

6.1 INTRODUCTION 

For our subsequent discussion of statistical inference, we need two preliminaries:  

• Probability, which was discussed in Chapter 4, and  

• The normal curve and normal area table, which are the topics of this 

chapter.  

As subsequent discussion will reveal, the normal curve holds central importance in 

statistics because a vast number of phenomena may be explained in terms of the 

normal distribution, which we shall discuss later. 

6.1.1 THE NORMAL CURVE 

The normal curve is the graphical expression of the normal distribution, which is a 

frequency distribution that has: 

• Many frequencies near the center of the distribution and  

• Then gradually tapers off symmetrically.  

6.1.2 BASIC EXAMPLE 

• For example, if a researcher selects a random sample of 100 women, 

measures their heights, and constructs a histogram, the researcher gets 
a graph similar to the one shown in Figure 6.1-1 below.  

 
Figure 6.1-1: Histogram for data of the basic 

example, with sample size =100. 

• Now, if the researcher increases the sample size and decreases the width 

of the classes, the histograms will look like the ones shown in Figure 

6.1-2 below. 

 
Figure 6.1-2: Histogram for data of the basic 

example, with sample size >100. 

• Finally, if it were possible to measure exactly the heights of all adult 

females in the United States and plot them, the histogram would 

approach what is called a normal distribution, shown in Figure 6.1-3 
below. 

 
Figure 6.1-3: Histogram for data of the basic 

example, with sample size >>100. 
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• This distribution is also known as a bell 

curve or a Gaussian distribution, named 

for the German mathematician Carl 
Friedrich Gauss (1777–1855), who derived 

its equation. 
• No variable fits a normal distribution 

perfectly, since a normal distribution is a 

theoretical distribution. However, a 

normal distribution can be used to describe 

many variables, because the deviations 

from a normal distribution are very small.  

6.1.3 CHAPTER PREVIEW 

This chapter will present: 

• The properties of a normal distribution and 

discuss its applications.  

• Then a very important fact about a normal 

distribution called the central limit 

theorem will be explained.  

  

 

Johann Carl Friedrich Gauss (30 

April 1777– 23 February 1855) 

was a German mathematician 
and physicist who made 

significant contributions to many 
fields in mathematics and 

sciences. Sometimes referred to 
as the "the foremost of 

mathematicians" and "the 
greatest mathematician since 

antiquity".  

Gauss had an exceptional 
influence in many fields of 

mathematics and science and is 

ranked among history's most 
influential mathematicians. 
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6.2 NORMAL DISTRIBUTIONS  

6.2.1 MATHEMATICAL EQUATION FOR A NORMAL DISTRIBUTION 

• The mathematical equation for a normal distribution is: 

𝑦 =
𝑒

−(𝑋−𝜇)2

2𝜎2

𝜎√2𝜋
 

Eq. 6.2-1 

where 
𝑒 ≈ 2.718 
𝜋 ≈ 3.14 

𝜇 is the population mean, 

𝜎 is the population standard deviation. 

• The shape and position of a normal distribution curve depend on two 

parameters, the 

o Mean  

o Standard deviation.  

• Figure 6.2-1 below shows two normal distributions with the same mean 

values but different standard deviations. The larger the standard 

deviation, the more dispersed, or spread out, the distribution is.  

 
Figure 6.2-1: Two normal curves with same 

means but with different standard deviations. 

• Figure 6.2-2 below shows two normal distributions with the same 

standard deviation but with different means. These curves have the same 
shapes but are located at different positions on the x-axis.  

 

Figure 6.2-2: Two normal curves with 

different means but with same 

standard deviations. 

• Figure 6.2-3 shows two normal distributions with different means and 

different standard deviations. 

 

Figure 6.2-3: Two normal 

curves with different means 
and different standard 

deviations. 
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6.2.2 PROPERTIES OF THE THEORETICAL NORMAL DISTRIBUTION 

• A normal distribution curve is bell-shaped. 

• The mean, median, and mode are equal and are located at the center of 
the distribution. 

• A normal distribution curve is unimodal (i.e., it has only one mode). 

• The curve is symmetric about the mean, which is equivalent to saying 

that its shape is the same on both sides of a vertical line passing through 

the center. 

• The curve is continuous; that is, there are no gaps or holes. For each 
value of X, there is a corresponding value of Y. 

• The curve never touches the x-axis. Theoretically, no matter how far in 

either direction the curve extends, it never meets the x-axis but it gets 

increasingly closer. 

• The total area under a normal distribution curve is equal to 1.00, or 
100%. This fact may seem unusual, since the curve never touches the x-

axis, but one can prove it mathematically by using calculus. 

• The area under the part of a normal curve that lies: 

o Within 1 standard deviation of the mean is approximately 0.68, or 

68%;  
o Within 2 standard deviations, about 0.95, or 95%; 

o Within 3 standard deviations, about 0.997, or 99.7%.  

Figure 6.2-4 shows the area in each region. 

 
Figure 6.2-4: Areas under a 

normal distribution curve. 
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6.3 THE STANDARD NORMAL DISTRIBUTION 

6.3.1 BASIC DEFINITION 

• Since each normally distributed variable has its own mean and standard 
deviation, as stated earlier, the shape and location of these curves will 

vary.  

• In practical applications, then, you would have to have a table of areas 

under the curve for each variable.  

• To simplify this situation, statisticians use what is called the standard 

normal distribution. 

 

• The standard normal distribution is shown in Figure 6.3-1 below. 

 
Figure 6.3-1: Standard normal 

distribution. 

• All normally distributed variables can be transformed into the standard 

normally distributed variable by using the formula for the standard 

score: 

𝑧 =
𝑋 − 𝜇

𝜎
 Eq. 6.3-1 

6.3.2 HIGHLIGHT ON MEANING OF TRANSFORMATION 

• For example, suppose that the scores for a standardized test are 
normally distributed, have a mean of 100, and have a standard deviation 

of 15.  

 
Figure 6.3-2: Normal distribution 

curve in terms of original data. 

• When the scores are transformed to z values, the two distributions 

coincide, as shown in Figure 6.3-3 (Recall that the z distribution has a 
mean of 0 and a standard deviation of 1.) 

 

Figure 6.3-3: Normal distribution curve 
in terms of original data and 

corresponding standard scores.  
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6.3.3 TABLES FOR STANDARD NORMAL CURVES 

• The major emphasis of this section will be to show the procedure for 

finding the area under the standard normal distribution curve for any z 
value. 

• Once the X values are transformed by using the preceding formula, they 

are called z values. The z value or z score is actually the number of 

standard deviations that a particular X value is away from the mean.  

• Table 6.3-1 below gives the area (to four decimal places) under the 

standard normal curve for any z value from -3.49 to 3.49. 
Table 6.3-1: The standard normal distribution. 
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Table 6.3-1: The standard normal distribution. Continued. 
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6.3.4 FINDING AREAS UNDER THE STANDARD NORMAL DISTRIBUTION CURVE 

• The solution of problems using the standard normal distribution is related 

to area under the normal curve for a specific z value.  
• With regarding to area finding, there are three basic types of problems 

as indicated in Table 6.3-2 below. 
Table 6.3-2: Finding the area under the standard normal distribution curve. 
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6.3.5 GENERAL EXAMPLES FOR DETERMINING AREA UNDER THE NORMAL CURVE 
Example 6.3-1 

Find the area to the left of z = 2.06. 

Solution 

Draw the figure. The desired area is shown in Figure 6.3-4 below. 

 
Figure 6.3-4: Standard z value for Example 

6.3-1. 

We are looking for the area under the standard normal distribution to the left of z = 2.06. 

It is 0.9803. Hence, 98.03% of the area is less than z = 2.06. 

 
Figure 6.3-5: Standard normal curve Table applied to Example 6.3-1. 
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Example 6.3-2 

Find the area to the right of z = -1.19. 

Solution 
Draw the figure. The desired area is shown in Figure 6.3-6 below. 

 
Figure 6.3-6: Standard z value for Example 

6.3-2. 

We are looking for the area to the right of z=-1.19. This is an example of the second 
case. It is 0.1170. Subtract it from 1.0000: 
1.000 −  0.1170 =  0.8830 

Hence, 88.30% of the area under the standard normal distribution curve is to the left of 

z = 1.19. 

 
Figure 6.3-7: Standard normal curve Table applied to Example 6.3-2. 

 



Engineering Statistics Chapter 6: The Normal Distribution 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 6: Page11  
 

Example 6.3-3 

Find the area between z = 1.68 and z = -1.37. 

Solution 
Draw the figure as shown. The desired area is shown in Figure 6.3-8 below: 

 
Figure 6.3-8: Standard z values for 

Example 6.3-3. 

Since the area desired is between two given z values, look up the areas corresponding 

to the two z-values and subtract the smaller area from the larger area.  

• The area for z = 1.68 is 0.9535. 
• The area for z = -1.37 is 0.0853.  

• Then, the area between the two z values is 
0.9535 −  0.0853 =  0.8682 

or 86.82%. 
 

Example 6.3-4 

Find the z value such that the area under the standard normal distribution curve between 

0 and the z value is 0.2123. 

Solution 

• Draw the figure. The area is shown in figure below. 

 
• In this case it is necessary to add 0.5000 to the given area of 0.2123 to 

get the cumulative area of 0.7123.  

• Look up the area in Table 6.3-1. The value in the left column is 0.5, and 

the top value is 0.06.  

 
• Add these two values (0.5 + 0.06) to get z = 0.56.  

 

6.3.6 NOTES FOR REQUIRED AREA IS NOT EXACTLY FOUND IN THE TABLE 

If the exact area cannot be found, use the closest value. For example, if you wanted to 
find the z value for an area 0.9241, the closest area is 0.9236, which gives a z value of 

1.43.  
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6.4 THE NORMAL DISTRIBUTION CURVE AS A PROBABILITY DISTRIBUTION CURVE 

6.4.1 BASIC CONCEPTS 

• The area under the standard normal distribution curve can be thought of 
as a probability.  

• That is, 

o If it were possible to select any z value at random, the probability of 

choosing one, say, between 0 and 2.00 would be the same as the area 

under the curve between 0 and 2.00. In this case, the area is 0.4772.  

o Therefore, the probability of randomly selecting any z value between 0 
and 2.00 is 0.4772.  

• The problems involving probability are solved in the same manner as the 

previous examples involving areas in this section.  

• For probabilities, a special notation is used. For example, if the problem 
is to find the probability of any z value between 0 and 2.32, this 

probability is written as 
𝑃(0 ≤  𝑧 ≤  2.32) 

• Inequality, ⋜ ≥, versus strict inequality: 

In a continuous distribution, the probability of any exact z value is 0 

since the area would be represented by a vertical line above the value. 

But vertical lines in theory have no area. So  

 

6.4.2 THE PROCEDURE 

• The standard normal distribution curve can be used to solve a wide 

variety of practical problems. The only requirement is that: 
o The variable be normally  

o Or approximately normally distributed.  

• To solve problems by using the standard normal distribution:  

o Transform the original variable to a standard normal distribution 

variable by using the formula: 

𝑧 =
𝑋 − 𝜇

𝜎
 

o Once the variable is transformed, then the Table 6.3-1 can be used to 

solve problems. 
 

6.4.3 DETERMINING PROBABILITY FOR A GIVEN X OR Z VALUES 
Example 6.4-1 

Find the probability for each. 

• 𝑃(0 <  𝑧 <  2.32) 

• 𝑃(𝑧 <  1.65) 

• 𝑃(𝑧 >  1.91) 

Solution 

• 𝑃(0 <  𝑧 <  2.32): 
o Means to find the area under the standard normal distribution curve 

between 0 and 2.32.  

o First, look up the area corresponding to 2.32. It is 0.9898.  

o Then look up the area corresponding to z = 0. It is 0.500. Subtract the 

two areas:  
0.9898 −  0.5000 =  0.4898  
Hence, the probability is: 
𝑃(0 <  𝑧 <  2.32) = 0.4898 or 48.98% 

This is shown in figure below. 
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• 𝑃(𝑧 <  1.65): 

o It is represented in figure below. 

 
o Look up the area corresponding to z = 1.65 in Table 6.3-1. It is 

0.9505. Hence, 
𝑃(𝑧 <  1.65) =  0.9505 or 95.05% 

• 𝑃(𝑧 >  1.91) 
o It is shown in figure below: 

 
o Look up the area that corresponds to z = 1.91. It is 0.9719. 

o Then subtract this area from 1.0000. 
𝑃(𝑧 >  1.91) =  1.0000 −  0.9719 =  0.0281 or 2.81% 

 
Example 6.4-2 

Assume that the current measurements in a strip of wire follow a normal distribution 

with a mean of 10 milliamperes and a variance of 4 (milliamperes)2. What is the 

probability that a measurement exceeds 13 milliamperes? 

Solution 
Step 1 Draw the figure and 

represent the area as shown in the 

figure. 

Step 2 Find the z value 

corresponding to 13: 

𝑧 =
𝑋 − 𝜇

𝜎
=

13 − 10

2
= 1.5 
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Step 3 Find the area, using Table 6.3-1.  
𝑃(𝑋 > 13) = 𝑃(𝑧 > 1.5) = 1 − 𝑃(𝑧 < 1.5) = 1 − 0.9332 = 0.0668  
Example 6.4-3 

The diameter of a shaft in an optical storage drive is normally distributed with mean 

0.2508 inch and standard deviation 0.0005 inch. The specifications on the shaft are 
0.2500 ±  0.0015 inch. What proportion of shafts conforms to specifications? 

Solution 
Let X denote the shaft diameter in 

inches. The requested probability is 
shown in the figure. 

𝑃(0.2485 < 𝑋 < 0.2515)

= 𝑃 (
0.2485 − 0.2508

0.0005
< 𝑍

<
0.2515 − 0.2508

0.0005
) 

𝑃(−4.6 < 𝑍 < 1.4)
= 𝑃(𝑍 < 1.4) − 𝑃(𝑍 < −4.6)
= 0.91924 − 0.0000
= 0.91924  

Most of the nonconforming shafts are too large, because the process mean is located 

very near to the upper specification limit. If the process is centered so that the process 
mean is equal to the target value of 0.2500: 

𝑃(0.2485 < 𝑋 < 0.2515) = 𝑃 (
0.2485 − 0.2500

0.0005
< 𝑍 <

0.2515 − 0.2500

0.0005
) 

𝑃(−3 < 𝑍 < 3) = 𝑃(𝑍 < 3) − 𝑃(𝑍 < −3) = 0.99865 − 0.00135 = 0.9973 

By re-centering the process, the yield is increased to approximately 99.73%.  

6.4.4 FINDING Z AND X VALUES FOR A GIVEN PROBABILITY 

• A normal distribution can also be used to find specific data values for 

given percentages. 
• Use Table 6.3-1, to find 𝑧 value for a specific probability. 

• Then use the following relation to determine the corresponding 𝑋 value: 
𝑋 = 𝜇 + 𝑧. 𝜎 

 
Example 6.4-4 

To qualify for a police academy, candidates must score in the top 10% on a general 

abilities test. The test has a mean of 200 and a standard deviation of 20. Find the lowest 

possible score to qualify.  

Assume the test scores are normally distributed. 

Solution 
Since the test scores are normally distributed, the test value X that cuts off the upper 

10% of the area under a normal distribution curve is desired. This area is shown in Figure 

below: 

 
Work backward to solve this problem. 

Step 1 Subtract 0.1000 from 1.000 to get the area under the normal distribution to the 
left of X: 1.0000 - 0.10000 = 0.9000. 
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Step 2 Find the 
𝑧  value that 

corresponds to 

an area of 

0.9000 by 
looking up 

0.9000 in the 

area portion of 

Table 6.3-1. If 

the specific 
value cannot be 

found, use the 

closest value—

in this case 

0.8997, as shown in figure below.  
The corresponding 𝑧 value is 1.28. 

Step 3 Substitute in the formula: 
𝑋 = 𝜇 + 𝑧. 𝜎 ⟹ 𝑋 = 200 + 1.28 × 20 = 226 

A score of 226 should be used as a cutoff. Anybody scoring 226 or higher qualifies.  
Example 6.4-5 

For a medical study, a researcher wishes to select people in the middle 60% of the 
population based on blood pressure. If the mean systolic  الانقباضييي blood pressure is 120 

and the standard deviation is 8, find the upper and lower readings that would qualify 

people to participate in the study. 

Solution 

Assume that blood pressure 

readings are normally distributed; 
then cutoff points are as shown in 

the figure. 

This figure shows that two values 

are needed, one above the mean 

and one below the mean. To get 
the area to the left of the positive 
z value, add  
𝐴1 = 0.5000 +  0.3000 =  0.8000 

The z value with area to the left closest to 0.8000 is: 
𝑧1 = 0.84 

Substituting in the formula 
𝑋1  = μ +  𝑧𝜎 = 120 + 0.84 × 8 = 126.72  
The area to the left of the negative z value is 20%, or 0.2000.  
𝐴2 = 0.2000 

The area closest to 0.2000 is 
𝑧2 =  −0.84 

Substituting in the formula 
𝑋2  = μ +  𝑧𝜎 = 120 − 0.84 × 8 = 113.28  
Therefore, the middle 60% will have blood pressure readings of: 
113.28 < X < 126.72  
Example 6.4-6 

Dead load acting on the beam shown in Figure 6.4-1 below follows a normal probability 

curve with mean value of 𝜇 = 20 𝑘𝑁/𝑚 and a standard deviation of 𝜎 = 3 𝑘𝑁/𝑚. What 

design value, 𝑊𝐷 𝐷𝑒𝑠𝑖𝑔𝑛, should be adopted if the probability of over load in the future not 

greater than 0.02? 
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Figure 6.4-1: Simply 
supported beam with random 

uniformly distributed load for 

Example 6.4-6. 

Solution 

In terms of Table 6.3-1 above, we are searching 
for 𝑧+𝑣𝑒 that making area under the curve equal 

to: 
𝐴𝑟𝑒𝑎 = 1 − 0.02 = 0.98 

Therefore, the 𝑍 value would be, see Figure 6.4-2 

below: 
𝑧 =  2.06 

Therefore, the required design dead load would be: 

𝑊𝐷 𝐷𝑒𝑠𝑖𝑔𝑛 = 𝜇𝐷 𝐿𝑜𝑎𝑑 + 𝑧. 𝜎𝐷 𝐿𝑜𝑎𝑑 = 20 + 2.06 × 3 = 26.18
𝑘𝑁

𝑚
 ∎ 

 
Figure 6.4-2: Standard normal curve Table applied to Example 6.4-6. 

 
Example 6.4-7 

An advertising company plans to market a product to low-income families. A study states 

that for a particular area, the average income per family is μ=$24,596 and the standard 
deviation is σ=$6256. If the company plans to target the bottom 18% of the families 

based on income, find the cutoff income. Assume the variable is normally distributed. 
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Solution 

Based on example statement, we are searching 
on 𝑍 value indicated in Figure 6.4-3. From Table 

6.3-1, the required 𝑍 value would be: 
𝑍 = −0.915 

The corresponding 𝑋 value would be: 
𝑋 = 𝜇 + 𝑧𝜎 
𝑋 = 24,596 + (−0.915) × 6256 = 18872  
Then, the cutoff income is $ 18872. 

 
Example 6.4-8 

Pipe supporting structure presented in 

Figure 6.4-4 will be rejected when Post 

"A" or Post "B" settle by more than 2.5 

cm. Based on investigation of load 

nature and properties of underneath 

soil, a geotechnical engineer has 

proposed a normal model for 

settlement with a mean value of μ =

2.0 cm and a standard deviation of σ =

0.5 cm. What is the probability to reject 

the structure due to excessive 

settlement?  

Solution 
As the limiting settlement of 2.5 cm is 
equal to 𝜇 + 𝜎, therefore the problem 

can be solved directly based on 

properties of normal curve that 

presented in below: 
𝑃𝑆𝑒𝑡𝑡𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑃𝑜𝑠𝑡 A 𝑏𝑦 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 2.5𝑐𝑚

=
1 − 0.68

2
= 0.16 

In the same way, 

𝑃𝑆𝑒𝑡𝑡𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑃𝑜𝑠𝑡 B 𝑏𝑦 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 2.5𝑐𝑚 =
1 − 0.68

2
= 0.16 

Therefore, the probability of structure 

rejection due to excessive settlement would 
be: 
𝑃 =  0.16 + 0.16 = 0.32 ∎ 

 
  

 
Figure 6.4-3: Required 𝒁  value for 

Example 6.4-7. 

 
Figure 6.4-4: Pipe supporting structure of Example 

6.4-8. 
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6.4.5 HOMEWORK PROBLEMS 
Home Work 6.4-1 

Concentrated force “F” that acting on bracket 

shown Figure 6.4-5 above has a mean value of 
𝜇 = 100 𝑘𝑁  and a standard deviation of 𝜎 =
 10 𝑘𝑁. Select a design value of “F” with a 0.25 

overload probability. 
Ans. 𝐹𝐷𝑒𝑠𝑖𝑔𝑛 = 106 𝑘𝑁∎ 

Solution 
In terms of Table 6.3-1 above, we are searching for 𝑍+𝑣𝑒 
that making area under the curve equal to: 
𝐴𝑟𝑒𝑎 =  1.00 –  0.25 =  0.75 
Find the Z value that corresponds to an area of 0.75 by 
looking up 0.75 in the area portion of Table 6.3-1.  
𝑍 = 0.675 
Substitute in the formula: 
𝑋 = 𝜇 + 𝑧𝜎 
𝐹𝐷𝑒𝑠𝑖𝑔𝑛 = 𝑋 = 100 + 0.6 × 10 

𝐹𝐷𝑒𝑠𝑖𝑔𝑛 = 106 𝑘𝑁∎ 

 
Home Work 6.4-2 

The compressive strength of samples of cement can be modeled by a normal distribution 
with a mean, 𝜇, of 6000 𝑘𝑔/𝑐𝑚2 and a standard deviation, 𝜎, of 100 𝑘𝑔/𝑐𝑚2. 

