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LIMIT AND CONTINUITY

x2-1
x-1
Y ou can seethat the function f(x) is not defined & x = 1 asx —1isin the denominator. Takethe

vaue of x very nearly equa to but not equd to 1 as given in the tables below. In this case
x-1# O0asx # L

Consder thefunction f(x) =

2 —
DWecanwritef(x):X -1_ (x+1)(x-1)

= x +1, because x —1# 0 andsodivisonby

x-1 (x-1)
(x —1) ispossible.
Table-1 Table- 2
X f(X) X f(X)
0.5 15 1.9 29
0.6 1.6 1.8 2.8
0.7 1.7 1.7 2.7
0.8 1.8 1.6 2.6
0.9 1.9 15 25
0.91 191
; : 11 2.1
0.99 1.99 1.01 2.01
1.001 2.001
0.9999 | 1.9999 ; :
1.00001 2.00001

In the above tables, you can see that as x gets closer to 1, the corresponding vaue of f (x) dso
gets closer to 2.
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-V | However, inthis casef(x) isnot defined a x = 1. The idea can be expressed by saying that the

limiting vaue of f(x) is 2 when x gpproachesto 1.

Let us consder another function f (X) =2x. Here, we are interested to see its behavior near the
point 1 and at x = 1. Wefind that as x gets nearer to 1, the corresponding vaue of f (x) gets
closerto 2 a x =1 and thevaue of f (x) isaso 2.

So from the above findings, what more can we say about the behaviour of the function near

Notesfx=2anda x=27?

In this lesson we propose to sudy the behaviour of a function near and at a particular point
where the function may or may not be defined.

After sudying thislesson, you will be ableto :

illugrate the nation of limit of afunction through graphs and examples;

define and illugtrate the left and right hand limits of afunctiony =f (X) @ x = &
definelimit of afunctiony =f (X) & x =g

date and use the basic theorems on limits;

establish the following on limits and gpply the same to solve problems::

n

N
() lim 2" = na" 1 (x 2 a)
X-a X—a
(ii) lim sinx=0 ad lim cosx=1
X -0 X -0
. 1
iy fim 2% =1 W x
X-0 X )LI%(1+X) =€
et - . . log(1+x
(vi) lim £ 1=1 (vii) lim M:
X-0 X X -0 X

define and interprete geometrically the continuity of afunction at a point;

define the continuity of afunction in anintervd;

determine the continuity or otherwise of afunction & a point; and

gate and use the theorems on continuity of functions with the help of examples.

EXPECTED BACKGROUND KNOWLEDGE

Concept of afunction

Drawing the graph of afunction

Concept of trigonometric function

Concepts of exponentid and logarithmic functions
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20.1LIMIT OF A FUNCTION

2
Intheintroduction, we considered thefunction f (x) =2

! . Wehave seenthat asx approaches

[, T (X) gpproaches 2. In generd, if afunction f (x) gpproaches L when x approaches 'd, we say
that L isthelimiting vaueof f (X)

Symboalicdly it iswritten as
lim f(x) =L

X-a
Now let usfind the limiting vaue of the function (5x _3) when x approaches 0.
ie lim (5X—3)

X -0

For finding this limit, we assign vauesto x from left and dso from right of O.

-0.001
-3.005

X -0.1
5x-3|-35

-0.01
-3.05

X 01
5x-3| -2.5

0.01
—2.95

0.001
—-2.995

It is dear from the above thet the limit of (5x —3) as x 0 is-3

lim (5x-3)=-3

X -0

Thisisillusrated graphicdly inthe Fig. 20.1

i.e,

¥ —5x—-3
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The method of finding limiting values of afunction a a given point by putting the vaues of the
variable very close to that point may not aways be convenient.

We, therefore, need other methods for caculating the limits of a function as x (independent
vaiable) endsto afinite quantity, say a

2 _
Consider an example: Find |imf(x), wheref(x) = X 39
X-3 X =

We can solve it by the method of substitution. Steps of which are asfollows::

Step 1. We consder avaue of x closeto a x2 -9 _
say x =a+h, wherehisavery small positive | For f(x) =—— wewrite x =3+h, 0
number. Clearly,as x - a, h -
Y& X~ah-0 thaas x » 3h -0
Step 2 : Smplify f(x) =f(a+h) Now f(x)=f(3+h)
_(3+h)*-9
3+h-3
_h®+6h
h
=h+6
Step 3: Puth=0and get therequriedresult | - lim f (x) = lim (6+h)
X-3 h-0
ASX—»O;h—»O
limf(x)=6+0=6
Thus, ‘o3 ( )
by putting h = 0.