(a) What is the probability that a sample’s strength is less than 6250 𝑘𝑔/𝑐𝑚2? 

Ans. 0.9938. 

(b) What is the probability that a sample’s strength is between 5800 and 5900 𝑘𝑔/𝑐𝑚2? 

Ans. 0.1359 

(c) What strength is exceeded by 95% of the samples? 

Ans. 5836.5 

Solution 

The probability that a sample’s strength is less than 6250
𝑘𝑔

𝑐𝑚2 (4%): 

𝑍 =
𝑋 − 𝜇

𝜎
=

6250 − 6000

100
= 2.5 ⟹ 𝑃(𝑋 < 6250) = 𝑃(𝑍 < 2.5) = 0.9938 ∎  

The probability that a sample’s strength is between 5800 and 5900 𝑘𝑔/𝑐𝑚2 (3%): 

𝑃(5800 < 𝑋 < 5900) = 𝑃 (
5800 − 6000

100
< 𝑍 <

5900 − 6000

100
) = 𝑃(−2 < 𝑍 < −1)

= 𝑃(𝑍 < −1) − 𝑃(𝑍 < −2) = 0.1587 − 0.0228 = 0.1359 ∎ 
The strength that is exceeded by 95% of the samples (3%): 
𝑃(𝑍) = 1 − 0.95 = 0.05 ⟹ 𝑍 =  −1.635 ⟹ 𝑋 = 𝜇 − 𝑍𝜎 = 6000 − 1.635 × 100 = 5836.5 ∎ 

 
Home Work 6.4-3 

The water content of soil from a borrow site is normally distributed with a mean of 𝜇 =
14.2% and standard deviation of 𝜎 = 2.3%. What is the probability that a sample taken 

from the site will have a water content above 16% or below 12%? 
Ans. 38.7 % 

Solution 
As the soil water content has a normal distribution, hence the required probabilities would be: 

𝑧1 =
𝑥1 − 𝑥̅

𝜎
=

16 − 14.2

2.3
= 0.783 

𝑃(𝑥 > 16%) = 𝑃(𝑧 > 0.783) = 1 − 𝑃(𝑧 < 0.783) = 1 − 0.7823 = 0.218 

𝑧2 =
12 − 14.2

2.3
≈ −0.96 

𝑃(𝑥 < 12%) = 𝑃(𝑧 < −0.96) ≈ 0.169 
𝑃(𝑥 < 12% 𝑜𝑟 𝑥 > 16%) = 0.218 + 0.169 = 0.387 = 38.7 %∎  

 

 
Figure 6.4-5: Bracket connection for 

Home Work 6.4-1. 
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6.5 DETERMINING NORMALITY 

6.5.1 BASIC CONCEPTS 

• A normally shaped or bell-shaped distribution is only one of many shapes 
that a distribution can assume; however, it is very important since many 

statistical methods require that the distribution of values (shown in 

subsequent chapters) be normally or approximately normally shaped. 

• There are several ways statisticians check for normality: 

o The easiest way is to draw a histogram for the data and check its 

shape. If the histogram is not approximately bell shaped, then the 
data are not normally distributed. 

o Skewness can be checked by using the Pearson coefficient of 

skewness (PC) also called Pearson’s index of skewness. The formula 

is: 

𝑃𝐶 =
(3(𝑋̅ − 𝑚𝑒𝑑𝑖𝑎𝑛))

𝑠
 Eq. 6.5-1 

If the index is greater than or equal to 1 or less than or equal to -1, it 

can be concluded that the data are significantly skewed. 

o In addition, the data should be checked for outliers by using the 

method shown in Chapter 3. Even one or two outliers can have a big 

effect on normality. 
 

6.5.2 NUMERICAL EXAMPLES 
Example 6.5-1 

A survey of 18 high-technology firms showed the number of days’ inventory they had on 

hand. Determine if the data are approximately normally distributed. 

 
Solution 

Step 1 Construct a frequency distribution and draw a histogram for the data, as shown 
in figure below: 

 
Since the histogram is 

approximately bell-

shaped, we can say that 

the distribution is 
approximately normal. 

Step 2 Check for 
skewness. For these data, 𝑋̅ = 79.5, median = 77.5, and s = 40.5. Using the Pearson 

coefficient of skewness gives: 

𝑃𝐶 =
3 × (79.5 − 77.5)

40.5
= 0.148 

In this case, the PC is not greater than +1 or less than -1, so it can be concluded that 

the distribution is not significantly skewed. 
Step 31 Check for outliers. Recall that an outlier is a data value that lies more than 
1.5(IQR) units below Q1 or 1.5(IQR) units above Q3.  

In this case,  
Q1 = 45 and Q3 = 98 

 

 
1 In exams and quizzes, this step can be skipped to save time.  
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Hence,  
IQR = Q3 - Q1 = 98 - 45 = 53 

An outlier would be: 

A data value less than  
45 - 1.5(53) =34.5 

Or a data value larger than 
98 + 1.5(53) = 177.5 

In this case, there are no outliers. 

Conclusion: 

Since: 

• The histogram is approximately bell-shaped,  

• The data are not significantly skewed,  

• And there are no outliers,  

It can be concluded that the distribution is approximately normally distributed.  

6.5.3 HOMEWORK PROBLEMS 
Home Work 6.5-1 

The compressive strength of concrete is being tested by a civil engineer. He tests 12 

specimens and obtains the following data:  

Mean, 𝑋̅ 2260 psi 

Median 2259 psi 

Standard deviation, 𝑠 35.6 psi 

Based on Person Coefficient,  

𝑃𝐶 =
(3(𝑋̅ − 𝑚𝑒𝑑𝑖𝑎𝑛))

𝑠
 

is there evidence to support the assumption that compressive strength is normally 
distributed?  

Ans. The data almost obeys normal distribution model. 

Solution 
Check data normality 

𝑃𝐶 =
(3(𝑋̅ − 𝑚𝑒𝑑𝑖𝑎𝑛))

𝑠
=

3 × (2260 − 2259)

35.6
= 0.0843 < 1.0 

hence the data almost obeys normal distribution model.  
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6.6 THE CENTRAL LIMIT THEOREM* 

In addition to knowing how individual data values vary about the mean for a population, 

statisticians are interested in knowing how the means of samples of the same size taken 

from the same population vary about the population mean. 

6.6.1 DISTRIBUTION OF SAMPLE MEANS 

• Suppose a researcher selects a sample of 30 adult males and finds the 

mean of the measure of the triglyceride levels for the sample subjects to 

be 187 milligrams/deciliter. 

• Then suppose a second sample is selected, and the mean of that sample 

is found to be 192 milligrams/deciliter.  
• Continue the process for 100 samples. What happens then is that the 

mean becomes a random variable, and the sample means 187, 192, 184, 

. . . , 196 constitute a sampling distribution of sample means. 

 
• If the samples are randomly selected with replacement, the sample 

means, for the most part, will be somewhat different from the population 
mean 𝜇. These differences are caused by sampling error. 

 

6.6.2 PROPERTIES OF THE DISTRIBUTION OF SAMPLE MEANS 

When all possible samples of a specific size are selected with replacement from a 

population, the distribution of the sample means for a variable has Three important 

properties: 

• 1st Property that Related to Mean: 
The mean of the sample means will be the same as the population 

mean. 

• 2nd Property that Related to Standard Devotion: 

The standard deviation of the sample means will be smaller than the 

standard deviation of the population, and it will be equal to the 
population standard deviation divided by the square root of the sample 

size. 

• 3rd Property that Related to Distribution: 

According to Central Limit Theorem: As the sample size n increases 

without limit, the shape of the distribution of the sample means taken 

with replacement from a population with mean μ and standard deviation 

σ will approach a normal distribution.  

6.6.3 ILLUSTRATION OF PROPERTIES OF DISTRIBUTION OF SAMPLE MEANS 

• The following example illustrates above two properties:  

• Suppose a professor gave an 8-point quiz to a small class of four 

students. The results of the quiz were 2, 6, 4, and 8. For the sake of 

discussion, assume that the four students constitute the population.  
o The mean of the population is: 

 
o The standard deviation of the population is: 

 
o The graph of the original distribution is shown in Figure 6.6-1 below. 

This is called a uniform distribution. 
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Figure 6.6-1: Original distribution for an 

eight-point quiz for a class of four student. 

• Now, if all samples of size 2 are taken with replacement and the mean of 
each sample is found, the distribution is as shown. 

Table 6.6-1: Sixteen possible samples with size 2 to be taken from a class of four student. 

 
• A frequency distribution of sample means is as follows. 

Table 6.6-2: Frequency distribution for sixteen possible samples with size 2 to be taken from a 

class of four student. 

 
• For the data from the example just discussed, Figure 6.6-2 below shows 

the graph of the sample means. The histogram appears to be 
approximately normal. The mean of the sample means, denoted by 𝜇𝑥̅ is: 

 

 

Figure 6.6-2: Histogram for 
sixteen possible samples 
with size 2 to be taken from 

a class of four student. 

• Based on first property “The mean of the sample means will be the same 

as the population mean”: 
𝜇𝑋̅ = 𝜇 ∎ 
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• Based on second property “The standard deviation of the sample means 

is equal to the population standard deviation divided by the square root 

of the sample size”: 

𝜎𝑋̅ =
𝜎

√𝑛
 ∎ 

  

6.6.4 NUMERICAL EXAMPLES RELATED TO CENTRAL LIMIT THEOREM 
Example 6.6-1 

The average number of pounds of meat that a person consumes per year is 218.4 

pounds. 

Assume that the standard deviation is 25 pounds and the distribution is approximately 

normal. 

• Find the probability that a person selected at random consumes less than 

224 pounds per year. 

• If a sample of 40 individuals is selected, find the probability that the 
mean of the sample will be less than 224 pounds per year. 

Solution 

• The probability that a person selected at random consumes less than 224 
pounds per year: 

o Since the question asks 

about an individual 

person and the question 

not related to a sample, 

then we will use the 
distribution original 

random variable that 

shown. 

o The specified value of 

variable (consuming of 
224 lb of meat) should be transformed to corresponding z value based 

on following relation: 

𝑧 =
𝑋 − 𝜇

𝜎
=

224 − 218.4

25
= 0.224 

o The area to the left of z < 0.224 is 0.5871.  

o Hence, the probability of 

selecting an individual 

who consumes less than 

224 pounds of meat per 
year is 0.5871, or 

58.71% or  
𝑃(𝑋 <  224) =  0.5871 ∎ 

• The probability that the 

mean of the sample will be 

less than 224 pounds per 
year: 

o Since the question 

concerns the mean of a sample with a size of 40, then one should use 

distribution for sample means that is normal (based on central limit 

theorem) and has mean of: 
𝜇𝑥̅ = 𝜇 = 218.4 𝑙𝑏 

and a standard deviation of: 

𝜎𝑥̅ =
𝜎

√𝑛
=

25

√40
= 3.95  

o Then, the distribution of sample means will be: 

o It is useful to note that, above distribution is narrower that distribution 

of meat consuming as it has lower standard deviation. 
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o The specified value of sample mean should be transformed into related 

z value based on following relation: 

 
o The area to the left of z = 1.42 is 0.9222. 
o Hence, the probability that the mean of a sample of 40 individuals is 

less than 224 pounds per year is 0.9222, or 92.22%. That is,  

 
• Comparing the two probabilities: 

o You can see that the probability of selecting an individual who 

consumes less than 224 pounds of meat per year is 58.71%. 

o However, the probability of selecting a sample of 40 people with a 
mean consumption of meat that is less than 224 pounds per year is 

92.22%.  
o This rather large difference is due to the fact that the distribution of 

sample means is much less variable than the distribution of individual 

data values.  
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CHAPTER 7 
CONFIDENCE INTERVALS 

7.1 INTRODUCTION 
• As this chapter is the first one in the inferential statistical aspects, 

therefore it is useful to summarize what has been achieved in the 

previous chapters and what is remaining to this and the next 

chapters of the univariate analysis. 
• This summary has been presented in Figure 7.1-1. 

 
Figure 7.1-1: Summary of what has been achieved and what is remaining in the univariate 

analysis. 
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• One aspect of inferential statistics is the estimation, which is the 

process of guessing the value of a parameter from information 

obtained from a sample. 

• Since the populations from which these values were obtained are 

large, these values are only estimates of the true parameters and 

are derived from data collected from samples. 

• The statistical procedures for estimating  

o Population mean,  
o Proportion,  

o Variance, and Standard deviation, 

o Goodness of fit 
will be explained in this chapter. 

• An important question in estimation is that of sample size. How 

large should the sample be in order to make an accurate 

estimate? The question of sample size will be explained in this 
chapter also. 

• Basic assumption for the inferential techniques: 

Inferential statistical techniques have various assumptions that 

must be met before valid conclusions can be obtained:  
o One common assumption is that the samples must be randomly 

selected. Chapter 1 explains how to obtain a random sample.  
o The other common assumption is that either the sample size 

must be greater than or equal to 30 or the population must be 

normally or approximately normally distributed if the sample 

size is less than 30. To check this assumption, you can use the 

methods explained in Chapter 6. 
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7.2 MEAN ESTIMATION  
7.2.1 BASIC ESTIMATION CONCEPTS 

7.2.1.1 ESSENCE OF PROBLEM THROUGH AN EXAMPLE 

Suppose a college president wishes to estimate the average age of students 

attending classes this semester.  

• The president could select a random sample of 100 students and 

find the average age of these students, say, 22.3 years (he has 

measured a statistic 𝑥̅). 

• From the sample mean, the president could infer the average age 

of all the students (he intends to transfer for the statistic 𝑥̅ to the 

parameter 𝜇). This could be done based on one of following two 

approaches of Sections 7.2.1.2 and 7.2.1.3. 

7.2.1.2 POINT ESTIMATE 

• Point estimate could be defined as: 

 
• For above example, point estimate of 𝜇 could be written as: 

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑎𝑔𝑒 𝑜𝑓 𝑎𝑙𝑙 𝑠𝑡𝑢𝑑𝑒𝑛𝑡𝑠 (𝜇) ≈  𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑎𝑔𝑒 𝑜𝑓 𝑠𝑡𝑢𝑑𝑒𝑛𝑡𝑠 𝑠𝑎𝑚𝑝𝑙𝑒 (𝑥̅) 
• Why mean is used as an estimator and what about other measures 

of central tendency? 
You might ask why other measures of central tendency, such as 

the median and mode, are not used to estimate the population 
mean.  

o The reason is that the means of samples vary less than other 

statistics (such as medians and modes) when many samples are 

selected from the same population.  

o Therefore, the sample mean is the best estimate of the 

population mean. 

7.2.1.3 INTERVAL ESTIMATE 

• The sample mean will be, for the most part, somewhat different 
from the population mean due to sampling error.  

• Therefore, you might ask a second question: 
How good is a point estimate?  

o The answer is that there is no way of knowing how close a 

particular point estimate is to the population mean. 
o This answer places some doubt on the accuracy of point 

estimates.  

• For this reason, statisticians prefer another type of estimate, 

called an interval estimate, which could be defined as follows: 

 
• For above example: 

In an interval estimate, the parameter is specified as being 

between two values. For example, an interval estimate for the 

average age of all students might be  

21.9 ≤  𝜇  ≤  22.7 or 22.3 ±  0.4 𝑦𝑒𝑎𝑟𝑠 

7.2.1.4 CONFIDENCE INTERVAL 

• Either the interval contains the parameter, or it does not. A degree 

of confidence (usually a percent) can be assigned before an 

interval estimate is made.  
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• For instance, you may wish to be 95% confident that the interval 

contains the true population mean. 

7.2.1.5 HOW TO DETERMINE THE CONFIDENCE INTERVAL 

• Another question then arises. Why 95%? Why not 99 or 99.5%? 

• If you desire to be more confident, such as 99 or 99.5% confident, 

then you must make the interval larger. 

• For example, a 99% confidence interval for the mean age of 
college students might be:  
21.7 ≤ 𝜇 ≤ 22.9 

or  
22.3 ±  0.6 

• In summary: 

 

7.2.2 CONFIDENCE INTERVALS FOR THE MEAN WHEN 𝛔 IS KNOWN 

• The central limit theorem states that when the sample size is large 

(𝑛 ≥ 30), interval estimation for mean will be: 

𝑋̅ − 𝑧𝛼
2

𝜎

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑧𝛼

2

𝜎

√𝑛
 Eq. 7.2-1 

where: 

o In the symbol 𝑧𝛼

2
  (read “zee sub alpha over two”), the Greek 

letter 𝛼 (alpha) represents the total area in both tails of the 

standard normal distribution curve, and 
𝛼

2
 represents the area in 

each one of the tails.  

o The term  is called the margin of error (also called the 
maximum error of the estimate).  

• For a specific value, say, 𝛼 =  0.05, 95% of the sample means will 

fall within this error value on either side of the population mean. 

See Figure 7.2-1 below. 
• Common confidence intervals: 

o Confidence interval of 90%, 𝑧𝛼

2
= 1.65 

o Confidence interval of 95%, 𝑧𝛼

2
= 1.96 

o Confidence interval of 99%, 𝑧𝛼

2
= 2.58 

 

Figure 7.2-1Confidence interval of 

95%. 
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Example 7.2-1 

A researcher wishes to estimate the number of days it takes an automobile dealer 

to sell a Chevrolet Aveo. A sample of 50 cars had a mean time on the dealer’s lot 

of 54 days. Assume the population standard deviation to be 6.0 days. Find the 

best point estimate of the population mean and the 95% confidence interval of 
the population mean. 

Solution 

The best point estimate of the mean is: 

𝜇 = 𝑋̅ = 54 𝑑𝑎𝑦𝑠 

For the 95% confidence interval use z = 1.96: 

𝑋̅ − 𝑧𝛼
2

𝜎

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑧𝛼

2

𝜎

√𝑛
⟹ 54 − 1.96

6.0

√50
≤ 𝜇 ≤ 54 + 1.96

6.0

√50
⟹ 52.3 ≤ 𝜇 ≤ 55.7 

Hence, one can say with 95% confidence that the interval between 52.3 and 55.7 

days does contain the population mean, based on a sample of 50 automobiles. 
 

Example 7.2-2 

A survey of 30 emergency room patients found that the average waiting time for 

treatment was 174.3 minutes. Assuming that the population standard deviation 
is 46.5 minutes, find the best point estimate of the population mean and the 99% 

confidence of the population mean. 

Solution 

The best point estimate is: 

 𝜇 = 𝑋̅ = 174.3 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 

The 99% confidence is interval is: 

𝑋̅ − 𝑧𝛼
2

𝜎

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑧𝛼

2

𝜎

√𝑛
⟹ 174.3 − 2.58 ×

46.5

√30
≤ 𝜇 ≤ 174.3 + 2.58 ×

46.5

√30
⟹ 152.4 ≤ 𝜇 ≤ 196.2 

Hence, one can be 99% confident that the mean waiting time for emergency 
room treatment is between 152.4 and 196.2 minutes. 

 

Important Notes 

• When the original variable is normally distributed and 𝜎 is known, 

the standard normal distribution can be used to find confidence 

intervals regardless of the size of the sample. 

• When 𝑛 ≥  30, the distribution of means will be approximately 

normal even if the original distribution of the variable departs 

from normality. 

• When σ is unknown, s can be used as an estimate of σ, and t 

distribution should be used as discussed in Section 7.2.4. 
 

Example 7.2-3 

ASTM Standard E23 defines standard test methods for notched bar impact testing 
of metallic materials. The Charpy V-notch (CVN) technique measures impact 

energy and is often used to determine whether or not a material experiences a 

ductile-to-brittle transition with decreasing temperature. Ten measurements of 

impact energy (J) on specimens of A238 steel cut at 60ºC are as follows:  

64.1, 64.7, 64.5, 64.6, 64.5, 64.3, 64.6, 64.8, 64.2, and 64.3. 
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Assume that impact energy is normally 

distributed with 𝜎 =  1𝐽. We want to find a 95% 

confidence interval for 𝜇 , the mean impact 

energy. 

Solution 

As the original variable is normally distributed and 

is 𝜎 known, the standard normal distribution can 

be used to find confidence intervals regardless of 
the size of the sample. 

𝑋̅ − 𝑧𝛼
2

𝜎

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑧𝛼

2

𝜎

√𝑛
 

64.46 − 1.96 ×
1

√10
≤ 𝜇 ≤ 64.46 + 1.96 ×

1

√10
 

63.84 ≤ 𝜇 ≤ 65.08 

That is, based on the sample data, a range of 

highly reasonable values for mean impact energy 

for A238 steel at 60°C is: 

 
 

Example 7.2-4 

An article in the 1993 volume of the Transactions of the American Fisheries 

Society reports the results of a study to investigate the mercury contamination 
in largemouth bass.  

A sample of fish was selected from 53 Florida lakes and mercury concentration in 

the muscle tissue was measured (ppm). The mercury concentration values are: 

 
Above data has been summarized in numerical form below: 

𝑛 = 53, 𝑋̅ = 0.5250, 𝑠 = 0.3486 

and in graphical form as shown in Figure 7.2-3 below. 

 

Figure 7.2-3: Histogram for 
mercury contamination 

concentration of Example 
7.2-4. 

Find an approximate 95% confidence interval on 𝜇. 

 
Figure 7.2-2: Charpy test for 
Example 7.2-3. 
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Solution 

Histogram plot indicates that the distribution of mercury concentration is not 
normal and is positively skewed. 

Because 𝑛 ≥ 30, the assumption of normality is not. The required quantities are: 

𝑛 = 53, 𝑋̅ = 0.5250, 𝑠 = 0.3486 and 𝑧0.025 = 1.96 

The approximate 95% confidence interval on 𝜇 is: 

𝑋̅ − 𝑧𝛼
2

𝜎

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑧𝛼

2

𝜎

√𝑛
⟹ 0.5250 − 1.96

0.3486

√53
≤ 𝜇 ≤ 0.5250 + 1.96

0.3486

√53
 

0.4311 ≤ 𝜇 ≤ 0.6189 

This interval is fairly wide because there is a lot of variability in the mercury 

concentration measurements. 
 

Example 7.2-5 

In an attempt to estimate a friction 

coefficient to be fixed in his catalog, a 

ladder-manufacturer has executed 40 
related experiments. Results are 

presented in Figure 7.2-4 above. 

Based on these results, and with 
adopted a confidence level of 0.95, 
what is the estimated value for 

friction coefficient? 

Solution 

As  

𝑛 = 40 > 30 

Therefore, normal distribution shall 

be adopted for sample distribution 
even when population is not normally 

distributed.  

With confidence level of 95%, interval 
estimation would be: 

𝑋̅ − 𝑧0.025

𝜎

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑧0.025

𝜎

√𝑛
 

∵ 𝑧0.025 = 1.96  

0.4 − 1.96
0.025

√40
≤ 𝜇 ≤ 0.4 + 1.96

0.025

√40
 

0.39 ≤ 𝜇 ≤ 0.41 

To be conservative regarding to sliding, the manufacturer should recommend a 

friction coefficient in the range of 0.39 in his catalog. 
 

 

  

 
Figure 7.2-4: Ladder for Example 7.2-5.  
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7.2.3 SAMPLE SIZE 

• Sample size determination is closely related to statistical 

estimation.  

• Quite often one may ask how large a sample is necessary to make 

an accurate estimate?  

• The answer is not simple, since it depends on three things:  
o The margin of error,  

o The population standard deviation,  

o The degree of confidence.  

• Derivation for Sample Size Formula: 

o Basic Assumption: 

For the purpose of this chapter, it will be assumed that the 
population standard deviation of the variable is known or has 

been estimated from a previous study. 

o The formula for sample size is derived from the margin of error 
formula: 

𝐸 = 𝑧𝛼
2

(
𝜎

√𝑛
) 

and this formula is solved for n as follows: 

𝐸√𝑛 = 𝑧𝛼
2

 𝜎 

√𝑛 =
𝑧𝛼

2
 𝜎

𝐸
 

Hence, 

𝑛 = (
𝑧𝛼

2
 𝜎

𝐸
)

2

  ∎ Eq. 7.2-2 

where 𝐸 is the margin of error.  

o If necessary, round the answer up to obtain a whole number. 

That is, if there is any fraction or decimal portion in the answer, 
use the next whole number for sample size n. 

 

Example 7.2-6 

A scientist wishes to estimate the average depth of a river. He wants to be 99% 

confident that the estimate is accurate within 2 feet. From a previous study, the 

standard deviation of the depths measured was 4.33 feet. 

Solution 

Since 

∵ 𝛼 = 1 − 0.99 = 0.01, ∴ 𝑧𝛼

2
= 2.58 and 𝐸 = 2 

𝑛 = (
𝑧𝛼

2
 𝜎

𝐸
)

2

= (
2.58 × 4.33

2
)

2

= 31.2 

Round the value 31.2 up to 32.  

Therefore, to be 99% confident that the estimate is within 2 feet of the true mean 

depth, the scientist needs at least a sample of 32 measurements. 

In most cases in statistics, we round off. However, when determining sample 

size, we always round up to the next whole number. 
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7.2.4 CONFIDENCE INTERVALS FOR THE MEAN WHEN 𝝈 IS UNKNOWN 

7.2.4.1 BASIC CONCEPTS  

• Most of the time, the value of σ is not known, so it must be 

estimated by using 𝑠, namely, the standard deviation of the 

sample.  

• When 𝑠 is used, especially when the sample size is small, critical 

values greater than the values for are used in confidence 

intervals in order to keep the interval at a given level, such as the 

95%. These values are taken from the Student t distribution, most 

often called the t distribution. 

• To use this method: 

o The samples must be simple random samples,  

o The population from which the samples were taken must be 

normally or approximately normally distributed, or the sample 

size must be 30 or more. 

• The t distribution shares some characteristics of the normal 

distribution and differs from it in others.  
o The t distribution is similar to the standard normal distribution 

in these ways: 

▪ It is bell-shaped. 
▪ It is symmetric about the mean. 
▪ The mean, median, and mode are equal to 0 and are located 

at the center of the distribution. 
▪ The curve never touches the x axis. 

o The t distribution differs from the standard normal distribution 
in the following ways: 

▪ The variance is greater than 1. 

▪ The t distribution is actually a family of curves based on the 

concept of degrees of freedom, which is related to sample 
size. 

▪ As the sample size increases, the t distribution approaches the 

standard normal distribution. See Figure 7.2-5 below. 

 

Figure 7.2-5: The t 

Family of Curves. 

• Degrees of Freedom Concept: 

o The degrees of freedom are the number of values that are free 
to vary after a sample statistic has been computed, and they tell 

the researcher which specific curve to use when a distribution 

consists of a family of curves. 
o For example, if the mean of 5 values is 10, then 4 of the 5 

values are free to vary. But once 4 values are selected, the fifth 

value must be a specific number to get a sum of 50, since 50 ÷
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5 =  10. Hence, the degrees of freedom are 5 –  1 =  4, and this 

value tells the researcher which t curve to use. 

o The symbol d.f. will be used for degrees of freedom. The degrees 

of freedom for a confidence interval for the mean are found by 
subtracting 1 from the sample size. That is,  
𝑑. 𝑓. = 𝑛 − 1 

o For some statistical tests used later in this book, the degrees of 
freedom are not equal to n – 1. 

7.2.4.2 FORMULA USING t TEST 

• The formula for finding a confidence interval about the mean by 

using the t distribution is given now: 

𝑋̅ − 𝑡𝛼
2

𝑠

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑡𝛼

2

𝑠

√𝑛
 Eq. 7.2-3 

• The values for 𝑡𝛼

2
 are found in Table 7.2-1 below. 

Table 7.2-1: The t Distribution. 
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Table 7.2-1: The t Distribution. Continued 

 
 

Example 7.2-7 

Find the 𝑡𝛼

2
 value for a 95% confidence interval when the sample size is 22. 

Solution 

The d.f. = 22 - 1, or 21. Find 21 in the left column and 95% in the row labeled 
Confidence Intervals. The intersection where the two meet gives the value for 𝑡𝛼

2
, 

which is 2.080.  

 
 

Note: 

When d.f. is greater than 30, it may fall between two table values. For example, 

if d.f. it falls between 65 and 70. A conservative approach could be used. In this 
case, always round down to the nearest table value. In this case, 68 rounds down 

to 65. 
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Example 7.2-8 

Ten randomly selected people were asked how long they slept at night. The mean 

time was 7.1 hours, and the standard deviation was 𝑠 =  0.78 ℎ𝑜𝑢𝑟. Find the 95% 

confidence interval of the mean time. Assume the variable is normally distributed. 

Solution 

Since 𝜎 is unknown and s must replace it, the t distribution (Table 7.2-1) must be 

used for the confidence interval. Hence, with 9 degrees of freedom 𝑡𝛼

2
=  2.262. 

The 95% confidence interval can be found by substituting in the formula. 

𝑋̅ − 𝑡𝛼
2

𝑠

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑡𝛼

2

𝑠

√𝑛
⟹ 7.1 −  2.262

0.78

√10
≤ 𝜇 ≤ 7.1 +  2.262

0.78

√10
 

6.54 ≤ 𝜇 ≤ 7.66 

Therefore, one can be 95% confident that the population mean is between 6.54 

and 7.66 hours. 
 

Example 7.2-9 

The data represent a sample of the number of home fires started by candles for 

the past several years. (Data are from the National Fire Protection Association.) 
Find the 99% confidence interval for the mean number of home fires started by 

candles each year. 

5460 5900 6090 6310 7160 8440 9930 

Assume that the phenomenon has a normal probability density function, PDF. 

Solution 

Step 1 Find the mean and standard deviation for the data. Use the formulas in 

Chapter 3.  

The mean: 

𝑋̅ =
Σ𝑋𝑖

𝑛
= 7041.4 

The standard deviation: 

𝑠 =  1610.3 

Step 2 Find 𝑡𝛼

2
 in Table 7.2-1. Use the 99% confidence interval with d.f. = 6. It 

is 3.707. 

Step 3 Substitute in the formula and solve. 

𝑋̅ − 𝑡𝛼
2

𝑠

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑡𝛼

2

𝑠

√𝑛
⟹ 7041.4 − 3.707

1610.3

√7
≤ 𝜇 ≤ 7041.4 + 3.707

1610.3

√7
 

4785.2 ≤ 𝜇 ≤ 9297.6 

One can be 99% confident that the population mean number of home fires started 

by candles each year is between 4785.2 and 9297.6, based on a sample of home 
fires occurring over a period of 7 years. 

 

Example 7.2-10 

An article in the journal Materials Engineering (1989, Vol. II, No. 4, pp. 275–281) 

describes the results of tensile adhesion tests on 22 U-700 alloy specimens. The 
load at specimen failure is as follows (in MPa): 

10.1 14.9 7.5 15.4 15.4 18.5 7.9 12.7 11.9 19.8 15.4 

11.4 14.1 17.6 16.7 15.8 8.8 13.6 11.9 11.4 11.4 19.5 

The sample mean is 𝑋̅ = 13.71, and the sample standard deviation is 𝑠 =  3.55. 

Assuming a normal probability find a 95% confidence interval on 𝜇. 

Solution 

Since n = 22, we have n - 1 = 21 degrees of freedom for 𝑡𝛼

2
,  
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𝑡𝛼
2

= 2.080 

The resulting confidence interval is: 

𝑋̅ − 𝑡𝛼
2

𝑠

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑡𝛼

2

𝑠

√𝑛
⟹ 13.71 − 2.080

3.55

√22
≤ 𝜇 ≤ 13.71 + 2.080

3.55

√22
 

12.14 ≤ 𝜇 ≤ 15.28 
 

7.2.5 SUMMARY OF USING Z AND T DISTRIBUTIONS 

Using of z and t distribution have been summarized in Figure 7.2-6 below.  

 

Figure 7.2-6: When to use 
the z or t distribution. 
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7.2.6 HOMEWORK PROBLEMS 
Home Work 7.2-1 

Suppose the annual maximum stream flow of a given river has been observed for 

10 years yielding the following statistics: 

𝑥 = 10000 𝑐𝑓𝑠  𝑠2 = 9 × 106 (𝑐𝑓𝑠)2 

(a) Establish the two-sided 90% confidence interval on the mean 
annual maximum stream flow. Assume a normal population. 

Ans. (8261, 11739)  

(b) If it is desired to estimate the mean annual maximum stream 
flow to within ±1000 𝑐𝑓𝑠 with 90% confidence, how many 

additional years of observation will be required? Assume the 

variance, 𝜎2, based on the new set of data will be 

approximately 9 ×  106 (𝑐𝑓𝑠)2. (Ans. 14) 

Solution: 

𝑋̅ − 𝑡𝛼
2

𝑠

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑡𝛼

2

𝑠

√𝑛
⟹ 10000 − 1.833 ×

√9 × 106

√10
≤ 𝜇 ≤ 10000 + 1.833 ×

√9 × 106

√10
 

10000 − 1739 ≤ 𝜇 ≤ 10000 + 1739 ⟹ 8261 ≤ 𝜇 ≤ 11739 ∎ 

𝑛 = (
𝑧𝛼

2
 𝜎

𝐸
)

2

⟹ 𝑛 = (
1.65 × √9 ×  106

1000
)

2

= 24 𝑦𝑒𝑎𝑟 

 
Home Work 7.2-2 

As indicated in the table, 
five piles have been tested 

until failure; the load 
measured at failure 

denotes the actual capacity 
of the given pile. Observe 

that the capacity of each 
pile has also been 
predicted by a theoretical 

model as indicated in the 
table. The factor N is simply the ratio of the actual pile capacity to the predicted 

pile capacity; i.e., N = A/P. 

(a) Determine the 95% confidence interval of the mean value of N. 

Ans. (0.881, 1.427). 

(b) In order to estimate the mean value of N to ± 0.02 with 90% 

confidence, how many additional piles should be tested? 

Assume that the variance of N, 𝜎2, is known and equal to 0.045 

for this part. (Ans. 300). 

Solution 

𝑋̅ − 𝑡𝛼
2

𝑠

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑡𝛼

2

𝑠

√𝑛
⟹ 1.154 − 2.776 ×

0.22

√5
≤ 𝜇 ≤ 1.154 + 2.776 ×

0.22

√5
 

1.154 − 0.273 ≤ 𝜇 ≤ 1.154 + 0.273 ⟹ 0.881 ≤ 𝜇 ≤ 1.427 

𝑛 = (
𝑧𝛼

2
 𝜎

𝐸
)

2

⟹ 𝑛 = (
1.65 × √0.045

0.02
)

2

= 306 𝑝𝑖𝑙𝑒𝑠 

 
Home Work 7.2-3 

Concrete placed on a structure was subsequently cored after 28 days, and the 
following results were obtained of the compressive strengths from five test 

specimens: 

Test 
No. 

Actual Capacity 
A 

Predicted Capacity P N =A/P 

1 20.5 13.6 1.51 

2 18.5 20.4 0.91 

3 10.0 8.8 1.14 

4 15.3 14.3 1.07 

5 26.2 22.8 1.15 

  𝑥̅ 𝑜𝑓 𝑁 1.154 

  𝑠 𝑜𝑓 𝑁 0.22 
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4142 3405 3402 4039 3373 psi. 

Determine the 90% two-sided confidence interval of the mean concrete strength. 

(Ans. 𝑥 = 3672 𝑝𝑠𝑖  𝑠 = 383.8 𝑝𝑠𝑖 and 3306 ≤ 𝜇 ≤ 4038.) 

Solution 

𝑋̅ − 𝑡𝛼
2

𝑠

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑡𝛼

2

𝑠

√𝑛
⟹ 3672 − 2.132 ×

383.8

√5
≤ 𝜇 ≤ 3672 + 2.132 ×

383.8

√5
 

3306 ≤ 𝜇 ≤ 4038 
 

Home Work 7.2-4 

At a weigh station, the weights of trailer trucks were observed before crossing a 

highway bridge. 

(a) Suppose observations on 30 trucks yielded a sample mean of 12.5 tons. 

Assume that the standard deviation of truck weights is known to be 3 tons. 
Determine the two-sided 99% confidence intervals of the mean weight of trailer 

trucks on the particular highway. Ans. 11.1 ≤ 𝜇 ≤ 13.9 𝑡𝑜𝑛𝑠 

(b) In part (a), how many additional trucks should be observed such that the 

mean truck weight can be estimated to within ± 1.0 ton with 99% confidence? 

(Ans. 30 additional trucks.) 

Solution 

𝑋̅ − 𝑧𝛼
2

𝜎

√𝑛
≤ 𝜇 ≤ 𝑋̅ + 𝑧𝛼

2

𝜎

√𝑛
⟹ 12.5 − 2.58 ×

3

√30
≤ 𝜇 ≤ 12.5 + 2.58 ×

3

√30
 

12.5 − 1.41 ≤ 𝜇 ≤ 12.5 + 1.41 ⟹ 11.1 ≤ 𝜇 ≤ 13.9 𝑡𝑜𝑛𝑠 

𝑛 = (
𝑧𝛼

2
 𝜎

𝐸
)

2

⟹ 𝑛 = (
2.58 × 3

1.0
)

2

= 60 𝑡𝑟𝑢𝑐𝑘𝑠 

 
Home Work 7.2-5 

Each of the inner and outer radii of a circular ring, as 

shown in the following figure was measured five times 

with the following readings in 𝑐𝑚: 

      𝑥̅ s 

Outer radius, 𝑟𝑜, cm 2.5 2.4 2.6 2.6 2.4 2.5 0.10 

Inner radius, 𝑟𝑖, cm 1.6 1.5 1.6 1.4 1.4 1.5 0.10 

Area, 𝑐𝑚2 11.59 11.02 13.19 15.07 11.93 12.56 1.61 

With 90% confidence, determine the standard error of 

the estimated area. (Ans. 1.53 𝑐𝑚2) 

Solution 

𝐸𝑟𝑟𝑜𝑟 = 𝑡𝛼
2

𝑠

√𝑛
⟹  𝐸𝐴 = 𝑡𝛼

2

𝑠

√𝑛
= 2.132 ×

1.61

√5
= 1.53 𝑐𝑚2 

𝑛 = (
𝑧𝛼

2
 𝜎

𝐸
)

2

⟹ 𝑛 = (
2.58 × 3

1.0
)

2

= 60 𝑡𝑟𝑢𝑐𝑘𝑠 
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7.3 CONFIDENCE INTERVALS FOR PROPORTIONS* 
7.3.1 BASIC DEFINITION AND NOTATIONS 

• A proportion represents a part of a whole. It can be expressed as 
a fraction, decimal, or percentage. In this case, 12% =  0.12 =
12/100 or 3/25.  

• Proportions can be obtained from samples or populations. The 

following symbols will be used. 
𝑝 is population proportion, 

𝑝̂ is sample proportion, 

For a sample proportion, 

𝑝̂ =
𝑋

𝑛
 

𝑞̂ =
𝑛 − 𝑋

𝑛
= 1 − 𝑝̂ 

where 𝑋 is number of sample units that possess the characteristics 

of interest, 

𝑛 is sample size. 
 

Example 7.3-1 

In a recent survey of 150 households, 54 had central air conditioning. Find 𝑝̂ and 

𝑞̂, where 𝑝̂ is the proportion of households that have central air conditioning. 

Solution 

𝑝̂ =
𝑋

𝑛
=

54

150
= 0.36 

𝑞̂ =
𝑛 − 𝑋

𝑛
=

150 − 54

150
= 0.64 

 

7.3.2 ESTIMATION OF PROPORTION  

• As with means, the statistician, given the sample proportion, tries 

to estimate the population proportion.  

• Point and interval estimates for a population proportion can be 
made by using the sample proportion.  

7.3.2.1 POINT ESTIMATION 

• For a point estimate of p (the population proportion), (the sample 

proportion) 𝑝̂ is used.  
𝑝 ≈ 𝑝̂ 

• On the basis of the three properties of a good estimator, is 𝑝̂ 

unbiased, consistent, and relatively efficient.  

• But as with means, one is not able to decide how good the point 

estimate of p is. Therefore, statisticians also use an interval 

estimate for a proportion, and they can assign a probability that 

the interval will contain the population proportion. 

7.3.2.2 CONFIDENCE INTERVALS 

• To construct a confidence interval about a proportion, you must 

use the margin of error, which is: 

𝐸 = 𝑧𝛼
2

√
𝑝̂𝑞̂

𝑛
 

• Confidence intervals about proportions must meet the criteria that 

𝑛𝑝̂ ≥  5 and 𝑛𝑞̂ ≥  5. 

• Formula for a Specific Confidence Interval for a Proportion: 
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𝑝̂ − 𝑧𝛼
2

√
𝑝̂𝑞̂

𝑛
≤ 𝑝 ≤ 𝑝̂ + 𝑧𝛼

2
√

𝑝̂𝑞̂

𝑛
 

where 𝑛𝑝̂ ≥  5 and 𝑛𝑞̂ ≥  5. 

• Assumptions for Finding a Confidence Interval for a Population 
Proportion: 

o The sample is a random sample. 

o The conditions for a binomial experiment are satisfied (See 

Chapter 5). 
 

Example 7.3-2 

A survey of leaks from water pipes in a city water distribution system, conducted 

over a representative area, shows that substantial loss occurs in 7 out of 37 pipes 

tested.  

Find population proportion of leaking pipes in the city with 95% confidence limits. 

Solution 

Sample proportions are: 

𝑝̂ =
𝑋

𝑛
=

7

37
= 0.189 

𝑞̂ =
𝑛 − 𝑋

𝑛
=

37 − 7

37
= 0.811 

Estimating of population proportion: 

∵ 𝑛𝑝̂ = 30 × 0.189 = 5.67 > 5 

∵ 𝑛𝑞̂ = 30 × 0.811 = 24.33 > 5 

Therefore, the relation below can be adopted to estimate the population 
proportion: 

𝑝̂ − 𝑧𝛼
2

√
𝑝̂𝑞̂

𝑛
≤ 𝑝 ≤ 𝑝̂ + 𝑧𝛼

2
√

𝑝̂𝑞̂

𝑛
 

Confidence interval of 95%, 𝑧𝛼

2
= 1.96, 

0.189 − 1.96√
0.189 × 0.811

37
≤ 𝑝 ≤ 0.189 + 1.96√

0.189 × 0.811

37
 

0.063 ≤ 𝑝 ≤ 0.315 

That is, we can say with 95% confidence that the interval (0.063, 0.315) includes 

the true proportion of pipes in the city from which there is a substantial waste. 
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7.4 CONFIDENCE INTERVALS FOR VARIANCES AND STANDARD 

DEVIATIONS* 
7.4.1 BASIC CONCEPTS AND CHI-SQUARE DISTRIBUTION 

• This section will explain how to find confidence intervals for 

variances and standard deviations.  

• To calculate these confidence intervals, a new statistical 

distribution is needed. It is called the chi-square distribution. 

• The chi-square variable is similar to the t variable in that its 

distribution is a family of curves based on the number of degrees 

of freedom.  

• The symbol for chi-square is 𝜒2 (Greek letter chi, pronounced 

“ki”).  
• Several of the distributions are shown in Figure 7.4-1 below, along 

with the corresponding degrees of freedom.  

• The chi-square distribution is obtained from the values of  
(𝑛 − 1)𝑠2

𝜎2
 

when random samples are selected from a normally distributed 

population whose variance is 𝜎2. 