Remarks: It may be noted that f (3) is not defined, however, in this case the limit of the
function f(x)asx — 3is6.

Now we shdl discuss other methods of finding limits of different types of functions.

Consider the example:

3
-1
i , X #1
Find limf(x),where f(x) =0x2_1’
Xt Hi , x=1

x3—1

Here, for x 21,f(x) =

(x 1)(x +x+1)

(-6
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It shows that if f (x) is of the form 9% | then we may be able to solve it by the method of
h(x)

factors. In such case, we follow the following steps:

Step 1. Factorise g (x) and h (X) al.
x3-1
x% -1
(x—l)(x2 +x+1)
(x -1)(x +1)
(- x#10x -1 # andassuchcan
be cancelled)

f(x) =

x2+x+1

Step 2 : Smplify  (X) 0 f(x) = i1

Step 3: Putting the value of x, we S lim x3-1 1+1+1 3
get the required limit. x-1x2 -1 1+1 2
Also f(1) =1(given)

In this case, )I(imlf(x)if @

Thus, the limit of afunction f (X) as x —. a may be different from the vaue of the functioin a
X=a.

Now, we take an example which cannot be solved by the method of substitutions or method of
factors.

1+ x-1-
Evduate lim 1x-vi=X

X -0 X

Here, we do the following steps:

Step 1. Rationalise the factor containing square root.
Step 2. Smpify.

Step 3. Put the value of x and get the required result.
Solution :

Tox —1—x _(Jl+x —Jl—x)(\/1+x +Jl—x)
X ) x(\/1+_x+«/1—_x)

_ a0 -fu-x?
x (Vi x +41-x)
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(1+x)- (1-x)

XL x =)

1+Xx -1 +x

X[V X )

2X

:X(\/l-l-_X+\/1—_x) [ x # 0,0 It can be cancelled]

2

:\/l+x +\/1—x
m V1+x =Vl X =lim

2
|
X-0 X X D41+X +4/1-X

_ 2
CJ1+0+41-0
-2 _

1+1

20.2 LEFT AND RIGHT HAND LIMITS

You have dready seen tha X — ameans x takes vaues which are very closeto 'd, i.e. either
the value is greater than 'd or lessthan 'd.

In case x takes only those values which are less than 'd and very closeto 'a then we say x is
approaches 'd from the left and we writeit as x — a . Smilaly, if x takes vaues which are
greater than 'd and very closeto 'd then we say x isapproaching 'a from the right and we write
itasx - a'.

1

Thus, if afunction f (x) approaches alimit ¢4, asx approaches'a from left, we say that the left
handlimitof f(x)asx - ais /.
We denote it by writing

lim f(x)=1¢, or rllimof(a—h)=€1,h>0

X-a
Smilarly, if f (x) goproaches the limit ¢, , as x gpproaches 'a from right we say, that the right
hend limitof f(x)as x - a is /5.
We denote it by writing

Iim+f(x):€2 or rlli%f(a+h):£2,h>0

X-a
Working Rules
Finding the right hand limit i.e, Finding the left hand limit, i.e,
lim f(x) lim f(x)
x—a" Xoa
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Put X=a+h Put x=a-h
lim f (a+h lim f (a=h
And  lim (a+h) And  lim (a-h)

Note : In both cases remember that h takes only positive vaues.

203 LIMIT OF FUNCTION Yy =f(x) AT x=a

Consder an example:

Find limf(x),where f(x)=x2+5x+ 3
X -1

. o 2 O
Here XILT+f(x)—rI1|£nOgl+h) +5(1+h)+3¢
= lim d+2h+h?+5+5h +30
=1+5+3=9
. — i 2 _ C
and x“_T_f(X) rlulinogl h)® +5(1- h)+ 3¢
= lim —2h+h2+5—5h+3E
X-0
=1+5+3=9
From (i) and (i), lim f(x) = lim f(x)
x 1t X1

Now consider another example:

.| x=3]
Evduate: lim
x-3 X—3

x=3]_ |, 1(3+h)-3]

lim
Here . gt x-3 h-0[(3+h)-3
h-0 h
=limY  (shs0 s |h|=h
h—»Oh ($ lS)l |_ )

x=3]_ ;i [(3-h) 3]

lim
and X3 hoo[@ ) 3
h—»O -
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:rang)—Lh (ash>0,s0]-h|=h)
=1 (iv)
e tim XT3l gy X238
0 From (iii) and (iv), gt X g X-3

Thus, in the firgt example right hand limit = left hand limit whereas in the second example right
hand limit # left hand limit.