• Notes on chi-square variable: 

o A chi-square variable cannot be negative, and the distributions 
are skewed to the right.  

o At about 100 degrees of freedom, the chi-square distribution 
becomes somewhat symmetric.  

o The area under each chi-square distribution is equal to 1.00, or 
100%. 

 
Figure 7.4-1: The Chi-Square Family of Curves. 
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7.4.2 TABLE FOR THE CHI-SQUARE DISTRIBUTION 

• Table 7.4-1 below gives the values for the chi-square distribution. 

These values are used in the denominators of the formulas for 

confidence intervals.  
Table 7.4-1: The Chi-Square Distribution 
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• Two different values are used in the formula because the distribution is not 

symmetric. One value is found on the left side of the table, and the other 

is on the right, see Figure 7.4-2 below. 

 
Figure 7.4-2: Chi-Square Distribution for d.f. = n – 1. 

 

Example 7.4-1 

Find the values for 𝜒𝑟𝑖𝑔ℎ𝑡
2  and 𝜒𝑙𝑒𝑓𝑡

2  =or a 90% confidence interval when n = 25. 

Solution 

• To find 𝜒𝑟𝑖𝑔ℎ𝑡
2 , subtract 1 - 0.90 = 0.10 and divide by 2 to get 0.05. 

• To find 𝜒𝑙𝑒𝑓𝑡
2 , subtract 1 - 0.05 to get 0.95.  

• Hence, use the 0.95 and 0.05 columns and the row corresponding 
to 24 d.f. See Figure 7.4-3. 

 
Figure 7.4-3: 𝝌𝟐 Table for Example 7.4-1. 

• The answers are: 

𝜒𝑙𝑒𝑓𝑡
2 = 13.848 and 𝜒𝑟𝑖𝑔ℎ𝑡

2 = 36.415 

See Figure 7.4-4. 
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Figure 7.4-4: 𝝌𝟐 Distribution for Example 7.4-1. 

 

7.4.3 FORMULA FOR THE CONFIDENCE INTERVAL FOR A VARIANCE AND STANDARD DEVIATION 

• To find confidence intervals for variances and standard 

deviations, you must assume that the variable is normally 

distributed. 
• The formulas for the confidence intervals are shown here. 

(𝑛 − 1)𝑠2

𝜒𝑟𝑖𝑔ℎ𝑡
2 < 𝜎2 <

(𝑛 − 1)𝑠2

𝜒𝑙𝑒𝑓𝑡
2  

𝑑. 𝑓. = 𝑛 − 1 

• Formula for the confidence interval for a standard deviation would 
be: 

√
(𝑛 − 1)𝑠2

𝜒𝑟𝑖𝑔ℎ𝑡
2 < 𝜎 < √

(𝑛 − 1)𝑠2

𝜒𝑙𝑒𝑓𝑡
2  

 

Example 7.4-2 

Considering the variance of water depths resulting from irrigation. Twenty-five 
measurements produced a variance of 

𝑠2 = 0.003969 (
𝑐𝑚

ℎ𝑟
)

2
, or 𝑆 =  0.063

𝑐𝑚

ℎ𝑟
 

In this case, the greater the variance, the poorer the equipment, so an upper 

limit would be of interest. Thus, estimate the standard deviation, 𝜎, with a 95% 

level of confidence (α = 0.05) and 24 degrees of freedom. 

Solution 

As discussed in Example 7.4-1 above, with a 95% level of confidence (α = 0.05) 
and 24 degrees of freedom, 

𝜒𝑙𝑒𝑓𝑡
2 = 13.848 and 𝜒𝑟𝑖𝑔ℎ𝑡

2 = 36.415 

And the standard deviation, 𝜎, would be: 

√
(𝑛 − 1)𝑠2

𝜒𝑟𝑖𝑔ℎ𝑡
2 < 𝜎 < √

(𝑛 − 1)𝑠2

𝜒𝑙𝑒𝑓𝑡
2  
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√
(25 − 1) × 0.003969

13.848
< 𝜎 < √

(25 − 1) × 0.003969

36.415
 

0.0829
𝑐𝑚

ℎ𝑟
 < 𝜎 < 0.0511

𝑐𝑚

ℎ𝑟
 

 

Example 7.4-3 

Fourth test cubes, 𝑛 = 40, indicates that the compressive strengths of have an 

estimated standard deviation of  

𝑠 =  5.02
𝑁

𝑚𝑚2
 

Assuming normal population estimate 𝜎 with a one-sided upper 99% confidence 

limit. 

Solution 

As the example concerns with upper limit only, therefore, we concern with: 

𝜎 < √
(𝑛 − 1)𝑠2

𝜒𝑙𝑒𝑓𝑡
2  

and whole confidence limit of 0.99 should be adopted to determine 𝜒𝑙𝑒𝑓𝑡
2 . With  

∵ 𝑑. 𝑓. = 40 − 1 ≈ 40, 𝜒𝑙𝑒𝑓𝑡
2  would be, see Figure 7.4-5: 

𝜒𝑙𝑒𝑓𝑡
2 ≈ 22.164 

𝜎 < √
(40 − 1) × 5.022

22.164
 

𝜎 < 6.66 𝑀𝑃𝑎 ∎ 

 
Figure 7.4-5: 𝝌𝟐 Table for Example 7.4-3. 

 

  



Engineering Statistics Chapter 7: Confidence Intervals 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 7: Page23  
 

Home Work 7.4-1 

An automatic filling machine is used to fill bottles with liquid detergent. A random 

sample of 20 bottles results in a sample variance of fill volume of 𝑠2 =
 0.0153 (𝑓𝑙𝑢𝑖𝑑 𝑜𝑢𝑛𝑐𝑒𝑠)2.  

If the variance of fill volume is too large, an unacceptable proportion of bottles 

will be under- or overfilled. Assume that the fill volume is approximately normally 

distributed, with adopting a 95% upper-confidence interval determine upper limit 

for the standard deviation, 𝜎. 

Answers 

𝜎 < 0.17 𝑀𝑃𝑎 ∎ 

Solution 

As the example concerns with upper limit only, therefore, we concern with: 

𝜎 < √
(𝑛 − 1)𝑠2

𝜒𝑙𝑒𝑓𝑡
2  

and whole confidence limit of 0.95 should be adopted to determine 𝜒𝑙𝑒𝑓𝑡
2 . With  

∵ 𝑑. 𝑓. = 20 − 1 = 19, 𝜒𝑙𝑒𝑓𝑡
2  would be 

𝜒𝑙𝑒𝑓𝑡
2 = 10.117 

𝜎 < √
(20 − 1) × 0.0153

10.117
 

𝜎 < 0.17 𝑀𝑃𝑎 ∎ 
 

Home Work 7.4-2 

For truss connection indicated in Figure 7.4-6, a rivet is to be inserted into a hole. 
A random sample of n = 15 parts is selected, and the hole diameter is measured. 

The sample standard deviation of the hole diameter measurements is s = 0.008 

millimeters. Construct a 99% lower confidence bound for 𝜎2. Ans.  

 

Figure 7.4-6: Truss connection 
for Home Work 7.4-2. 

Ans. 𝜎2 > 3.075 × 10−5 𝑚𝑚 ∎ 

Solution 

As the example concerns with lower limit only, therefore, we concern with: 

𝜎2 >
(𝑛 − 1)𝑠2

𝜒𝑟𝑖𝑔ℎ𝑡
2  

and whole confidence limit of 0.99 should be adopted to determine 𝜒𝑟𝑖𝑔ℎ𝑡
2 . With  

∵ 𝑑. 𝑓. = 15 − 1 = 15, 𝜒𝑟𝑖𝑔ℎ𝑡
2  would be 

𝜒𝑟𝑖𝑔ℎ𝑡
2 = 29.141 

𝜎2 >
(15 − 1) × 0.0082

29.141
 

𝜎2 > 3.075 × 10−5 𝑚𝑚 ∎ 
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CHAPTER 8 
HYPOTHESIS TESTING 

8.1 INTRODUCTION 
• Researchers are interested in answering many types of questions. 

For example: 

o A scientist might want to know whether the earth is warming up.  
o A physician might want to know whether a new medication will 

lower a person’s blood pressure.  

o An educator might wish to see whether a new teaching 

technique is better than a traditional one.  

o A retail merchant might want to know whether the public prefers 

a certain color in a new line of fashion.  

o Automobile manufacturers are interested in determining whether 
seat belts will reduce the severity of injuries caused by 

accidents.  

• In civil and water-resources engineering, similar questions 
include: 
o A product-development engineer who wants to decide whether 

or not a new concrete additive has a significant influence on 

curing time. 

o A soils engineer who wants to report whether a simple, in-the-

field “vane test” provides an unbiased estimate of the lab-

measured unconfined compressive strength of soil. 

o A water-resources engineer who wants to verify an assumption 
used in his system model, namely, that the correlation 

coefficient between the monthly rainfalls on two particular 

watersheds is zero. 

• These types of questions can be addressed through statistical 

hypothesis testing, which is a decision-making process for 

evaluating claims about a population.  

• In hypothesis testing, the researcher must: 

o Define the population under study,  

o State the particular hypotheses that will be investigated,  

o Give the significance level,  
o Select a sample from the population, collect the data, perform 

the calculations required for the statistical test,  

o Reach a conclusion. 

• Hypotheses concerning parameters such as means and 

proportions can be investigated. 
• There are two specific statistical tests used for hypotheses 

concerning means:  

o The z test, 
o The t test.  

• This chapter: 

o We shall explain in detail the hypothesis-testing procedure along 
with the z test and the t test.  

o In addition, a hypothesis-testing procedure for testing a single 

variance or standard deviation using the chi-square 

distribution is explained also. 
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• The three methods used to test hypotheses are: 

o The traditional method:  
It has been used since the hypothesis testing method was 

originally formulated. 

o The P-value method:  

It is a new method that has become popular with the advent of 
modern computers and high-powered statistical calculators. 

o The confidence interval method: 

With this method, one can illustrate the relationship between 

hypothesis testing and confidence intervals. 
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8.2 HYPOTHESIS TESTING—TRADITIONAL METHOD 
8.2.1 NULL AND ALTERNATIVE HYPOTHESIS 

• Every hypothesis-testing situation begins with the statement of a 

hypothesis. 
• A statistical hypothesis is a claim about a population parameter. 

This claim may or may not be true. 

• There are two types of statistical hypotheses for each situation: 
the null hypothesis and the alternative hypothesis. 

o The null hypothesis, symbolized by 𝐻0, is a statistical 

hypothesis that states that there is no difference between a 

parameter and a specific value, or that there is no difference 

between two parameters. 

o The alternative hypothesis, symbolized by 𝐻1, is a statistical 

hypothesis that states the existence of a difference between a 

parameter and a specific value, or states that there is a 

difference between two parameters. 
 

EXAMPLE 8.2-1 

State the null and alternative hypotheses when a medical researcher is interested 

in finding out whether a new medication will have any undesirable side effects. 

The researcher is particularly concerned with whether the pulse rate will increase, 
decrease, or remain unchanged after a patient takes the medication. He knows 
that the mean pulse rate for the population under study is 82 beats per minute. 

Solution 

Since the researcher knows that the mean pulse rate for the population under 
study is 82 beats per minute, the hypotheses for this situation are: 

𝐻0: 𝜇 = 82 𝐻1: 𝜇 ≠ 82 

where 

• The null hypothesis specifies that the mean will remain unchanged,  

• The alternative hypothesis states that it will be different.  

This test is called a two-tailed test (a term that will be formally defined later), 
since the possible side effects of the medicine could be to raise or lower the pulse 

rate. 
 

EXAMPLE 8.2-2 

State the null and alternative hypotheses when a chemist invents an additive to 
increase the life of an automobile battery. The mean lifetime of the automobile 

battery without the additive is 36 months. 

Solution 

As the mean lifetime of the automobile battery without the additive is 36 months, 
and as the chemist only interests with increasing of battery life, therefore the null 

and alternative hypotheses would be:  

𝐻0: 𝜇 = 36 𝐻1: 𝜇 > 36 

This test is called right-tailed, since the interest is in an increase only. 
 

EXAMPLE 8.2-3 

State the null and alternative hypotheses when a contractor wishes to lower 
heating bills by using a special type of insulation in houses. The average of the 

monthly heating bills is $78. 
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Solution 

As the average of the monthly heating bills is $78 and the contactor wishes to 

lower heating bills, therefore the null and alternative hypotheses would be:  

𝐻0: 𝜇 = $78 𝐻1: 𝜇 < $78 

This test is a left-tailed test, since the contractor is interested only in lowering 

heating costs. 
 

8.2.2 TRANSLATE CLAIM FORM A VERBAL FORM INTO A MATHEMATICAL FORM 

• To state hypotheses correctly, researchers must translate the 

claim from words into mathematical symbols.  

• The basic symbols used are as follows: 

 
• The null and alternative hypotheses are stated together, and the 

null hypothesis contains the equal sign, as shown (where k 

represents a specified number). 

 
• Table 8.2-1 shows some common phrases that are used in 

hypotheses and claims, and the corresponding symbols.  

• This table should be helpful in translating verbal claims into 
mathematical symbols. 

TABLE 8.2-1: HYPOTHESIS-TESTING COMMON PHRASES. 

 

8.2.3 HOW TO ASSIGN NULL AND ALTERNATIVE HYPOTHESES IN A STUDY OR RESEARCH  

• In most professional journals, the assumption is that the mean, 

proportion, or standard deviation is equal to a given specific 

value. Therefore, the null hypothesis is always stated using the 

equals sign. 

• Also, when a researcher conducts a study, he or she is generally 

looking for evidence to support a claim. Therefore, the claim 

should be stated as the alternative hypothesis, i.e., using < or > 

or ≠.  

• Because of this, the alternative hypothesis is sometimes called 

the research hypothesis. 
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8.2.4 SIGNIFICANT LEVEL 

After stating the hypothesis, the researcher designs the study adopting the 
following steps: 

• Selects the correct statistical test,  

• Chooses an appropriate level of significance,  

• Formulates a plan for conducting the study.  
 

EXAMPLE 8.2-4 

State the steps that have been adopted in the medical researcher of Example 

8.2-1 to find out whether a new medication will have any undesirable side effects. 

Solution 

In this situation, the researcher will: 

• Select a sample of patients who will be given the drug. Recall that: 

o When samples of a specific size are selected from a population, 
the means of these samples will vary about the population 

mean,  
o The distribution of the sample means will be approximately 

normal when the sample size is 30 or more 

• After allowing a suitable time for the drug to be absorbed, the 
researcher will measure each person’s pulse rate. 

 
EXAMPLE 8.2-5 

Assume that the medical researcher of Example 8.2-5 has taken a sample of 
patients who use the drug for a sufficient time. The sample mean was unequal to 

the population mean of 82 beats per minute. Discuss how the sample results may 
be interpreted in the context of hypothesis testing. 

Solution 

• Even if the null hypothesis, 𝐻0: 𝜇 = 82, is true, the mean of the 

pulse rates of the sample of patients will not, in most cases, be 

exactly equal to the population mean of 82 beats per minute. 

• There are two possibilities.  
o Either the null hypothesis is true, and the difference between 

the sample mean and the population mean is due to chance;  
o Or the null hypothesis is false, and the sample came from a 

population whose mean is not 82 beats per minute but is some 

other value that is not known.  

These situations are shown in Figure 8.2-1. 
• The difference between sample and population means: 

o The farther away the sample mean is from the population 

mean, the more evidence there would be for rejecting the null 

hypothesis.  
o If the mean pulse rate of the sample were, say, 83, the 

researcher would probably conclude that this difference was 

due to chance and would not reject the null hypothesis. 

o But if the sample mean were, say, 90, then in all likelihood the 

researcher would conclude that the medication increased the 

pulse rate of the users and would reject the null hypothesis.  

• Significant versus Insignificant Differences: 

o The question is, where does the researcher draw the line?  
o This decision is not made on feelings or intuition; it is made 

statistically. Here is where the concepts of statistical test and 

level of significance are used. 
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FIGURE 8.2-1: SITUATIONS 

IN HYPOTHESIS TESTING 

FOR EXAMPLE 8.2-5 
 

8.2.5 POSSIBLE OUTCOMES 

• In the hypothesis-testing situation, there are four possible 

outcomes.  
• In reality, the null hypothesis may or may not be true, and a 

decision is made to reject or not reject it on the basis of the data 

obtained from a sample.  

• The four possible outcomes are shown in Figure 8.2-2. Notice that 
there are two possibilities for a correct decision and two 

possibilities for an incorrect decision. 

 
FIGURE 8.2-2: POSSIBLE OUTCOMES OF A 

HYPOTHESIS TEST. 

• Type I error: 

A type I error occurs if you reject the null hypothesis when it is 

true. 
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• Type II error: 

A type II error occurs if you do not reject the null hypothesis 

when it is false. 
 

EXAMPLE 8.2-6 

State the type I error and type II error for the medical researcher of Example 

8.2-5. 

Solution 

• Type I error: 

o The medication might not significantly change the pulse rate of 
all the users in the population; but it might change the rate, by 

chance, of the subjects in the sample.  

o In this case, the researcher will reject the null hypothesis when 

it is really true, thus committing a type I error. 

• Type II error: 

o On the other hand, the medication might not change the pulse 

rate of the subjects in the sample, but when it is given to the 

general population, it might cause a significant increase or 

decrease in the pulse rate of users.  

o The researcher, on the basis of the data obtained from the 
sample, will not reject the null hypothesis, thus committing a 
type II error. 

 
EXAMPLE 8.2-7 

State the null and alternative hypotheses when a materials-testing engineer must 

report, on the basis of three batches, whether the mean asphalt content of all 
batches of material leaving a particular plant is equal to the desired value of 5 

percent. The concern is that unknown changes in the mixing procedure or raw 
materials supply might have increased or decreased this mean. Comment on the 
theme of the proposed hypotheses. 

Solution 

As the material-testing engineer aims to know whether the mean asphalt is equal 
to the desired value or differ from it and he has no concern if different value is 
larger or smaller than the indicated mean value, therefore the null and alternative 

hypotheses would be: 

𝐻0: 𝜇 = 5% 𝐻1: 𝜇 ≠ 5% 

and the test would be a two-tailed test. 

As the hypothesis testing is based on a sample statistic, therefore the observed 

value of this sample statistic may: 

• Lie some distance from the expected value of 5 even if this is the 

true value of the mean, type I error.  

• On the other hand, if the true value of the mean asphalt content 

is no longer 5 but has slipped to 4.5 or increased to 5.6, the 

observed sample average may nonetheless lie close to the 

hypothesized value of 5, type II error. 
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8.2.6 THE CRITICAL VALUE 

• From the previous discussion, the hypothesis testing decision is 

made on the basis of probabilities.  

• That is: 

|𝑋 − 𝜇| is large ⟹ The null hypothesis is probably not true. 

|𝑋 − 𝜇| is small  ⟹ The null hypothesis is probably true. 

• The question is, How large a difference is necessary to reject the 

null hypothesis? 

o Here is where the level of significance is used. 

 
o The probability of a type II error is symbolized by 𝛽, the Greek 

letter beta. That is, 
𝑃(𝑡𝑦𝑝𝑒 𝐼𝐼 𝑒𝑟𝑟𝑜𝑟)  = 𝛽 

o In most hypothesis-testing situations, 𝛽 cannot be easily 

computed; however, 𝛼 and 𝛽 are related in that decreasing one 

increases the other. 
• In a hypothesis-testing situation, the researcher decides what 

level of significance to use. After a significance level is chosen, a 

critical value is selected from a table for the appropriate test. If a 
z test is used, for example, the z table of Chapter 6 is consulted 

to find the critical value. The 𝑧𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 for the most common levels 

of significant, 𝛼, are presented in below for convenience: 
Confidence 

Interval 

Significance 
Level, 𝜶 

Critical 𝒛 for Two-tails 

Test, i.e. 𝒛𝜶

𝟐
 

90% 10% 1.65 

95% 5% 1.96 

99% 1% 2.58 

• The critical value determines the critical and noncritical regions. 
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8.3 HYPOTHESIS TESTING FOR THE MEAN 
In this section, two statistical tests will be explained: 

• The z test is used when 𝜎 is known, 

• The t test is used when 𝜎 is unknown.  

8.3.1 THE Z TEST FOR A MEAN 

8.3.1.1 BASIC CONCEPTS AND TEST PROCEDURES 

• The z test is defined formally as follows: 

𝑧 =
𝑋̅ − 𝜇

𝜎

√𝑛

 EQ. 8.3-1 

where 

𝑋̅ sample mean 

𝜇 hypothesized population mean 

𝜎 population standard deviation 

𝑛  is sample size 

The denominator 
𝜎

√𝑛
 is the standard error of the mean. 

• Assumptions for the z test for a mean when 𝜎 is known: 

The z test implicitly based on the following two assumptions: 

o The sample is a random sample. 
o Either 𝑛 ≥ 30 or the population is normally distributed if 𝑛 < 30. 

• A step by step procedure for the test: 
From the previous discussion, there are five steps for solving 

hypothesis-testing problems: 
Step 1: State the hypotheses and identify the claim, see 

Sections 8.2.1 through 8.2.3. 

Step 2: Find the critical value(s) as discussed in Section 8.2.6. 

Step 3: Compute the test value based on Eq. 8.3-1. 
Step 4: Make the decision to reject or not reject the null 
hypothesis. 

Step 5: Summarize the results. 
 

8.3.1.2 EXAMPLES 
EXAMPLE 8.3-1 

A researcher wishes to see if the mean number of days that a basic, low-price, 
small automobile sits on a dealer’s lot is 29. A sample of 30 automobile dealers 

has a mean of 30.1 days for basic, low-price, small automobiles. At 𝛼 =  0.05, test 

the claim that the mean time is greater than 29 days. The standard deviation of 

the population is 3.8 days. 

Solution 

As 𝑛 ≥ 30, therefore Eq. 8.3-1 can be applied even when the population is not 

normally distributed.  

Step 1: State the hypotheses and identify the claim. 

𝐻0: 𝜇 = 29 𝑑𝑎𝑦 and 𝐻1: 𝜇 > 29 𝑑𝑎𝑦 

Step 2: Find the critical value(s). 

𝑧𝛼
2

= 1.65 

Step 3: Compute the test value based on Eq. 8.3-1. 

𝑧 =
𝑋̅ − 𝜇

𝜎

√𝑛

=
30.1 − 29

3.8

√30

= 1.59 
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Step 4: Make the decision to reject or not reject the null hypothesis. 

∵ 𝑧 = 1.59 < 𝑧𝛼
2
 

The null hypotheses cannot be 

rejected.  

Step 5: Summarize the results. 

There is not enough evidence to 
support the claim that the mean 

time is greater than 29 days. 

Comment:  

Even though in the sample mean of 30.1 is higher than the hypothesized 
population mean of 29, it is not significantly higher. Hence, the difference may 

be due to chance. When the null hypothesis is not rejected, there is still a 

probability of a type II error, i.e., of not rejecting the null hypothesis when it is 

false. 
 

EXAMPLE 8.3-2 

Suppose the specification for the yield strength of rebars required a mean value 
of 38 ksi. It is, therefore, essential that the population of rebars to be used in the 

construction of a reinforced concrete structure has the required mean strength. 
From the rebars delivered to the construction site by the supplier, the engineer 

ordered that a sample of 25 rebars be randomly selected and tested for yield 
strengths. The sample mean from the 25 tests yielded a value of 37.5 ksi. It is 

known that the standard deviation of rebar strength from the supplier is 𝜎 =
3.0 𝑘𝑠𝑖. In your solution assumes a normally distributed population and adopts 𝛼 =
10%. 

Solution 

Step 1: State the hypotheses and identify the claim. 

𝐻0: 𝜇 = 38 𝑘𝑠𝑖 and 𝐻1: 𝜇 < 38 𝑘𝑠𝑖 

Step 2: Find the critical value(s). 

𝑧𝛼
2

= 1.65 

Step 3: Compute the test value based on Eq. 8.3-1. 

𝑧 =
𝑋̅ − 𝜇

𝜎

√𝑛

=
37.5 − 38

3.0

√25

= −0.833 

Step 4: Make the decision to reject or not reject the null hypothesis. 

∵ |𝑧| = 0.833 < 𝑧𝛼
2

= 1.65 

The null hypotheses cannot be rejected. 

Step 5: Summarize the results.  

There is not enough evidence to support the claim that the mean of the yield 

strength is smaller than 38 𝑘𝑠𝑖. Therefore, the rebars from the supplier satisfy the 

required yield strength of the specification and are acceptable. 
 

EXAMPLE 8.3-3 

Based on the experience of a pile company, it has been found that a specific pile 

type has a capacity of 𝜇 = 180 𝑡𝑜𝑛 with a standard deviation of 𝜎 = 24 𝑡𝑜𝑛. In a 

specific site, 200 piles of the same type have been derived and tested and the 

mean value of their capacity is 𝑥̅ = 184 𝑡𝑜𝑛. Test the hypotheses with 𝛼 = 0.05 to 

see if there is a significant difference between 𝑥̅ and 𝜇. 
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Solution 

As 𝑛 ≥ 30, therefore Eq. 8.3-1 can be applied even when the population is not 

normally distributed. 

Step 1: State the hypotheses and identify the claim. 

𝐻0: 𝜇 = 180 𝑡𝑜𝑛 and 𝐻1: 𝜇 > 180 𝑡𝑜𝑛 

Step 2: Find the critical value(s). 

𝑧𝛼
2

= 𝑧0.05
2

= 1.96 

Step 3: Compute the test value based on Eq. 8.3-1. 

𝑧 =
𝑋̅ − 𝜇

𝜎

√𝑛

=
184 − 180

24

√200

= 2.36 

Step 4: Make the decision to reject or not reject the null hypothesis. 

∵ 𝑧 = 2.36 > 𝑧𝛼
2

= 𝑧0.05
2

= 1.96 

The null hypotheses can be rejected. 

Step 5: Summarize the results.  

There is enough evidence to support the claim that the mean of the pile capacity 

is larger than 180 𝑡𝑜𝑛.  
 

EXAMPLE 8.3-4 

Resolve Example 8.3-3 but with adopting 𝛼 = 0.01. 

Solution 

Step 1: State the hypotheses and identify the claim. 

𝐻0 = 180 𝑡𝑜𝑛 and 𝐻1 > 180 𝑡𝑜𝑛 

Step 2: Find the critical value(s). 

𝑧𝛼
2

= 𝑧0.01
2

= 2.58 

Step 3: Compute the test value based on Eq. 8.3-1. 

𝑧 =
𝑋̅ − 𝜇

𝜎

√𝑛

=
184 − 180

24

√200

= 2.36 

Step 4: Make the decision to reject or not reject the null hypothesis. 

∵ 𝑧 = 2.36 < 𝑧𝛼
2

= 𝑧0.01
2

= 2.58 

The null hypotheses cannot be rejected. 

Step 5: Summarize the results.  

There is not enough evidence to support the claim that the mean of the pile 

capacity is larger than 180 𝑡𝑜𝑛.  

This example shows how the selected significant level, 𝛼, can affect the final 

decision regarding accepting or rejecting a hypothesis.  
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8.3.2 The t TEST FOR A MEAN 

8.3.2.1 BASIC CONCEPTS AND TEST PROCEDURES 

• When the population standard deviation is unknown, the z test is 

not normally used for testing hypotheses involving means.  

• A different test, the t test, is used. The distribution of the 

variable should be approximately normal. 

• As stated in Chapter 7, the t distribution is similar to the standard 

normal distribution and as the sample size increases, the it 

approaches the normal distribution. 
• The t test is defined as follows: 

The t test is a statistical test for the mean of a population and is 

used when the population is normally or approximately normally 

distributed, and 𝜎 is unknown. 

• The formula for the t test is: 

𝑡 =
𝑋̅ − 𝜇

𝑠

√𝑛

 EQ. 8.3-2 

The degrees of freedom are 𝑑. 𝑓. =  𝑛 −  1. 

• The critical values for the t test are given in Table 8.3-1. Notice 

that the degrees of freedom are given for values from 1 through 
30, then at intervals above 30 you should always round down to 
the nearest table value. For example, if d.f. = 59, use d.f. = 55 to 

find the critical value or values. This is a conservative approach. 
• Assumptions for the t test for a mean when 𝜎 is unknown: 

o The sample is a random sample. 

o Either 𝑛 ≥ 30 or the population is normally distributed if 𝑛 <
 30. 

• When you test hypotheses by using the t test (traditional method), 

follow the same procedure as for the z test with minor 

modifications as in below: 
Step 1 State the hypotheses and identify the claim. 
Step 2 Find the critical value(s) from Table 8.3-1. 
Step 3 Compute the test value based on Eq. 8.3-2. 

Step 4 Make the decision to reject or not reject the null 

hypothesis. 
Step 5 Summarize the results. 

Remember that the t test should be used when the population is 

approximately normally distributed, and the population standard 
deviation is unknown. 
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TABLE 8.3-1: THE t DISTRIBUTION. 
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8.3.2.2 EXAMPLES 
EXAMPLE 8.3-5 

A medical investigation claims that the average number of infections per week at 

a hospital in southwestern Pennsylvania is 16.3. A random sample of 10 weeks 

had a mean number of 17.7 infections. The sample standard deviation is 1.8. Is 

there enough evidence to reject the investigator’s claim at 𝛼 =  0.05? 

Solution 

Step 1 𝐻0: 𝜇 =  16.3 (𝑐𝑙𝑎𝑖𝑚) and 𝐻1: 𝜇 ≠  16.3. 

Step 2 For 𝛼 = 0.05 and 𝑑. 𝑓. = 10 − 1 = 9, the critical value is: 
𝑡𝛼

2
= 𝑡0.05

2
= 2.262 

 
Step 3 Compute the test value based on Eq. 8.3-2. 

𝑡 =
𝑋̅ − 𝜇

𝑠

√𝑛

=
17.7 − 16.3

1.8

√10

= 2.46 

Step 4 Reject the null 

hypothesis since: 
𝑡 = 2.46 > 𝑡𝛼

2
= 2.262 

Step 5 There is enough 

evidence to reject the claim 
that the average number of infections is 16.3.  
EXAMPLE 8.3-6 

In Example 8.3-2 for the yield strength of rebars, the standard deviation, 𝜎, of 

the population of rebars is known to be 3.0 𝑘𝑠𝑖. In many cases, the information on 

the population standard deviation may not be known and must be estimated also 

from the available sampled data. Resolve Example 8.3-2 suppose the 25 tests 

showed the following results: 𝑥̅ = 37.5 𝑘𝑠𝑖 and 𝑠 = 3.50 𝑘𝑠𝑖. As for Example 8.3-2, 

in your solution assumes a normally distributed population and adopts 𝛼 = 10%. 

Solution 

Step 1: State the hypotheses and identify the claim. 

𝐻0: 𝜇 = 38 𝑘𝑠𝑖 and 𝐻1: 𝜇 < 38 𝑘𝑠𝑖 

Step 2 For 𝛼 = 0.10 and 𝑑. 𝑓. = 25 − 1 = 24, the critical value is: 
𝑡𝛼

2
= 𝑡0.1

2
= 1.711 
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Step 3 Compute the test value based on Eq. 8.3-2. 

𝑡 =
𝑋̅ − 𝜇

𝑠

√𝑛

=
37.5 − 38

3.50

√25

= −0.714 

Step 4 Not reject the null hypothesis since: 
∵ |𝑡| = −0.714 < 𝑡𝛼

2
 2.262 

Step 5: Summarize the results.  

There is not enough evidence to support the claim that the mean of the yield 

strength is smaller than 38 𝑘𝑠𝑖. Therefore, the rebars from the supplier satisfy the 

required yield strength of the specification and are acceptable. 
 

8.3.3 HOMEWORK PROBLEMS 
HOME WORK 8.3-1 

The foundation for a building is designed to rest 

on 100 piles based on the individual pile capacity 

of 80 tons. Nine test piles were driven at random 
locations into the supporting soil stratum and 

loaded until failure of each pile occurred. The 

results are as indicated in the table. For these 

data: 

(a) Estimate the mean and standard 

deviation of the individual pile 
capacity to be used at the site. 

(b) At the 5% significance level, should 
the piles be accepted based on the results of the nine test piles? 
That is, perform hypothesis test, with the null hypothesis that 

the mean pile capacity is 80 tons. 

Ans. 𝑥̅ =
Σ𝑥𝑖

𝑛
= 85 𝑡𝑜𝑛, 𝑠 = √

Σ(𝑥𝑖−𝑥̅)2

𝑛−1
= 6.76 𝑡𝑜𝑛 

𝑡 = 2.22 < 𝑡𝛼
2

= 2.306 

Solution: 

Sample mean and standard deviation:  

𝑥̅ =
Σ𝑥𝑖

𝑛
= 85 𝑡𝑜𝑛, 𝑠 = √

Σ(𝑥𝑖 − 𝑥̅)2

𝑛 − 1
= 6.76 𝑡𝑜𝑛 

Hypothesis testing: 

Step 1 𝐻0: 𝜇 = 80 𝑡𝑜𝑛 and 𝐻1: 𝜇 ≠  85 𝑡𝑜𝑛. 

Step 2 For 𝛼 = 0.05 and 𝑑. 𝑓. = 10 − 1 = 8, the critical value is: 

𝑡𝛼
2

= 𝑡0.05
2

= 2.306 

Step 3 Compute the test value based on Eq. 8.3-2. 

𝑡 =
𝑋̅ − 𝜇

𝑠

√𝑛

=
85 − 80

6.76

√9

= 2.22 

Step 4 Not reject the null hypothesis since: 

𝑡 = 2.22 < 𝑡𝛼
2

= 2.306 

Step 5 There is not enough evidence to reject the claim that the average strength 

of the piles is 80 𝑡𝑜𝑛. 
 

  

Test No. Pile Capacity (ton) 

1 82 

2 75 

3 95 

4 90 

5 88 

6 92 

7 78 

8 85 

9 80 
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HOME WORK 8.3-2 

Concrete placed on a structure was 

subsequently cored after 28 days, and 

the following results were obtained of the 
compressive strengths from five test 

specimens. 

(a) Estimate the mean and 

standard deviation of the 

concrete compressive strength. 

(b) If the required minimum compressive strength is 3500 psi, 

perform a one-sided hypothesis test at the 2% significance 

level. 

Ans. 𝑥̅ =
Σ𝑥𝑖

𝑛
= 3672 psi , 𝑠 = √

Σ(𝑥𝑖−𝑥̅)2

𝑛−1
= 384 𝑝𝑠𝑖 

𝑡 = 1.00 < 𝑡𝛼
2

= 1.533 

Solution: 

Sample mean and standard deviation:  

𝑥̅ =
Σ𝑥𝑖

𝑛
= 3672 psi , 𝑠 = √

Σ(𝑥𝑖 − 𝑥̅)2

𝑛 − 1
= 384 𝑝𝑠𝑖 

Hypothesis testing: 

Step 1 𝐻0: 𝜇 = 3500 𝑡𝑜𝑛 and 𝐻1: 𝜇 ≠  3500 𝑡𝑜𝑛. 

Step 2 For 𝛼 = 0.2 and 𝑑. 𝑓. = 5 − 1 = 4, the critical value is: 

𝑡𝛼
2

= 𝑡0.1
2

= 1.533 

Step 3 Compute the test value based on Eq. 8.3-2. 

𝑡 =
𝑋̅ − 𝜇

𝑠

√𝑛

=
3672 − 3500

384

√5

= 1.00 

Step 4 Not reject the null hypothesis since: 

𝑡 = 1.00 < 𝑡𝛼
2

= 1.533 

Step 5 There is not enough evidence to reject the claim that the compressive 

strength of the concrete is 3500 𝑝𝑠𝑖. 
 

HOME WORK 8.3-3 

The daily dissolved oxygen concentration (DO) 

for a location A downstream from an industrial 

plant has been recorded for the past 10 
consecutive days as tabulated. 

(a) Estimate the mean and standard 

deviation of the daily dissolved 

oxygen concentration (DO). 
(b) Suppose the minimum 

concentration of DO required by the 
Environmental Protection Agency 
is 2.2 mg/l. Perform a hypothesis 
test to determine whether the 

stream quality satisfies the EPA standard at the significance 

level of 5%. 

 

TEST NO. COMPRESSIVE STRENGTH 
PSI 

1 4142 

2 3405 

3 3402 

4 4039 

5 3372 

DAY DO (MG/L) 

1 1.8 

2 2 

3 2.1 

4 1.7 

5 1.2 

6 2.3 

7 2.5 

8 2.9 

9 1.9 

10 2.2 
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Ans. 𝑥̅ =
Σ𝑥𝑖

𝑛
= 2.06

mg

l
 , 𝑠 = √

Σ(𝑥𝑖−𝑥̅)2

𝑛−1
= 0.46

mg

l
 

|𝑡| = 0.962 < 𝑡𝛼
2

= 2.262 

Solution: 

Sample mean and standard deviation:  

𝑥̅ =
Σ𝑥𝑖

𝑛
= 2.06

mg

l
 , 𝑠 = √

Σ(𝑥𝑖 − 𝑥̅)2

𝑛 − 1
= 0.46

mg

l
 

Hypothesis testing: 

Step 1 𝐻0: 𝜇 = 2.2
𝑚𝑔

𝑙
 and 𝐻1: 𝜇 < 2.2

𝑚𝑔

𝑙
. 

Step 2 For 𝛼 = 0.05 and 𝑑. 𝑓. = 10 − 1 = 9, the critical value is: 

𝑡𝛼
2

= 𝑡0.05
2

= 2.262 

Step 3 Compute the test value based on Eq. 8.3-2. 

𝑡 =
𝑋̅ − 𝜇

𝑠

√𝑛

=
2.06 − 2.2

0.46

√10

= −0.962 

Step 4 Not reject the null hypothesis since: 

|𝑡| = 0.962 < 𝑡𝛼
2

= 2.262 

Step 5 There is not enough evidence to reject the claim the stream quality 
satisfies the EPA standard. 
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CHAPTER 9 
DETERMINATION OF PROBABILITY 

DISTRIBUTION MODELS 
9.1 INTRODUCTION 

• Probability distribution 
model is unknown in 

general: 

o The probability 

distribution function, 
PDF, model appropriate 

to describe a random 

phenomenon is 

generally not known; 

i.e., the functional form of the probability distribution is not 

defined.  
o The final decision about selecting of PDF consists of the following 

two steps in general: 
▪ Select a trial PDF, 

▪ Verify of the selected PDF.  
o These steps have been briefly discussed in below to give the big 

picture of the chapter. 

9.1.1 SELECT A TRIAL PDF 

• Physical estimation of the PDF: 
Under certain circumstances, the basis or properties of the 
physical process underlying the random phenomenon may 

suggest the form of the required distribution. For example,  
o If a process is composed of the sum of many individual effects, 

the Gaussian distribution may be appropriate on the basis of the 
central limit theorem.  

o If the extremal conditions of a physical process are of interest, 

one of the asymptotic extreme-value distributions may be a 
suitable model. 

• Empirical estimation of the PDF: 

In many cases, the required probability distribution may need to 
be determined empirically based on the available observational 

data. For example,  

o If the frequency diagram, histogram, for a set of data can be 
constructed the required distribution model may be inferred by 

visually comparing a particular PDF with the corresponding 

frequency diagram, see Figure 9.1-2. 

o Alternatively, the available data may be plotted on probability 

papers prepared for specific distributions. If the data points plot 
approximately with a linear trend on one of these papers, the 

distribution associated with this paper may be an appropriate 

distribution model, see Figure 9.1-3. 

 
Figure 9.1-1: The main concern of Chapter 9: how 

to assume and verify the probability density 
function, PDF. 
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Figure 9.1-2: PDF added to the histograms for visual selection of a trial model. 

 

Figure 9.1-3: Using the probability 
paper to select a trial PDF. 

• Using approximate model due to its mathematical convenience: 

o In practice, the choice of the appropriate distribution model 

may be dictated by mathematical convenience. For example, 

because of: 

▪ The mathematical simplifications possible with the normal 

distribution, and 

▪ The wide availability of probability information (such as 

probability tables) for this distribution,  
the normal or lognormal distribution is frequently used to model 

nondeterministic problems. 

o When the mathematically convenient models can be used?  
▪ These approximated models can be used at times even when 

there is no clear-cut basis for such a model and when the 

information is needed only for relative purposes.  
▪ However, when the form of a distribution is important, 

particularly when ample data are available, the methods 

described in this chapter should provide the tools needed for 

its determination. 

9.1.2 VERIFY OF THE SELECTED PDF 

• The assumed or trail PDF can be verified, or disproved, based on 

certain statistical tests, known as goodness-of-fit tests for 

distribution. 
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• Such tests can be used to discriminate the relative validity of the 

different distributions.  

• Two such goodness-of-fit tests are commonly used for these 

purposes: 
o The Chi-square, 𝜒2, test, 

o The Kolmogorov-Smirnov (K-S) test; 

• A third test known as the Anderson-Darling test is particularly 

useful when the tails of a distribution are important. 

 
Figure 9.1-4: Three different goodness of fit tests. 

9.1.3 CHAPTER LAYOUT 

• Chapter layout is presented in Figure 9.1-5. 
• Logically a section for selection of PDF have to presented firstly 

while a testing section to be presented secondly.  
• But to be compatible with the undergraduate curriculum, this 

chapter starts with the testing aspect as in Section 9.2 and then 
presents the selection aspects as in Section 9.3. 

 
Figure 9.1-5: Layout for Chapter 9. 

 

  



Engineering Statistics Chapter 9: Determination of Probability Distribution Models 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 9: Page4  
 

9.2 TEST FOR GOODNESS OF FIT 

9.2.1 THE CHI-SQUARE TEST 

• In addition to being used to test a single variance as discussed in 

Chapter 7, the chi-square, 𝜒2, statistic can be used to see 

whether a frequency distribution fits a specific pattern.  

• For example,  

o To meet customer demands, a manufacturer of running shoes 
may wish to see whether buyers show a preference for a specific 

style.  

o A traffic engineer may wish to see whether accidents occur more 
often on some days than on others, so that she can increase 

police patrols accordingly.  

o An emergency service may want to see whether it receives more 
calls at certain times of the day than at others, so that it can 

provide adequate staffing. 

• When you are testing to see whether a frequency distribution fits 

a specific pattern, you can use the chi-square goodness-of-fit 

test.  

9.2.1.1 BASIC EXAMPLE 

• For example, suppose as a market analyst you wished to see 

whether consumers have any preference among five flavors of a 

new fruit soda. A sample of 100 people provided these data: 
Table 9.2-1: Preference among five flavors of a new fruit soda. 

 
• Since the frequencies for each flavor were obtained from a 

sample, these actual frequencies are called the observed 

frequencies. The frequencies obtained by calculation (as if there 

were no preference) are called the expected frequencies. A 
completed table for the test is shown. 

Table 9.2-2: Observed versus expected frequencies a new fruit soda. 

 
• The observed frequencies will usually differ from the expected 

frequencies due to sampling error; that is, the values differ from 
sample to sample. However, the question is: Are these 

differences significant (a preference exists), or are they due to 

chance? The chi-square goodness-of-fit test will enable the 

researcher to determine the answer. 