Hence the Ieft hand and the right hand limits may not aways be equd.

We may conclude that
lim (x2+5x+3) exists (which is equal to 9) and jim X3 does not exist.
X -1 X-3 X_3
Note:
I lim f(x)=¢ E
X-a g _
awd  lim f()=eD O fmf(x)=
X—a H
I lim f(x)=¢; O
Xa O . )
: 0 O  limf(x)doesnotexist.
and lim f(X)=€2 X-a
X—a H
Il im £(x) or M f(%) goesnotexist 0 lim f (x)doesnot exist
X-a X-a

X-a

204 BASIC THEOREMSON LIMITS

1. limcx =clim x, cbeng acongant.
X-a X-a

To verify this, consider the function f (x) = 5x.
Weobservetha in |im 5x , 5 being acongant is not affected by the limit.

X2
lim5x =5 li
- x|_>n2] X xl_r.n2 X
=5x2=10
2, lim @ (x) +h(x)+p(x)+....0= lim g(x)+ lim h(x)+ lim p(x)+........
X-a X-a X-a X-a

where g(x),h(x),p(x),.... areany function.

3 lim & (x)@ (x)g= lim f (x) lim g(x)

X X-a
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To verify this, consider f(x) =5x2 +2x +3
andg(X)=x+2.

limf(x) = lim (5x2 +2x +3
Then limf (x) qu( )

=51im x2+2 lim x+3=3
X -0 X -0

limg(xX)=1lim(x+2)=limx+2=2

X0 X0 X0
[ Ilf’cl)(Sx +2x+3)I|m(x+2) 6
Again )|(I_>m[f(X) [g(x)] = I|m[(5x +2x +3)(x + 2)]
=)I(irr(1)(5x3+12x2 +7X +6)

=5lim x3+12lim x2 +7 lim x+6
X-0 X -0 X -0

=6

From (i) and (ii), )|( i %[(5x2 +2x +3)(x + 2)] = Xl i T)(sxz +2x+3) X| iﬁn&(x +2)

(om0

4. M B OE 1im )

provided limg(x)#0
X-a

X2 +5x+6

To verify this, condder the function  f(x) = o
X

we have lim (x2 +5x+ 6) = (-1)°+ 5(-1) +6
X--1

=1-5+6
=2
g lim (x+2)=-1+2
X--1

=1

lim (x? +5x +6)
X—>_l —
lim (x+2)
X—»‘l

=N
I
N
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U-x?+5x+6 L
2 4+5x+6 +3)(X +2 E 5
Al lim (X +5x ):“ (X +3)(x )E:x +3x+2x+6%
X- ¥ X+2 x -1- X+2 EI'X(X+3)+2(X+3)D
Fx+3x+2 H
= lim (x+3)
X-=-1
=-1+3=2 . (")
L From (i) and (ii),
- 2
X--1 X+2 lim (x +2)
X--1

We have seen above that there are many ways tha two given functions may be combined to
form anew function. The limit of the combined function as x —. a can be caculated from the
limits of the given functions. To sum up, we State below some basic results on limits, which can
be usad to find the limit of the functions combined with basic operations.

If limf(x) =/¢and lim g(x) = m, then
X-a

X-a

() )l('inakf(x) k)'('inf(x) KC' \wherek is a constart.
(i) lim [f(x) £ g(x)] = limf(x) £ limg(x) = ¢+m
(i) lim [f(x) @(x)] = limf (x) Qimg(x) = £0n
limf (x)
- f(X) _xoa ! . .
™  Mam  limgog m: Provided Jimg(x)#0

The above results can be easily extended in case of more than two functions.