• The Degrees of Freedom: 

o In the goodness-of-fit test, the degrees of freedom are equal 

to the number of categories minus 1.  

o For this example, there are five categories (cherry, strawberry, 

orange, lime, and grape); hence, the degrees of freedom are 
5 −  1 =  4.  

o This is so because the number of subjects in each of the first 

four categories is free to vary. However, in order for the sum to 
be 100—the total number of subjects—the number of subjects 

in the last category is fixed. 
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• Formula for the Chi-Square Goodness-of-Fit Test 

Based on two following assumptions. 

o The data are obtained from a random sample. 

o The expected frequency for each category must be 5 or more. 
The 𝜒2 formula for goodness-of-fit test would be: 

𝜒2 = ∑
(𝑂 − 𝐸)2

𝐸
   ∎ Eq. 9.2-1 

with degrees of freedom equal to the number of categories minus 

1, and where 

𝑂 is observed frequency, 

𝐸 is expected frequency. 

• Difference between (𝑂 − 𝐸)2 have been determined in terms of 

table below: 

O E (𝑶 − 𝑬) (𝑶 − 𝑬)𝟐 
(𝑶 − 𝑬)𝟐

𝑬
 

32 20 12 144 7.2 

28 20 8 64 3.2 

16 20 -4 16 0.8 

14 20 -6 36 1.8 

10 20 -10 100 5    
𝚺 18 

The 𝜒2 would be: 

𝜒2 = ∑
(𝑂 − 𝐸)2

𝐸
= 18.0    

With 𝛼 = 0.05 and DOF of 5-1=4 and from Table 9.2-3, for 

convenience this table has been repriced from Chapter 7,see 

Figure 9.2-1 below, the critical value would be 9.488.  
As, 
𝜒2 = 18.0 > 9.488  
therefore, the observed frequencies significantly differ from the 
expected ones and there is a preference among five flavors of a 

new fruit soda. 

 
Figure 9.2-1: 𝝌𝟐 Table for the basic example. 
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9.2.1.2 GRAPHICAL INTERPRETATIONS FOR GOODNESS-OF-FIT TEST  

• To get some idea of why this test is called the goodness-of-fit test, 

examine graphs of the observed values and expected values. See 

Figure 9.2-2. From the graphs, you can see whether the observed 

values and expected values are close together or far apart. 

 

Figure 9.2-2: Graphs of the Observed 
and Expected Values for Soda Flavors. 

• When the observed values and expected values are close together, 
the chi-square test value will be small. Then the decision will be 

there is “a good fit.” See Figure 9.2-3(a).  
• When the observed values and the expected values are far apart, 

the chi-square test value will be large. Then there is “not a good 

fit.” See Figure 9.2-3(b). 

 
Figure 9.2-3: Results of the Goodness-of-Fit Test. 
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9.2.1.3 TABLE FOR THE CHI-SQUARE DISTRIBUTION 

• For convenient and ready reference, the 𝜒2 table of Chapter 7 has been 

reproduced in Table 9.2-3 below.  
• It is useful to recall that two different values are used in the formula 

because the distribution is not symmetric. One value is found on the left 

side of the table, and the other is on the right, see Figure 9.2-4 below. 
Table 9.2-3: The Chi-Square Distribution 
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Figure 9.2-4: Chi-Square Distribution for d.f. = n – 1. 

 

9.2.1.4 EXAMPLES 
Example 9.2-1 

A period of consecutive rainy days is called a wet run if the day immediately 

before the period and the day immediately after the period are dry. Similarly, a 

period of days on which no rainfall is experienced is called a dry run if wet days 

precede and succeed it.  

The distribution of wet runs observed from January 1958 to May 1965 at Kew in 

London, England, is shown in Table 9.2-4. Use 𝜒2, with 𝛼 of 0.05, for a formal 

assessment of goodness-of-fit of observed frequencies to those of geometric 
distribution model.  
Table 9.2-4: Observed and Expected Frequency distribution for wet runs. 

Length of wet run in days Observed Frequencies  
Expected Frequencies According to Geometric 

Distribution 

1 194 179.6 

2 101 109.2 

3 66 66.4 

4 30 40.3 

5 26 24.5 

6 11 14.9 

7 13 9.1 

8 7 5.5 

9 5 3.3 

10 2 2.2 

Solution 

For graphical assessment for goodness of fit, observed and expected frequencies 

have been presented in Figure 9.2-5 below which informally indicated that 

observed and expected frequencies have good fitness.  
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Figure 9.2-5: Observed and expected frequencies for Example 9.2-1. 

For formal assessment of goodness of fit, determine 𝜒2  based on following 

relation and table below: 

𝜒2 = ∑
(𝑂 − 𝐸)2

𝐸
  

Length of wet 
run in days 

Observed 
Frequency 

Expected 
Frequencies 
According to 
Geometric 

Distribution 𝑶 − 𝑬 (𝑶 − 𝑬)𝟐 

(𝑶 − 𝑬)𝟐

𝑬
 

1 194 179.6 14.4 207.36 1.15 
2 101 109.2 -8.2 67.24 0.62 

3 66 66.4 -0.4 0.16 0.00 

4 30 40.3 -10.3 106.09 2.63 

5 26 24.5 1.5 2.25 0.09 

6 11 14.9 -3.9 15.21 1.02 

7 13 9.1 3.9 15.21 1.67 

8 7 5.5 1.5 2.25 0.41 

9 5 3.3 1.7 2.89 0.88 

10 2 2.2 -0.2 0.04 0.02     
𝚺 8.49 

Based on Table 9.2-3 and with 𝛼 of 0.05 and DOF of 10-9=8, the critical value 

would be, see Figure 9.2-6 below. 

𝜒9,0.05
2 = 16.919 

As 

𝜒2 = 8.49 < 𝜒9,0.05
2  

therefore, the difference between observed and expected frequencies is 

insignificant and they have good fit. 
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Figure 9.2-6: 𝝌𝟐 Table for Example 9.2-1. 

 
Example 9.2-2 

The annual number of rainstorms recorded at a number of stations have been 

observed. Poisson distribution with 𝜆  = 1 has been adopted to simulate the 

number of rainstorms. Observed and expected frequencies have been presented 

in Table 9.2-5. Use graphical interpretations and 𝜒2  test, with 𝛼 = 0.05 , for 

informal and formal test for goodness of fit.  
Table 9.2-5: Observed and expected frequencies for Example 9.2-2. 

Number of rainstorms per station 
per year Observed Frequency  

Expected Frequencies Based on 
Poisson Distribution with λ = 1 

0 102 132.48 
1 144 132.48 
2 74 66.24 
3 28 21.96 
4 10 5.40 
5 2 1.08 

Solution 
For graphical assessment for goodness of fit, observed and expected frequencies 

have been presented in Figure 9.2-7. The figure informally indicates that there 

is a significant difference between the observed and expected frequencies. 

 
Figure 9.2-7: Observed and expected frequencies for Example 9.2-2. 
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For formal assessment of goodness of fit, determine 𝜒2  based on following 

relation and table below: 

𝜒2 = ∑
(𝑂 − 𝐸)2

𝐸
  

Number of 
rainstorms per 

station per 
year 

Observed 
Frequency  

Expected 
Frequencies 

Based on 
Poisson 

Distribution 
with λ = 1 𝑂 − 𝐸 (𝑂 − 𝐸)2 

(𝑂 − 𝐸)2

𝐸
 

0 102 132.48 -30.48 929.03 7.01 

1 144 132.48 11.52 132.71 1.00 

2 74 66.24 7.76 60.22 0.91 

3 28 21.96 6.04 36.48 1.66 

4 10 5.4 4.6 21.16 3.92 

5 2 1.08 0.92 0.85 0.78 

    𝚺 15.29 

The critical value for 𝜒4,0.05
2  can be determined from Table 9.2-3, see Figure 9.2-8 

below. 

𝜒4,0.05
2 = 9.488 

As 𝜒2 = 15.29 > 𝜒4,0.05
2  therefore, the difference between observed and expected 

frequencies is significant and they have no good fit. 

 
Figure 9.2-8: 𝝌𝟐 Table for Example 9.2-2. 

 
9.2.1.5 FURTHER NOTES ON THE DEGREE OF FREEDOM 

• Most of the proposed models have parameters. For example, the Normal 

model has two parameters of 𝜇 and 𝜎. 

• When these parameters are assumed based on previous experience and do 
not determined from the sample data, the degree of freedom would be 

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐶𝑙𝑎𝑠𝑠𝑒𝑠 − 1. When these parameters are determined from the 

sample itself, a smaller degree of freedom should be adopted.  

• For example, assume that a Normal model is adopted and its mean has 

been determined based on sample while its standard deviation is assumed 

based on a previous experience, the degree of freedom would be 

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐶𝑙𝑎𝑠𝑠𝑒𝑠 − 2. 

On the other hand, if 𝜇 and 𝜎 have been estimated based on the sample 

data, the degree of freedom would be 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐶𝑙𝑎𝑠𝑠𝑒𝑠 − 3. 

• In this chapter, if no otherwise is mentioned, model parameters have been 

assumed to be determined based on a previous experience. 
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9.2.1.6 HOMEWORK PROBLEMS 
Problem 9.2-1 

To test the honesty or fairness of a die, it 

has been rolled for 60 times. The observed 
frequency and the theorical uniform 

frequency have been presented in the 

indicated table. Use the 𝜒2 test with 𝛼 = 0.05 

to check the honesty of this die. 

Ans. 

∵ 𝜒2 = 14.7 > 𝜒5,0.05
2 = 11.07  

Therefore, the die is dishonest or unfair.  
 

Problem 9.2-2 

Severe thunderstorms have 

been recorded at a given 

station over a period of 66 

years. During the period, 
the frequencies of severe 

thunderstorms observed are 

as indicated in the table.  

A Poisson distribution with mean annual occurrence of 𝜇 = 1.197 with the indicated 

expected frequencies has been used to model the phenomenon. Use the 𝜒2 test 

with 𝛼 = 0.05 to test the goodness of the proposed model. 

Ans. 

∵ 𝜒2 = 0.0684 < 𝜒3,0.05
2 = 7.81  

Therefore, the proposed Poisson model has a good fit.  
 

Problem 9.2-3 

The histogram for concrete crushing strength with two proposed models of 
Normal and Lognormal have been presented in Figure 9.2-9.  

 

Figure 9.2-9: Histogram of crushing 
strength of concrete cubes with two 

proposed models for Problem 9.2-3. 

 

 

 

 
Observed Freq.  Expected Freq. 

Face O E 

1 6 10 

2 16 10 

3 7 10 

4 4 10 

5 17 10 

6 11 10 

Thunderstorms 
Number 

Observed 
Freq.  

Expected Freq. 
 

O E (O-E) 

0 20 19.94 0.06 

1 23 23.87 -0.87 

2 15 14.29 0.71 

3 8 7.9 -1.9 
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Observed and theoretical 

frequencies for the Normal 

model have been presented in 

the table, use the 𝜒2 test with 

𝛼 = 0.05 to check the goodness 

of the Normal model. 

Ans. 

∵ 𝜒2 = 10.71 < 𝜒6,0.05
2 = 12.59  

Therefore, the proposed 

Normal model has a good fit.  

 
Problem 9.2-4 

Resolve the Problem 9.2-3 
above with using the 

theoretical frequencies from 

the Lognormal model as 

indicated in the table. Which 
model seems more match and 

representative. 

Ans. 

∵ 𝜒2 = 7.70 < 𝜒6,0.05
2 = 12.59  

Therefore, the proposed 
Lognormal model has a good 

fit.  

As 𝜒𝐹𝑜𝑟 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙
2 = 7.70 < 𝜒𝑁𝑜𝑟𝑚𝑎𝑙

2 = 10.71, therefore the lognormal model is superior 

to the normal model. 
 

  

Compressive Strength in ksi 
Observed 
Frequency 

Expected 
Frequency 

Lower Limit Upper Limit O E 

<6.75 
 

9 11.1 

6.75 7 17 13.2 

7 7.25 22 21.1 

7.25 7.5 31 26.1 

7.5 7.75 28 26.1 

7.75 8 20 21 

8 8.25 9 20.2  
>8.50 7 4.2 

Compressive Strength in ksi 
Observed 
Frequency  

Expected 
Frequency  

Lower Limit Upper Limit O E 

<6.75 
 

9 9.9 

6.75 7 17 14 

7 7.25 22 22.1 

7.25 7.5 31 26.9 

7.5 7.75 28 25.6 

7.75 8 20 19.8 

8 8.25 9 19.4  
>8.50 7 5.3 
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CHAPTER 10 

CORRELATION AND REGRESSION 
10.1 INTRODUCTION 

• Statistics involves determining whether a relationship exists 

between two or more numerical or quantitative variables.  

• For example,  

o A businessperson may want to know whether the volume of sales 

for a given month is related to the amount of advertising the firm 
does that month.  

o Educators are interested in determining whether the number of 

hours a student studies is related to the student’s score on a 

particular exam.  
o Medical researchers are interested in questions such as, is 

caffeine related to heart damage? or Is there a relationship 

between a person’s age and his or her blood pressure?  
o A zoologist may want to know whether the birth weight of a 

certain animal is related to its life span.  

o A civil engineer interests whether the first-crack load and the 
failure load of a beam are related. 

• These are only a few of the many questions that can be answered 
by using the techniques of correlation and regression analysis. 

• Correlation is a statistical method used to determine whether a 

linear relationship between variables exists.  
• Regression is a statistical method used to describe the nature of 

the relationship between variables, that is, positive or negative, 

linear or nonlinear. 
• The purpose of this Chapter is to present meaning, calculations, 

and applications of Correlation and Regression. 
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10.2 SCATTER PLOT 
• In simple correlation and regression studies, the researcher 

collects data on two numerical or quantitative variables to see 

whether a relationship exists between the variables. 
• For example, if a researcher wishes to see whether there is a 

relationship between number of hours of study and test scores on 

an exam, she must select a random sample of students, determine 

the hours each studied, and obtain their grades on the exam. A 

table can be made for the data, as shown here. 

 
10.2.1 INDEPENDENT AND DEPENDENT VARIABLES  

• In above examples: 

o The number of hours of study is the independent variable and is 
designated as the x variable.  

o The dependent variable is the variable that cannot be controlled 

or manipulated.  

o The grade the student received on the exam is the dependent 
variable, designated as the y variable.  

o Implicit assumption regarding to independent and dependent 
variables: 

The reason for this distinction between the variables is that: 
▪ You assume that the grade the student earns depends on the 

number of hours the student studied.  

▪ Also, you assume that, to some extent, the student can 
regulate or control the number of hours he or she studies for 

the exam. 

o Implicit assumption is not always clear: 
The determination of the x and y variables is not always clear-cut 

and is sometimes an arbitrary decision.  

o An example with a clear implicit assumption: 

For example, if a researcher studies the effects of age on a 
person’s blood pressure, the researcher can generally assume 

that age affects blood pressure. Hence, the variable age can be 

called the independent variable, and the variable blood pressure 
can be called the dependent variable.  

o An example with a not clear implicit assumption: 

On the other hand, if a researcher is studying the attitudes of 

husbands on a certain issue and the attitudes of their wives on 

the same issue, it is difficult to say which variable is the 
independent variable and which is the dependent variable.  

In this study, the researcher can arbitrarily designate the 

variables as independent and dependent. 
• Axes for Independent and Dependent Variables: 

o The independent and dependent variables can be plotted on a 

graph called a scatter plot.  
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o The independent variable x is plotted on the horizontal axis, 

and the dependent variable y is plotted on the vertical axis. 

10.2.2 FORMAL DEFINITION OF SCATTER DIAGRAM 

A scatter plot is a graph of the ordered pairs (x, y) of numbers consisting of the 

independent variable x and the dependent variable y. 
 

10.2.3 EXAMPLES  
Example 10.2-1 

Construct a scatter plot for the data shown for car rental companies in the United 

States for a recent year. 

 
Solution 

Step 1 Draw and label the x and y axes. 

Step 2 Plot each point on the graph, as shown in Figure below. 

 
The plot shown in figure above suggests a positive relationship, since as the 

number of cars rented increases, revenue tends to increase also. 
 

Example 10.2-2 

Construct a scatter plot for the data obtained in a study on the number of 

absences and the final grades of seven randomly selected students from a 

statistics class. The data are shown here. 

 
Solution 

Step 1 Draw and label the x and y axes. 

Step 2 Plot each point on the graph, as shown in Figure below. 
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The plot of the data shown in Figure above suggests a negative relationship, since 
as the number of absences increases, the final grade decreases. 

 

Example 10.2-3 

A researcher wishes to see if there is a relationship between the ages and net 

worth of the wealthiest people in America. The data for a specific year are shown. 

 
Solution 

Step 1 Draw and label the x and y axes. 
Step 2 Plot each point on the graph, as shown in Figure below. 

 
The plot of the data shown in Figure above shows no specific type of relationship, 

since no pattern is visible. 
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10.3 CORRELATION COEFFICIENT, DESCRIPTIVE ASPECTS 
10.3.1 DEFINITION 

• Correlation coefficient is a measure used to 

determine the strength of the linear 

relationship between two variables. 

• Symbols 

o The sample correlation coefficient is 𝑟. 

o The population correlation coefficient is 

𝜌 (Greek letter rho). 

• There are several types of correlation 
coefficients. The one explained in this 

section is called the Pearson product 

moment correlation coefficient (PPMC), 

named after statistician Karl Pearson, who 
pioneered the research in this area. 

10.3.2 RANGE OF THE CORRELATION COEFFICIENT  

• The range of the correlation coefficient is 
from -1 to +1.  

• If there is a strong positive linear 

relationship between the variables, the 
value of r will be close to +1.  

• If there is a strong negative linear 

relationship between the variables, the 
value of r will be close to -1.  

• When there is no linear relationship 
between the variables or only a weak 

relationship, the value of r will be close to 0. 

 
Figure 10.3-1: Range for correlation coefficient, 𝒓.  

10.3.3 RELATIONSHIP BETWEEN THE CORRELATION COEFFICIENTS AND THEIR CORRESPONDING 

SCATTER PLOTS 

The graphs in Figure 10.3-2 below shows the relationship between the correlation 

coefficients and their corresponding scatter plots. Notice that: 

• As the value of the correlation coefficient increases from 0 to +1 
(parts a, b, and c), data values become closer to an increasingly 

strong relationship. It is useful to note that r = 1 means that all 

points are located exactly on a line with positive slope, but it 

says nothing more about specific value of the positive slope.  
• As the value of the correlation coefficient decreases from 0 to -1 

(parts d, e, and f), the data values also become closer to a 

straight line. The r = −1 means that all points are located exactly 

on a line with negative slope, but it says nothing more about 

specific value of the negative slope. 

• In general, data with 𝑟 = +1 or 𝑟 = −1 are perfectly correlated 

data that are rare or even impossible to occur in the physical 

world. 

 

Karl Pearson (27 March 

1857 – 27 April 1936) 

was an English 
mathematician and 

biostatistician. He has 
been credited with 

establishing the discipline 
of mathematical 

statistics. He founded 
the world's first 

university statistics 

department at University 

College London in 1911 

and contributed 
significantly to the field of 

biometrics and 
meteorology. 
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Figure 10.3-2: Different scatter plates and corresponding correlation coefficients, 𝒓. 

 
Figure 10.3-2: Different scatter plates and corresponding correlation coefficients, 𝒓. 

Continued.  

10.3.4 FORMULA FOR THE CORRELATION COEFFICIENT 

• There are several ways to compute the value of the correlation 

coefficient. One method is to use Pearson product moment 

correlation coefficient (PPMC) formula shown here. 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) Eq. 10.3-1 

• Terms (
𝑥−𝑥̅

𝑠𝑥
) and (

𝑦−𝑦̅

𝑠𝑦
) represents standard scores for 𝑥 and 𝑦 

respectively. 

• Notes on the Formula 
o The best way to discover the direct or indirect linear relation 

between two variables is to multiply their corresponding values, 
hence Pearson 
▪ used product and no other algebraic operation in the relation of 

Eq. 10.3-1 above.  
▪ used the standard scores in his formula to avoid possible 

misleading due to different scales and different order of the 

correlated variables,. 
▪ normalized his formula in such a way that it would be bounded 

between +1 and −1. 
o It measures the strength of linear relations. To have a linear 

relation, a scatter diagram shall have a football shape as 

indicated in Figure 10.3-2.  

o Linear relation may be significantly affected by outlier if any. 
o The correlation coefficient is nondimensional value as it has 

been written in term of standard scores that are 

nondimensional in nature.  

o To test that the maximum value of 𝑟 is +1, try to substitute 

same variable for 𝑥, and 𝑦. You would note: 
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𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑥 − 𝑥̅

𝑠𝑥
)) =

1

𝑠𝑥
2

×
Σ(𝑥 − 𝑥̅)2

𝑛 − 1
 

But, as discussed in Chapter 3, 

𝑠𝑥
2 =

Σ(𝑥 − 𝑥̅)2

𝑛 − 1
 

Therefore, the correlation coefficient, 𝑟, would be: 

𝑟 =
1

𝑠𝑥
2

× 𝑠𝑥
2 = 1 

As there is no relation stronger than the relation between a 

variable and itself, hence there is no 𝑟 value greater than +1. In 

same reasoning, one can show that the minimum 𝑟 value is −1. 

o As the relation has been written in terms of standard scores, 

therefore it is insensitive for changing in scaling, and units 

changing, see Example 10.3-7 below.  
o It is insensitive to the order of variables, i.e. any one of two 

variables can be selected as 𝑥 variable or as 𝑦 variable, see 

Example 10.3-9 below.  

• The formula looks somewhat complicated, but using a table to 
compute the values, as shown in examples, makes it somewhat 

easier to determine the value of r. 

10.3.5 SECOND FORM OF CORRELATION FORMULA 

• With an algebraic manipulation, correlation formula Eq. 10.3-1 
above can be rewritten as indicated in below: 

𝑟 =
(

1
𝑛 − 1

∑ 𝑥𝑖𝑦𝑖
𝑛
𝑖=1 ) − 𝑥̅𝑦̅

𝑠𝑥𝑠𝑦
 Eq. 10.3-2 

• The formula Eq. 10.3-2 is totally equivalent to Eq. 10.3-1 and it 

may be simpler from computational point of view. 

10.3.6 ROUNDING RULE FOR THE CORRELATION COEFFICIENT ROUND 

The value of r to three decimal places. 
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10.3.7 EXAMPLES 
Example 10.3-1 

Show that when data is exactly located on a line, the correlation coefficient, 𝑟, of 

Eq. 10.3-1 would be ±1. 

Solution 

To be located on a line, data should fallow: 
𝑦𝑖 = 𝑘1 + 𝑘2𝑥𝑖 (a) 

From the linear transformation of Chapter 3 it is known: 
𝑦̅ = 𝑘1 + 𝑘2𝑥̅ (b) 

𝑠𝑦 =  |𝑘2|𝑠𝑥 (c) 

Substitute Eq. a, Eq. b, and Eq. c into Eq. 10.3-1 to have: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑘1 + 𝑘2𝑥 − (𝑘1 + 𝑘2𝑥̅)

|𝑘2|𝑠𝑥
))

=
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑘2𝑥 − 𝑘2𝑥̅

|𝑘2|𝑠𝑥
)) =

k2

|𝑘2|
(

1

(𝑛 − 1)
Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑥 − 𝑥̅

𝑠𝑥
))

=  
k2

|𝑘2|
(

1

𝑠𝑥
2

×
∑(𝑥 − 𝑥̅)2

(𝑛 − 1)
) =

k2

|𝑘2|
(

𝑠𝑥
2

𝑠𝑥
2

) =
k2

|𝑘2|
 

Therefore, when data located on a line with slope of 𝑘2, the correlation coefficient 

would be: 

𝑟 =
k2

|𝑘2|
 

When the slope is positive, |𝑘2| = 𝑘2 and the correlation coefficient would be 𝑟 =
+1. While when the slope is negative, |𝑘2| = −𝑘2 and the correlation coefficient 

would be 𝑟 = −1. The poof shows the fact implicitly indicated in Eq. 10.3-1, i.e. 

the line intercept, 𝑘1, has no effect on the correlation coefficient, 𝑟. 
 

Example 10.3-2 

Plot the scatter 
diagram and 

compute the 
correlation 

coefficient for the 

data shown for car 

rental companies 
in the United 

States for a recent year. 
Solution 

The scatter plot for these data is shown in Figure 10.3-3 below. The plot indicates 

that 𝑟 would be positive and relatively close to 1. This indication is useful for a 

cross check of the calculations of 𝑟. 

 
Figure 10.3-3: Scatter plot for Example 10.3-2. 
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Table 10.3-1: Data for Example 10.3-2. 

Company Cars (in ten thousand), x Revenue (in billion), y 

A 63.0 7.0 

B 29.0 3.9 

C 20.8 2.1 

D 19.1 2.8 

E 13.4 1.4 

F 8.5 1.5 
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Compute, 

𝑥̅ =
Σ𝑥

𝑛
= 25.6, 𝑦̅ =

Σ𝑦

𝑛
= 3.1 

𝑠𝑥 =  √
(𝑥 − 𝑥̅)2

𝑛 − 1
= 19.6, 𝑠𝑦 =  √

(𝑦 − 𝑦̅)2

𝑛 − 1
= 2.12 

Standard scores for 𝑥 and 𝑦 and summation of their multiplication are shown in 

Table 10.3-2 below. The correlation coefficient, 𝑟, is: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

4.910

6 − 1
= 0.982 

The value of r confirms positive relation noticed in the scatter plot of data. 
Table 10.3-2: Calculation steps of 𝒓 of Example 10.3-2. 

Company Cars  

(in ten 
thousand), x 

Revenue  

(in billions), y 
(

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) (

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) 

A 63.0 7.0 1.91 1.8 3.5 

B 29.0 3.9 0.17 0.4 0.1 

C 20.8 2.1 -0.25 -0.5 0.1 

D 19.1 2.8 -0.33 -0.1 0.0 

E 13.4 1.4 -0.62 -0.8 0.5 

F 8.5 1.5 -0.88 -0.8 0.7 

    Σ 4.9 
 

Example 10.3-3 

Plot the scatter diagram and compute the correlation coefficient for the data 

obtained in a study on the number of absences and the final grades of seven 
randomly selected students from a statistics class. The data are shown here. 
Table 10.3-3: Data for Example 10.3-3. 

Student Number of Absences, x Final Grades, y 

A 6.0 82.0 

B 2.0 86.0 

C 15.0 43.0 

D 9.0 74.0 

E 12.0 58.0 

F 5.0 90.0 

G 8.0 78.0 

Solution 

Scatter plot for data is presented in Figure 10.3-4. The figure indicates that 𝑟 

would be negative and close to −1. 

 
Figure 10.3-4: Scatter plot for Example 10.3-3. 
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Compute, 

𝑥̅ =
Σ𝑥

𝑛
= 8.1, 𝑦̅ =

Σ𝑦

𝑛
= 73.0 

𝑠𝑥 =  √
(𝑥 − 𝑥̅)2

𝑛 − 1
= 4.37, 𝑠𝑦 =  √

(𝑦 − 𝑦̅)2

𝑛 − 1
= 16.78 

Standard scores for 𝑥 and 𝑦 and summation of their multiplication are shown in 

Table below. The correlation coefficient, r, is: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

−5.67

7 − 1
= −0.945 

The value of r confirms negative relation noticed in the scatter plot of data. 
Table 10.3-4: Calculation steps of 𝒓 of Example 10.3-3. 

STUDENT NUMBER OF 
ABSENCES, 

X 

FINAL 
GRADES,  

Y 

(
𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) (

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) 

A 6.0 82.0 -0.49 0.5 -0.3 

B 2.0 86.0 -1.40 0.8 -1.1 

C 15.0 43.0 1.57 -1.8 -2.8 

D 9.0 74.0 0.20 0.1 0.0 

E 12.0 58.0 0.88 -0.9 -0.8 

F 5.0 90.0 -0.72 1.0 -0.7 

G 8.0 78.0 -0.03 0.3 0.0 

    Σ -5.67 
 

Example 10.3-4 

Plot the scatter diagram and compute the correlation coefficient for the data 

obtained in a study to see if there is a relationship between the ages and net 
worth of the wealthiest people in America. The data for a specific year are shown. 
Table 10.3-5: Data for Example 10.3-4. 

Person Age, x Net wealth, y, ($ Billions) 

A 73 16.0 

B 65 26.0 

C 53 50.0 

D 54 21.5 

E 79 40.0 

F 69 16.0 

G 61 19.6 

H 65 19.0 

Solution 

Scatter plot for data is presented in Figure 10.3-5 below. The figure indicates no 
clear linear relation. 

 
Figure 10.3-5: Scatter plot for Example 10.3-4. 
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Compute, 

𝑥̅ =
Σ𝑥

𝑛
= 64.9, 𝑦̅ =

Σ𝑦

𝑛
= 26.0 

𝑠𝑥 =  √
(𝑥 − 𝑥̅)2

𝑛 − 1
= 8.92, 𝑠𝑦 =  √

(𝑦 − 𝑦̅)2

𝑛 − 1
= 12.43 

Standard scores for 𝑥 and 𝑦 and summation of their multiplication are shown in 

Table below. The correlation coefficient, r, is: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

−1.23

8 − 1
= −0.176 

As concluded from scatter plot, correlation coefficient, r, indicates that there is 

no clear relation between two variables. 
Table 10.3-6: Calculation steps of 𝒓 of Example 10.3-4. 

Person Age, x Net wealth, y,  

($ Billions) 
(

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) (

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) 

A 73 16.0 0.91 -0.8 -0.7 

B 65 26.0 0.01 0.0 0.0 

C 53 50.0 -1.33 1.9 -2.6 

D 54 21.5 -1.22 -0.4 0.4 

E 79 40.0 1.58 1.1 1.8 

F 69 16.0 0.46 -0.8 -0.4 

G 61 19.6 -0.43 -0.5 0.2 

H 65 19.0 0.01 -0.6 0.0 

    Σ -1.23 
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10.3.8 CIVIL ENGINEERING EXAMPLES 
Example 10.3-5 

Concrete compressive strength is either 
estimated based on a cubical specimen with 

side of 150mm or based on cylindrical 

specimen with dimeter of 150mm and 

height of 300mm. British, Euro, Indian, and 
many other specifications adopt the cubical 

specimen to estimate concrete compressive 

strength, while American standards adopt 

the cylindrical specimen. Table 10.3-7 

above shows cubical and corresponding 

cylindrical compressive strength for 13 
specimens. Draw scatter diagram and 

determine the correlation coefficient, 𝑟, to 

show if there is a linear relationship 

between concrete compressive strength 
based on cubical and cylindrical specimen. 

Solution 

The scatter diagram in Figure 10.3-6 below 
shows that there is a strong positive 
relationship between cubical and corresponding cylindrical compressive strengths 

of concrete. In Iraq, the indicated linear relation is useful to transform the cubical 

strength, 𝑓𝑐𝑢, that is obtained from testing to the cylindrical strength, 𝑓𝑐′, adopted 

in design. This may interpret adopting cubical strength as 𝑥 value. 

 
Figure 10.3-6: Scatter diagram for cylindrical versus cubical compressive strength of the 

concrete of Example 10.3-5. 

Standard scores for 𝑥 and 𝑦 and summation of their multiplication are shown in 

Table 10.3-8 below. The correlation coefficient, 𝑟, is: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

11.95

13 − 1
= 0.99 

The value of r confirms positive relation noticed in the scatter plot of data. 
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Table 10.3-7: Concrete 

compressive concrete, cubical and 
corresponding cylindrical 
specimens, for Example 10.3-5. 

Cube compressive 
strength, 𝒇𝒄𝒖, MPa 

Cylinder 
compressive 

strength, 𝒇𝒄′, MPa 

9.00 6.90 

15.20 11.70 

20.00 15.20 

24.80 20.00 

27.60 24.10 

29.00 26.20 

29.60 26.90 

35.80 31.70 

36.50 34.50 

42.10 36.50 

44.10 40.70 

48.30 44.10 

52.40 50.30 
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Table 10.3-8: Calculation steps of 𝒓 of Example 10.3-5.  

𝒙 = 𝒇𝒄𝒖 𝑴𝑷𝒂 𝒚 = 𝒇𝒄
′ , 𝑴𝑷𝒂 

(
𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) (

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) 

 
9.00 6.90 -1.77 -1.66 2.94  

15.20 11.70 -1.29 -1.29 1.66  
20.00 15.20 -0.92 -1.02 0.94  
24.80 20.00 -0.55 -0.65 0.35  
27.60 24.10 -0.33 -0.33 0.11  
29.00 26.20 -0.22 -0.17 0.04  
29.60 26.90 -0.18 -0.11 0.02  
35.80 31.70 0.30 0.26 0.08  
36.50 34.50 0.36 0.47 0.17  
42.10 36.50 0.79 0.63 0.50  
44.10 40.70 0.95 0.95 0.90  
48.30 44.10 1.27 1.22 1.55  
52.40 50.30 1.59 1.70 2.69 

Mean values 31.9 28.4 
 

∑ 11.95 

Standard deviation 12.9 12.9 
   

 

Example 10.3-6 

Ten timber beams were tested on a span of 4 

ft by a single concentrated load at mid-span 
to determine if a relationship exists between 
deflection at working load and ultimate load. 

Draw scatter diagram, compute correlation 
coefficient, r, and comment on possible 

relation. 

 
Figure 10.3-7: Beam for Example 10.3-6. 

Solution 
Scatter diagram for ultimate load and deflection is presented below. 

 
Figure 10.3-8: Scatter plot for Example 10.3-6. 
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Table 10.3-9: Data for Example 

10.3-6. 

Specimen 

Deflection 

at Working 

load, in. 

Ultimate 

Load, lb 

1 0.160 1750 

2 0.130 2350 
3 0.155 2050 

4 0.134 2100 
5 0.135 1525 

6 0.123 2000 
7 0.168 1450 

8 0.130 2100 

9 0.150 1475 
10 0.132 1675 
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𝑥̅ =
Σ𝑥

𝑛
= 0.1417, 𝑦̅ =

Σ𝑦

𝑛
= 1847.5 

𝑠𝑥 =  √
(𝑥 − 𝑥̅)2

𝑛 − 1
= 0.015, 𝑠𝑦 =  √

(𝑦 − 𝑦̅)2

𝑛 − 1
= 313.5 

Standard scores for 𝑥 and 𝑦 and summation of their multiplication are shown in 

Table below. The correlation coefficient, r, is: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

−4.69

10 − 1
= −0.521 

Unfortunately, there is no clear relation between deflection at service load and 

ultimate load. If this relation exists, nondestructive deflection test can be used to 

estimate beam ultimate load. 
Table 10.3-10: Calculation steps of 𝒓 of Example 10.3-6. 

Deflection at 
Working load, in. 

Ultimate Load, 
lb 

(
𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) (

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) 

0.160 1750 1.200 -0.311045 -0.37316 
0.130 2350 -0.767 1.6030772 -1.2296 

0.155 2050 0.872 0.6460162 0.563271 
0.134 2100 -0.505 0.8055264 -0.40662 

0.135 1525 -0.439 -1.028841 0.451903 
0.123 2000 -1.226 0.486506 -0.59642 

0.168 1450 1.724 -1.268106 -2.18642 

0.130 2100 -0.767 0.8055264 -0.61786 
0.150 1475 0.544 -1.188351 -0.64661 

0.132 1675 -0.636 -0.55031 0.349947    
Summation -4.69157 

 

Example 10.3-7 

To show effect of scaling, changing units, resolve previous example after 
changing units for ultimate load and deflection into kN 

and mm respectively.  
Solution 

It can be shown that: 
1 𝑖𝑛𝑐ℎ = 25.4 𝑚𝑚 
1 𝑙𝑏 = 4.45 × 10−3 𝑁 

With these units, data would be and indicated in Table 

10.3-11. 

𝑥̅ =
Σ𝑥

𝑛
= 3.599 𝑚𝑚, 𝑦̅ =

Σ𝑦

𝑛
= 8.238 𝑘𝑁 

𝑠𝑥 =  √
(𝑥 − 𝑥̅)2

𝑛 − 1
= 0.381 𝑚𝑚, 𝑠𝑦 =  √

(𝑦 − 𝑦̅)2

𝑛 − 1
= 1.398 𝑘𝑁 

Standard scores for 𝑥  and 𝑦  and summation of their 

multiplication are shown in Table 10.3-12. It useful to 

note that standard scores for 𝑥, (
𝑥−𝑥̅

𝑠𝑥
), and for y, (

𝑦−𝑦̅

𝑠𝑦
), 

are both dimensionless quantity and have same values irrespective of the unit 

system. Therefore, their summation, Σ (
𝑥−𝑥̅

𝑠𝑥
) (

𝑦−𝑦̅

𝑠𝑦
), and in turn r value still the 

same irrespective of adopted unit system, 
Table 10.3-12: Calculation steps of 𝒓 of Example 10.3-7. 

Deflection at 

Working load, mm Ultimate Load, kN 
(

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) (

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) 

4.06 7.80 1.200 -0.311045 -0.37316 

3.30 10.48 -0.767 1.6030772 -1.2296 

3.94 9.14 0.872 0.6460162 0.563271 

3.40 9.36 -0.505 0.8055264 -0.40662 

Table 10.3-11: Metric 

data for Example 10.3-7. 

Deflection 

at Working 

load, mm 

Ultimate 

Load, kN 

4.06 7.80 

3.30 10.48 

3.94 9.14 

3.40 9.36 

3.43 6.80 
3.12 8.92 

4.27 6.47 

3.30 9.36 

3.81 6.58 

3.35 7.47 
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Deflection at 
Working load, mm Ultimate Load, kN 

(
𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) (

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) 

3.43 6.80 -0.439 -1.028841 0.451903 

3.12 8.92 -1.226 0.486506 -0.59642 

4.27 6.47 1.724 -1.268106 -2.18642 

3.30 9.36 -0.767 0.8055264 -0.61786 

3.81 6.58 0.544 -1.188351 -0.64661 

3.35 7.47 -0.636 -0.55031 0.349947    
Summation -4.69157 

The correlation coefficient, r, is: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

−4.69

10 − 1
= −0.521 

 

Example 10.3-8 

Measurements indicated in Table 10.3-13 taken on 

farmlands of the amounts of soil washed away by 

erosion suggest a relationship with flow rates. Draw a 

scatter plot, and compute correlation coefficient for 
the data. Comment on the results. 

Solution 

Scatter diagram for ultimate load and deflection is 

presented below. 

 
Figure 10.3-9: Scatter plot for Example 10.3-8. 

𝑥̅ =
Σ𝑥

𝑛
= 1.728, 𝑦̅ =

Σ𝑦

𝑛
= 2.806 

𝑠𝑥 =  √
(𝑥 − 𝑥̅)2

𝑛 − 1
= 1.382, 𝑠𝑦 =  √

(𝑦 − 𝑦̅)2

𝑛 − 1
= 1.985 

Standard scores for 𝑥 and 𝑦 and summation of their multiplication are shown in 

Table below. The correlation coefficient, r, is: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

3.87

5 − 1
= 0.967 

Table 10.3-14: Calculation steps of 𝒓 of Example 10.3-8. 

Flow (L/s) Soil eroded (kg) (
𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
) (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
) 

0.31 0.82 -1.026050278 -1.00040159 1.026462331 

0.85 1.95 -0.635311809 -0.43119021 0.273940234 

1.26 2.18 -0.338640007 -0.31533303 0.106784379 

2.47 3.01 0.536903601 0.102760284 0.055172367 

3.75 6.07 1.463098493 1.644164548 2.405574673 

   ∑ 3.867933984 

0

1

2

3

4

5

6

7

0 0.5 1 1.5 2 2.5 3 3.5 4

S
o
il
 e

ro
d
e
d
 (

k
g
)

Flow (L/s)

Table 10.3-13: Data for 

Example 10.3-8. 

Flow 

(L/s) 

Soil eroded 

(kg) 
0.31 0.82 

0.85 1.95 

1.26 2.18 

2.47 3.01 

3.75 6.07 
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From the diagram and correlation coefficient, one concludes that there is a clear 

relation, which can be used in future to estimate amount of soil eroded for a 
specific water flow. 

 

Example 10.3-9 

To show effects of selection independent variable, 𝑥, and dependent variable, 𝑦, 

on strength of linear relationship between two variables expressed in terms of 

correlation coefficient, 𝑟, resolve previous example with adopting soil eroded as 

independent variable, 𝑥, and water flow as dependent variable, 𝑦. 

Solution 

As switching between independent variable and dependent variable, only change 
the order of standard scores in the relation, then it has no effect on strength of 

linear relation between two variables, i.e. the value of r.  

Then for purpose of computing correlation coefficient, r, it does not a matter 

which variable is selected as independent and which one is dependent. 
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10.3.9 SOFTWARE ORIENTED EXAMPLES 

• When data size is relatively large, the correlation coefficient can 

be determined with a software aid. 

• Excel software can be used to determine the correlation coefficient 
in one of the following two approaches: 

o Its spreadsheets can be used to prepared the necessary table to 

compute the correlation coefficient, 𝑟, that can subsequently be 

determined based on Eq. 10.3-1 or Eq. 10.3-2. 
o It can be used directly to determine the correlation coefficient 

based on adding a trend to a plotted scatter diagram. 

• The following examples show the two aforementioned approach. 
 

Example 10.3-10 

For data in Table 10.3-15, which 

represents the density and compressive 

strength at 28 days draw a scatter 
diagram; compute correlation coefficient, 

r, and comments on possible relation 

between density and compressive 

strength. 

Solution 

Scatter plot for data presented in Figure 

10.3-10 can be drawn with Excel and trend 

can be added to automatically determined 
the correlation coefficient, 𝑟. As indicated 

in Figure 10.3-10, Excel gives the square 

value of the correlation coefficient, 

indicated with 𝑅2. Therefore, the 𝑟 would 

be: 

𝑟 = √𝑅𝐹𝑟𝑜𝑚 𝐸𝑥𝑐𝑒𝑙 𝑆𝑐𝑎𝑡𝑡𝑒𝑟 𝑃𝑙𝑜𝑡
2 = √0.1905 = 0.436 

 
Figure 10.3-10: Scatter plot for Example 

10.3-10. 

On the other hand, the Excel spreadsheet 

can be used to prepare and execute the calculations presented in Table 10.3-16. 
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Table 10.3-15: Data for Example 10.3-10. 
Date Density 

(kg/m3) 

Compressive 

strength 

(MPa) 

21 September 1992 2437 60.5 

29 June 1992 2437 60.9 

26 June 1992 2425 59.8 

14 April 1992 2427 53.4 

31 March 1992 2428 56.9 

19 March 1992 2448 67.3 

9 March 1992 2456 68.9 

7 February 1992 2436 49.9 

28 January 1992 2435 57.8 

18 December 1991 2446 60.9 

6 December 1991 2441 61.9 

6 December 1991 2456 67.2 

6 December 1991 2444 64.9 

5 December 1991 2447 63.4 

4 December 1991 2433 60.5 

3 December 1991 2429 68.1 

2 December 1991 2435 68.3 

22 October 1991 2471 65.7 

18 October 1991 2472 61.5 

14 October 1991 2445 60.0 

9 October 1991 2436 59.6 

7 October 1991 2450 60.5 

3 October 1991 2454 59.8 

2 October 1991 2449 56.7 

30 September 1991 2441 57.9 

27 September 1991 2457 60.2 

23 September 1991 2447 55.8 

20 September 1991 2436 53.2 

17 September 1991 2458 61.1 

13 September 1991 2415 50.7 

10 September 1991 2448 59.0 

9 September 1991 2445 63.3 

6 September 1991 2436 52.5 

3 September 1991 2469 54.6 

2 September 1991 2455 56.3 

29 August 1991 2473 64.9 

23 August 1991 2488 69.5 

12 July 1991 2454 58.9 

9 July 1991 2427 54.4 

8 July 1991 2411 58.8 
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𝑥̅ =
Σ𝑥

𝑛
= 2444.9, 𝑦̅ =

Σ𝑦

𝑛
= 60.14, 𝑠𝑥 =  √

(𝑥 − 𝑥̅)2

𝑛 − 1
= 15.99, 𝑠𝑦 =  √

(𝑦 − 𝑦̅)2

𝑛 − 1
= 5.01 

Standard scores for 𝑥 and 𝑦 and summation of their multiplication are shown in 

Table 10.3-16. The correlation coefficient, r, is: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

17.020

40 − 1
= 0.436 

Table 10.3-16: Calculation steps of 𝒓 of Example 10.3-10. 