=enld[ONm Fnd limf(x), where
X-1
2_
Ll, xz1
Ux-1
71

f(x)=
x=1

Solution :
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=(x+1
0 [imf(x) =lim(x +1)
X -1 X -1
=1+1=2
2 _
Note: X — 1
ax=1
. x3—8
el Evdude: lim :
X~>2 X_2
3_
Solution : lim % 8
X~>2 X_2

i (X —2)(X? +2x + 4)
X-2 (x-2)

= lim (x2+2x +4)

X2

=22 42 x2 +4
=12

] Evalude: lim —*'32"‘)(‘1
lim ——

Solution : Rationdizing the numerator, we have
V3-x 4 _3 x E N3 x 1
2-X 2 X \/3—_x +1
_ 3-x-1
(z—x)(JsTx +1)
2—-X

T2-0Ex ¥

[~ x#]1]

isnot defined at x=1. Thevalueof |imf (x) isindependent of thevaueof f ()
X-1

[+ x# 2]

[+ x# 2]
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. J12-x —x
ENYPOF Y Evauae : lim———.
Solution : Rationdizing the numerator as well as the denominator, we get

J2=% —x (Viz=x «)(vi2 % #) (%6 x g

Notes

" J6+x-3 = JG+X-3(J6 X +3)( 12 —x ﬁ)

12-x —x2
:Iim( )El]im V6+x+3
x-3 B6+X-9 x 3412-X +X

-(x +4)(x -3) i J6+x+3

= (x-3) X syi2—x x L7 x*3
= —(3+4) %z -7

Note : Whenever in afunction, the limits of both numerator and denominator are zero, you
should smplify it in such amanner that the denominator of the resulting function is not zero.

However, if the limit of the denominator is 0 and the limit of the numerator is non zero, then
the limit of the function does not exig.

Let us consder the example given below :

1
SENJPOE Find “mo; ,if it exits
X -

Solution : We choose vaues of x that approach 0 from both the sides and tabulate the

. 1
correspondling vaues of <

-0.1| =01 | -.001 | -.0001

-10 | 100 | —1000 | —10000

X || X

0.1].01 |.001 |.0001

X || X

10 | 100 | 1000 | 10000

1
We seethat as x _, 0, the corresponding vaues of 3 ae not getting close to any number.

Hence, IIF%; does not exist. Thisisillustrated by the graphin Fig. 20.2
X =
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/\y
5 4
4--
3_._
l
-4
1-—\ YT
-5 -4 -3 -» —
< 1 | | 1 1 ] 1 1 ] ] >
N of 1 2 3 4 5
\ |
r -2
L 3
L 4
- -5
/l
y
Fig. 20.2

SENERNN Evauae: )'(i%“ x|+ =x )

Solution : Since [x| has different vauesfor x > 0 and x<0, therefore we have to find out both

left hand and right hand limits.
lim (1x [+]-x]) =lim(j0 | 0 #)

X -0

=i -h|+|-(-h

lim (1=h[+|~(=h)])

=l h=jin2n =0 0

o lm 1]+ =x]) =lim (10 | 4 €0 #))

x 0" h-0

=limh+h=Ilim2h=0 (i)

X-’O h—'o "

From (i) and (ii),

X-0"

Thus,

li -Xx|| =0
lim x| +| -]

lim (Ix]+|-x]) _||r2 [Ix] 4 x|

Note: We should remember that left hand and right hand limits are specialy used when (a)
the functions under congderation involve modulus function, and (b) function is defined by

more than one rule.
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SN0 @ Find the vliaue of 'a so that

limf(x) edis, where ()= > =1
X—1 02x +a,x >1
Solution : lim f(x) = Iiml(3x +5) [+f(x)=3x +5forx <1
X-1 X -
= lim[3(1-h)+5]
h-0
=3+5=8 0
lim f(x) = lim(2x +a) [-+f(x) = 2x +afor x >1]
X—>1+ x-1
= lim (2(1+h) + a)
h-0
=2+a (ii)

Weaegiventha limf(x) will exists provided
X-1
lim = lim f(x)
x-1" xo1t

0
0 From (i) and (i),

2+a=8
0 o, a=6
SCIN[RRW |f afunction f (X) isdefined as
%X , 05x<1
0 2
f(x):%) ,x:1
0 2
Ex—l,iqﬂ
2
Examinethe existence of |imf (x) -
x 1t
2
O 1
, Osx<— . i
E% > (i)
. T |
Solution : Here f(x) = X =5
O
%x—l,iqﬂ ..... (i)
2
lim f(x)= limfEE—hE
i o 2 E
51
. m . Cc 01 1 L .01 01 C
= -h ‘——h<= f Jfi=—-hpF=-h
X'T)BE E BZ <2and rom(i) HE HZ E
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:1 O_l
2

2
lim fu)—yqjﬁg+hﬁ

-8

:£+—1
2
_ 1
2
From (jii) and (iv), left hand limit = right hand limit
O Iimlf(x) does not exist.
X > —
2