Density of 

Concrete 
(kg/m3), x 

Compressive 

Strength 
(N/mm2), y 

(
𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) (

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) 

2437 60.5 -0.495491816 0.07228481 -0.035816532 

2437 60.9 -0.495491816 0.152047358 -0.075338222 

2425 59.8 -1.245763335 -0.06729965 0.083839437 

2427 53.4 -1.120718082 -1.343500427 1.505685222 

2428 56.9 -1.058195455 -0.645578127 0.68314784 

2448 67.3 0.192257077 1.428248135 0.274590811 

2456 68.9 0.692438089 1.747298329 1.209895917 

2436 49.9 -0.558014442 -2.041422727 1.139143365 

2435 57.8 -0.620537069 -0.466112393 0.289240018 

2446 60.9 0.067211824 0.152047358 0.01021938 

2441 61.9 -0.245401309 0.35145373 -0.086247205 

2456 67.2 0.692438089 1.408307498 0.975165753 

2444 64.9 -0.05783343 0.949672844 -0.054922838 

2447 63.4 0.12973445 0.650563287 0.08440047 

2433 60.5 -0.745582322 0.07228481 -0.053894276 

2429 68.1 -0.995672828 1.587773232 -1.580902665 

2435 68.3 -0.620537069 1.627654507 -1.010019957 

2471 65.7 1.630277488 1.109197941 1.808300433 

2472 61.5 1.692800115 0.271691181 0.459918862 

2445 60 0.004689197 -0.027418376 -0.00012857 

2436 59.6 -0.558014442 -0.107180925 0.059808504 

2450 60.5 0.31730233 0.07228481 0.022936139 

2454 59.8 0.567392836 -0.06729965 -0.038185339 

2449 56.7 0.254779703 -0.685459402 -0.174641143 

2441 57.9 -0.245401309 -0.446171756 0.109491133 

2457 60.2 0.754960716 0.012462898 0.009408999 

2447 55.8 0.12973445 -0.864925136 -0.112210587 

2436 53.2 -0.558014442 -1.383381702 0.771946969 

2458 61.1 0.817483343 0.191928632 0.15689846 

2415 50.7 -1.870989601 -1.88189763 3.521010896 

2448 59 0.192257077 -0.226824747 -0.043608663 

2445 63.3 0.004689197 0.63062265 0.002957114 

2436 52.5 -0.558014442 -1.522966162 0.849837113 

2469 54.6 1.505232235 -1.104212782 -1.662096673 

2455 56.3 0.629915463 -0.76522195 -0.482025139 

2473 64.9 1.755322741 0.949672844 1.66698234 

2488 69.5 2.69316214 1.866942152 5.027977923 

2454 58.9 0.567392836 -0.246765385 -0.140012911 

2427 54.4 -1.120718082 -1.144094056 1.282206896 

2411 58.8 -2.121080107 -0.266706022 0.565704837 

   Σ 17.020 
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At first sight, there is no well-defined relationship between the two sets of 

observations although one would expect a density that is higher or lower than 
average to be associated with a compressive strength of concrete that is 

correspondingly higher or lower than its average. If a relation exists between 

concrete density and strength, it would be very useful as it is simpler to measure 

density than measure the strength especially for existing structures. 
 

Example 10.3-11 

Measurements of 

engineering interest 

have been recorded 

during earthquakes in 

Japan and in other parts 

of the world since 1800. 
One of the critical 

recordings is of 

apparent relative 

density, RDEN. After the 
commencement of a 

strong earthquake, a 
saturated fine, loose 

sand undergoes 
vibratory motion and 

consequently the sand 
may liquefy without retaining any shear strength, thus behaving like a dense 

liquid. This will lead to failures in structures supported by the liquefied sand. 
These are often catastrophic. The standard penetration test is used to measure 

RDEN. Another measurement taken to estimate the prospect of liquefaction is 
that of the intensity at which the ground shakes. This is the peak surface 
acceleration of the soil during the earthquake, ACCEL.  

Compute the sample mean 𝑥̅, and standard deviation 𝑠, for RDEN and ACCEL. Plot 

the scatter diagram and calculate the correlation coefficient r. What conclusions 

can be reached? 

Solution 

Excel can be used to draw the scatter diagram shown in Figure 10.3-11 and to 

add a trend line to indicate the 𝑅2 value. Then the correlation coefficient, 𝑟, would 

be: 

𝑟 = √𝑅𝐹𝑟𝑜𝑚 𝐸𝑥𝑐𝑒𝑙 𝑆𝑐𝑎𝑡𝑡𝑒𝑟 𝑃𝑙𝑜𝑡
2 = √0.0788 = 0.2807 

 
Figure 10.3-11: Scatter plot for Example 10.3-11. 
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Table 10.3-17: Data for Example 10.3-11. 

RDEN ACCEL RDEN ACCEL RDEN ACCEL 

(%) (units of g) (%) (units of g) (%) (units of g) 

53 0.219 30 0.138 50 0.313 

64 0.219 72 0.422 44 0.224 

53 0.146 90 0.556 100 0.231 

64 0.146 40 0.447 65 0.334 

65 0.684 50 0.547 68 0.419 

55 0.611 55 0.204 78 0.352 

75 0.591 50 0.170 58 0.363 

72 0.522 55 0.170 80 0.291 

40 0.258 75 0.192 55 0.314 

58 0.250 53 0.292 100 0.377 

43 0.283 70 0.299 100 0.434 

32 0.419 64 0.292 52 0.350 

40 0.123 53 0.225 58 0.334 
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Excel spreadsheet can be used to prepare the calculations indicated in Table 

10.3-18 that can be subsequently adopted in computing of 𝑟 based on Eq. 10.3-1. 

𝑥̅ =
Σ𝑥

𝑛
= 61.0, 𝑦̅ =

Σ𝑦

𝑛
= 0.3272, 𝑠𝑥 =  √

(𝑥 − 𝑥̅)2

𝑛 − 1
= 17.39, 𝑠𝑦 =  √

(𝑦 − 𝑦̅)2

𝑛 − 1
= 0.1423 

Standard scores for 𝑥 and 𝑦 and summation of their multiplication are shown in 

Table below. The correlation coefficient, r, is: 

𝑟 =
1

𝑛 − 1
(Σ (

𝑥 − 𝑥̅

𝑠𝑥
) (

𝑦 − 𝑦̅

𝑠𝑦
)) =

10.7

39 − 1
= 0.281 

Table 10.3-18: Calculation steps of 𝒓 of Example 10.3-11. 

RDEN, % ACCEL, 
(unit of g) 

(
𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) (

𝒙 − 𝒙̅

𝒔𝒙
) (

𝒚 − 𝒚̅

𝒔𝒚
) 

53 0.219 -0.460 -0.760 0.3 
64 0.219 0.173 -0.760 -0.1 

53 0.146 -0.460 -1.273 0.6 
64 0.146 0.173 -1.273 -0.2 

65 0.684 0.230 2.506 0.6 
55 0.611 -0.345 1.994 -0.7 

75 0.591 0.805 1.853 1.5 

72 0.522 0.633 1.368 0.9 
40 0.258 -1.208 -0.486 0.6 

58 0.25 -0.173 -0.542 0.1 
43 0.283 -1.035 -0.311 0.3 

32 0.419 -1.668 0.645 -1.1 
40 0.123 -1.208 -1.434 1.7 

30 0.138 -1.783 -1.329 2.4 
72 0.422 0.633 0.666 0.4 

90 0.556 1.668 1.607 2.7 

40 0.447 -1.208 0.842 -1.0 
50 0.547 -0.633 1.544 -1.0 

55 0.204 -0.345 -0.865 0.3 
50 0.17 -0.633 -1.104 0.7 

55 0.17 -0.345 -1.104 0.4 
75 0.192 0.805 -0.950 -0.8 

53 0.292 -0.460 -0.247 0.1 
70 0.299 0.518 -0.198 -0.1 

64 0.292 0.173 -0.247 0.0 

53 0.225 -0.460 -0.718 0.3 
50 0.313 -0.633 -0.100 0.1 

44 0.224 -0.978 -0.725 0.7 
100 0.231 2.243 -0.676 -1.5 

65 0.334 0.230 0.048 0.0 
68 0.419 0.403 0.645 0.3 

78 0.352 0.978 0.174 0.2 
58 0.363 -0.173 0.251 0.0 

80 0.291 1.093 -0.254 -0.3 

55 0.314 -0.345 -0.093 0.0 
100 0.377 2.243 0.350 0.8 

100 0.434 2.243 0.750 1.7 
52 0.35 -0.518 0.160 -0.1 

58 0.334 -0.173 0.048 0.0 
  

 
∑ 10.7 

 

 

From scatter plot and r value, one concludes that there is no clear linear relation 

between apparent relative density of soil and ground shanking intensity.   
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10.3.10 HOMEWORK PROBLEMS 
Home Work 10.3-1 

A tensile load test was performed on an aluminum 
specimen. The applied tensile force and the 

corresponding elongation of the specimen at various 

stages of the test are recorded as shown in the table. 

We may assume that the force- elongation relation 
over the range of the applied loads is linear. On this 

basis, determine the correlation coefficient, 𝑟,  to 

show if the data satisfies this assumption. 
Ans. 𝑟 = 0.9986 

Solution 

The scatter plot indicated that the data is 

almost perfectly linear, and this fact is 

validated through the high value of the 

correlation coefficient, 𝑟: 

𝑟 = √𝑅𝐹𝑟𝑜𝑚 𝐸𝑥𝑐𝑒𝑙 𝑆𝑐𝑎𝑡𝑡𝑒𝑟 𝑃𝑙𝑜𝑡
2 = √0.9973 = 0.9986 

 

 

 

 

 

 

 
 

Home Work 10.3-2 

The distance Y necessary for stopping a 

vehicle is a function of the speed of travel 
of the vehicle X. Suppose the following set 

of data were observed for 12 vehicles 
traveling at different speed as shown in the 

table. 
• Plot the stopping distance versus 

the speed of travel. 

• Determine the correlation 
coefficient factor, 𝑟, to show if 

there is a strong relation or not. 

Ans. 𝑟 = 0.983 

Solution 

• The scatter diagram is presented in figure 
below. It indicates visually that there is a 

strong relation between the travelling speed 

and the stopping distance.  

• The correlation coefficient, r, is: 

𝑟 = √𝑅𝐹𝑟𝑜𝑚 𝐸𝑥𝑐𝑒𝑙 𝑆𝑐𝑎𝑡𝑡𝑒𝑟 𝑃𝑙𝑜𝑡
2 = √0.9672 = 0.983 

 

 
 

 

 
 

  

Tensile Force 
in kips, X 

Elongation in 
10-3 of inch, Y 

1 9 
2 20 
3 28 
4 41 
5 52 
6 63 

Vehicle No. Traveling 
Speed kph 

Stopping 
Distance, m 

1 40 15 

2 9 2 

3 100 40 

4 50 15 

5 15 4 

6 65 25 

7 25 5 

8 60 25 

9 95 30 

10 65 24 

11 30 8 

12 125 45 
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10.4 REGRESSION, DESCRIPTIVE ASPECTS 
10.4.1 INTRODUCTION 

In summary, in studying relationships between two variables following steps are 

followed: 
• Collect the data and then construct a scatter plot as presented in 

Article 10.3 above. The purpose of the scatter plot is to determine 

the nature of the relationship. The possibilities include: 
o a positive linear relationship,  

o a negative linear relationship,  

o a curvilinear relationship,  
o no discernible relationship.  

• After the scatter plot is drawn, the next steps are to compute the 

value of the correlation coefficient as discussed in Article 10.3.  
o If the value of the correlation coefficient is significant, the next 

step is to determine the equation of the, best line, usually 

called regression line, which is the data’s line of best fit.  

o Determining the regression line when r is not significant and 

then making predictions using the regression line are 

meaningless.  

10.4.2 PURPOSE OF REGRESSION LINE 

The purpose of the regression line is to enable the researcher to see the trend 
and make predictions based on the data. 

10.4.3 LINE OF BEST FIT 

• Figure 10.4-1 shows a scatter plot for the data of two variables. It 
shows that several lines can be drawn on the graph near the 

points.  

• Given a scatter plot, you must be able to draw the line of best fit.  

• Best-fit means that the sum of the squares of the vertical 

distances from each point to the line is at a minimum see Figure 

10.4-2.  
• Therefore, best-fit line usually computed based on a numerical 

technique called as least squares method. This method is out of 
our scope for this freshman course and will be studies in junior 

course on numerical analysis.  
• For time being, it is enough to know that regression line passing 

through y̅ value for each x value. 

Figure 10.4-1: Scatter plot with three 

lines fit to the data.  
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Figure 10.4-2: Line of best fit for a set 

of data points.  
10.4.4 DETERMINATION OF THE REGRESSION LINE EQUATION 

• In algebra, the equation of a line is usually given as: 

𝑦 = 𝑚𝑥 + 𝑏 Eq. 10.4-1 

where 𝑚 is the slope of the line and 𝑏 is the 𝑦 intercept.  

• In statistics, the equation of the regression line is written as: 

𝑦̂ = 𝑎 + 𝑏𝑥 Eq. 10.4-2 

where 𝑎 is the 𝑦̂ intercept and 𝑏 is the slope of the line. See Figure 

10.4-3. 

 
Figure 10.4-3: A line as represented in algebra and in statistics. 

• There are several methods for finding the equation of the 

regression line. Two formulas are given here.  

• The mathematical development of these formulas is beyond the 

scope of this course. 

𝑎 =
(𝛴𝑦)(𝛴𝑥2) − (𝛴𝑥)(𝛴𝑥𝑦)

𝑛(𝛴𝑥2) − (𝛴𝑥)2
 Eq. 10.4-3 

𝑏 =
𝑛(Σx𝑦) − (Σ𝑥)(Σ𝑦)

𝑛(Σ𝑥2) − (Σ𝑥)2
 Eq. 10.4-4 

where 𝑎 is the 𝑦̂ intercept and 𝑏 is the slope of the line. 
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10.4.5 EXAMPLES 
Example 10.4-1 

Find the equation of the regression line for the data of Example 10.3-2, data for 
car rental companies. The data have been represented in below for convenience. 

Company Cars (in ten thousand), x Revenue (in billions), y 

A 63.0 7.0 

B 29.0 3.9 

C 20.8 2.1 

D 19.1 2.8 

E 13.4 1.4 

F 8.5 1.5 

Solution 

Parameters for Eq. 10.4-3 and Eq. 10.4-4 have been determined with referring 

to table below: 
Company Cars (in ten thousands), x Revenue (in billions), y 𝒙𝟐 𝒙𝒚 

A 63.0 7.0 3969.00 441.0 

B 29.0 3.9 841.00 113.1 

C 20.8 2.1 432.64 43.7 

D 19.1 2.8 364.81 53.5 

E 13.4 1.4 179.56 18.8 

F 8.5 1.5 72.25 12.8 

Summation 153.8 18.7 5859.3 682.8 

Therefore, 𝑎 and 𝑏 would be: 

𝑎 =
(𝛴𝑦)(𝛴𝑥2) − (𝛴𝑥)(𝛴𝑥𝑦)

𝑛(𝛴𝑥2) − (𝛴𝑥)2
=

18.7 × 5859.3 − 153.8 × 682.8

6 × 5859.3 − 153.82 = 0.396 

𝑏 =
𝑛(Σx𝑦) − (Σ𝑥)(Σ𝑦)

𝑛(Σ𝑥2) − (Σ𝑥)2
=

6(682.8) − (153.8)(18.7)

6(5859.3) − (153.8)2
=  0.106 

Hence, the equation of the regression line of Eq. 10.4-2 would be: 
𝑦̂ = 𝑎 + 𝑏𝑥 = 0.396 + 0.106𝑥 

Graphically on the scatter diagram, the regression line would be as indicated in 
Figure 10.4-4. 

 
Figure 10.4-4: Scatter plot for Example 10.4-1 with best lint fit. 
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Example 10.4-2 

Data cube, 𝑓𝑐𝑢 , and cylinder, 𝑓𝑐′ , compressive 

strength of Example 10.3-5, has been represented 

in Table 10.4-1. Use the data to determine the 

equation of the regression line. What would be the 
cylinder strength if the concrete has a cube strength 

of 28 𝑀𝑃𝑎. 

Solution 

Parameters for Eq. 10.4-3 and Eq. 10.4-4 have been 

determined with referring to table below.  
Cube, MPa, 𝒙 Cylinder, 

MPa, 𝒚 
𝒙𝟐 𝒙𝒚 

 
9.00 6.90 81.00 62.10  

15.20 11.70 231.04 177.84  
20.00 15.20 400.00 304.00  
24.80 20.00 615.04 496.00  
27.60 24.10 761.76 665.16  
29.00 26.20 841.00 759.80  
29.60 26.90 876.16 796.24  
35.80 31.70 1281.64 1134.86  
36.50 34.50 1332.25 1259.25  
42.10 36.50 1772.41 1536.65  
44.10 40.70 1944.81 1794.87  
48.30 44.10 2332.89 2130.03  
52.40 50.30 2745.76 2635.72 

∑ 414.4 368.8 15215.8 13752.5 

𝑎 =
(𝛴𝑦)(𝛴𝑥2) − (𝛴𝑥)(𝛴𝑥𝑦)

𝑛(𝛴𝑥2) − (𝛴𝑥)2
=

368.8 × 15215.8 − 414.4 × 13752.5

13 × 15215.8 − 414.42 = −3.35 

𝑏 =
𝑛(Σx𝑦) − (Σ𝑥)(Σ𝑦)

𝑛(Σ𝑥2) − (Σ𝑥)2
=

13 × (13752.5) − (414.4)(368.8)

13 × (15215.8) − (414.4)2
=  0.995 

Hence, the equation of 
the regression line of Eq. 

10.4-2 would be: 
𝑦̂ = 𝑎 + 𝑏𝑥 = −3.35

+ 0.995𝑥 

Graphically on the 
scatter diagram, the 

regression line would be 

as indicated.  

For a cube strength of 

𝑓𝑐𝑢 = 28 𝑀𝑃𝑎, the cylinder 

strength would be: 
𝑓𝑐

′ = −3.35 + 0.995 × 28
= 24.5 𝑀𝑃𝑎   

Example 10.4-3 

Is it meaningful to determine the regression line for the deflection-ultimate load 

data of Example 10.3-6? From correlation analysis of this example, the data has 
a correlation coefficient, 𝑟, of −0.521. 

Solution 

As there is no clear relation between deflection at service load and ultimate load, 

therefore it is meaningless to determine the regression line.  
  

Table 10.4-1: Concrete 
compressive concrete, 

cubical and corresponding 

cylindrical specimens, for 

Example 10.4-2. 

Cube 
compressive 
strength, 𝒇𝒄𝒖, 

MPa 
𝒙 

Cylinder 
compressive 
strength, 𝒇𝒄′, 

MPa 
𝑦 

9.00 6.90 

15.20 11.70 

20.00 15.20 

24.80 20.00 

27.60 24.10 

29.00 26.20 

29.60 26.90 

35.80 31.70 

36.50 34.50 

42.10 36.50 

44.10 40.70 

48.30 44.10 

52.40 50.30 

y = 0.9952x - 3.3543

R² = 0.9921

8.00

16.00

24.00

32.00

40.00

48.00

56.00

10.00 15.00 20.00 25.00 30.00 35.00 40.00 45.00 50.00 55.00

C
y

li
n
d
er

ic
al

 C
o
m

p
re

ss
iv

e 
S

tr
en

g
th

, 
M

P
a

Cubical Compressive Strength, MPa



Engineering Statistics Chapter 10: Correlation and Regression 
 

Dr. Salah R. Al-Zaidee and Dr. Ahmed M. Raoof Academic Year 2018-2019 Chapter 10: Page26 
 

10.4.6 HOMEWORK PROBLEMS 
Home Work 10.4-1 

Elongation-tensile force data for the aluminum 
specimens of Home Work 10.3-1 has been 

represented as indicated. Determine the equation of 

regression line. 

Ans.  
Δ = −2.4 + 10.83𝐹 

where  

Δ is the elongation in inch, and 𝐹 is the force in kips.  
Home Work 10.4-2 

Date for traveling speed versus stopping 

distance of Home Work 10.3-2 has been 
represented as indicated. Determine the 

regression line. 

Ans. 
Δ = 0.3861𝑉 − 2.0108 

where Δ is the stopping distance in m and 𝑉 

is the speed in 𝑘𝑝ℎ. 

 

 

 
 

 
 

  
  

Tensile Force 
in kips, X 

Elongation in 
10-3 of inch, Y 

1 9 
2 20 
3 28 
4 41 
5 52 
6 63 

Vehicle No. Traveling 
Speed kph 

Stopping 
Distance, m 

1 40 15 

2 9 2 

3 100 40 

4 50 15 

5 15 4 

6 65 25 

7 25 5 

8 60 25 

9 95 30 

10 65 24 

11 30 8 

12 125 45 
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