Q
\ & d CHECK YOUR PROGRESS 20.1

1. Evaduate each of the following limits:

@ )I(i£n2[2(x +3) +7] (b) lim)(x2+3x+7)

(C) )l(ITl%X +3)2 —16%

i 2,90 i 3_gL i
(d) XILm}gx +1?+20 © ll% Yox+1)° -5 ® )I(Iinl(3X+1)(X +1)
2. Find the limits of each of the following functions:
X=5 X+2 3X+5
li li I
@ Imx+2 (b) Iinlx+1 (C)xim}x -10
2
px+q X -9 x% -25
li li I
C) xlmoax+b (©) |£n3 X-3 (f)XLmEr X+5
2 . 9x?-1
X°=x 2 lim
|Im— -
© Jim-—5—— ) 131
3. Evauate eech of the fallowing limits
3 3 4
x° -1 +7X oxT-1
| I|m |
@ xlinlx—l (b)x 0x2 + 2x (C)xlmlx 1
01 2 C
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4. Evduate each of the following limits:

@ )I(iinOV4+x )—(«/4 -X (b))iiino—*lz““))((‘\/E © Liing@
B
(d) || —— © )I(Iinz 5

.2 . 1
L lim2 it e o e
5. (@ Find XI%X ,if itexids (b) Find Xlinz—x_2 ,if itexids
6. Find the vaues of the limits given below :

(@ 05—|x| CRLeyY © M7

. |x-=5 .
(d) Show that |Imudoesnot exis.
x-5 X—=5

7. (@ Find the left hand and right hand limits of the function

f(x)_D—Zx 3,x <1
03x-5x >1 Bx-1
2
(b) If £(x)= B’( X=1 findlimf(x)
1,x>1 X1
D4x+3 X<4
(c) Find I|mf(x)|f it exigs, giventhat f(x) = D3x+7x>4
8. Find the value of 'a such that I|mf(x) exigswheref (x) = [ax+5 x<2
X2 X 1Lx >2
Bx,x <1
9  Letf(x)=g01lx=1
Ep(z,x >1

Edtablish the existence of |imf(x) -

X1

10. Find limf(x) if it exists, where
X2

[(X—1x <
f(x)=0 1x =2
Bx+1,x>2

20.5 FINDING LIMITS OF SOME OF THE IMPORTANT
FUNCTIONS

n

_an
(i) Provethat lim X ~@ =na"! wherenisapostive integer.
X-a X—a
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x"-a'

Proof : lim lim
x-a X—a h-0 a+h-a
| nin-1) ,_
A" +na"th+ (Zl )a” h2+...+h"g-a"
= lim& ' B
h-0 h
hEna”"1+n(r21'_1)a”‘2h+ ..... +h”"1E
= lim—2 ' C
h-0 h
UJ n(n-1 L
=lim ga"1+ ( )a”_2h+ ..... +h" }E
h-0 2!
=na"1+0+0+...+0
=na"?
n_.n
T limX—2 —nh@"?
X-a X_a

Note : However, the result istruefor al n

m sinx=0 g4 (p) lim cosx =1

(i) Provethat (3 M lim

Proof : Congder a unit circle with centre B, in which O Cisaright angleand O ABC = x
radians.
Now snx =A Cand cosx =BC

As X decreases, A goes on coming nearer and nearer to C.

i.e,when x -~ 0,A -C

orwhen x - 0,AC -0

and BC - AB,i.e,BC 1

OWhenx _, 0 sinx - 0 ad cosx 1

Thus we have

[im sinx=0 and Ilim cosx=1
. Sinx
(iii) Provethat lim ——=1

X-0 X

Proof : Draw acircle of radius 1 unit and with centre a the origin O. Let B (1,0) be apoint on
thecircle. Let A be any other point on thecircle. Draw Ac 0 OX -
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A
Let DAOX = x radians, where 0<x<g

Draw atangent to the circleat B meeting OA produced A

aD. Then BD JOX . /
X

Limit and Continuity

—> Tangcnt

Areaof AAOC< area of sector OBA < area of < P15
AOBD . \/

or L ocxAC<x? < LoBxBD
2 2 2

l . 1 . 1

H- area of trlangle:E basexheight and area of sector:EG r E

0 lcosxsinx<£x<1E|L[ﬂanx
2 2 2

[

> X
Fig. 20.4
v
2L
,OA =1= OBE

oC . AC BD
5* COSX = ——,SinXx =——and tanx = —
H OA OA OB

i cosx<— < fanx [Dividing throughout by ls ]
ie, — < — ividi I —dn X
sSinX Sinx ngthrolg 2
X 1
or COSX<——<
SinX cosx
1 sinx
or >——<CO0SX
COSX X
. sinx 1
e, COSX< <
X COSX
Taking limit as x - 0, we get
. . sinx .
lim cosx < lim < [im
X -0 Xx-0 X X - 0 COSX
. sinx o . . 1 rC
or 1< lim—<1 2* limcosx =1 and lim =-=1
x-0 X x-0 x-0cosx 1 E
. Sinx
Thus, lim——=1
X-0 X

Note : Inthe above reaults, it should be kept in mind that the angle x must be expressed in

radians.
1

(iv) Provethat lim (1+ x)x =e
x-0

Proof : By Binomid theorem, when | x | <1, we get
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0 1M 1D 1M 1[|]1 ZD L
Y U I oy B L
(1+x) = 0+ Sy X EL<2++XB; T Hﬁw .......... oo
0 x 3! C
S WO k)N Gt [ ) D=
0 2! 3! O
1
1-x)(1-2x 0
) tim (26x)" = lim Be1e 12X 020@=29 o[
X0 X-0[] 2! 3! [
:%+1+i+i+ .......... e
] E
=e (By ddinition)
1
Thus lim (1+x)X —e
X -0
(v) Prove that
. log(1+ . .
lim M: lim iIog(1+x): I|mlog(1+x)1lx
X -0 X X-0X X0
O 1
X
sing lim (1+x) =
=1
X _
(vi) Prove that lim &—1=1
x-0 X
0 x2 3 C
Proof : We know that exzﬁ+x+5+5+ .......... E
O 2 3 C
B eX—lzﬁl+x+X—+X—+ .......... —1%
20 3
O x2 x3 C
=SOK+—+ .,
20 3l :
O x2 x3 L
et —F .,
L e -1_ 2! 3 E [Dividing throughout by X]
X X
O x x2 C
XH+—=+"—+........
ﬁ 21 3 E
- X

e
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X _ N 2
] lim =limE+—+—+..........
- X -0 X X-0 ! 3'
Notes =1+0+0+........ =1
X _
Thus lim & ~1-q
X -0 X

. . g -e*
Senlolp2kN Findthevdueof lim
X

X -0
Solution : We know that

X
. oet-1
lim =1
Xx-0 X

O Putting x =-x in (i), we get

. eX-1
[im =
X—»O _X

Given limit can be written as

. ef-1+1-¢e7*%
lim —m—m
X -0 X
o X1 1-eXL
=lim 3 + C
xqu X X E
T o - A
=limQ3 + C
. ef-1 . eX-1
=lim + lim
X—»O X X—»O _X
=1+1
=2
_ X
Thus Iimex © =2
X -0 X

. ef-e
SEYlEYONI Evauate: lim )

Solution : Putx=1+h,whereh_ 0
&g-e . th-ge
m i

li |

Limit and Continuity

[Adding (i) and (ii)]

[ Using (i) and (ii)]
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_ drh-e
=lim
h-0 h
h_
me(e 1
h-0 h
T e -1
=elim
h-0 h
—exl=e
X _
Thus imE—%-e
X—rl X_l
. sin3x
SENJEVOME] Evauae: |im :
X -0 X
) . sin3x _ .. sin3x .
Solution : lim =lim 3 [Multiplying and dividing by 3]
x>0 X x>0 3X
. sSin3x
=3 lim [when x - 0,3x 0]
X0 3X
n
=3.1 E im sinx 1&
=3
Thus, lim S|n3x:3
X-0 X
Example 20.12 BSYEI=CR 1-cosx
x-0 2x2
2 X D 2x =1-2si
O .
Solution : }jy 2ZC95X _ i, 1-cos2x =2sin E
x-0 2x2 x-0 2x2 E
B)r 1-cosx = 2sin? E

ink

=limG D [Multiplying and dividing the denominator by 2]

_’ODZ X
il ZD

Il
N

N | X —
3
T%D
>
N | X
I O

x

l

o
O
N |
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4 4
. 1-cosx _1
L lim =
x-0 2x2 4
CJEYONR] Evdude: Iimﬂ
i ' "9-01-cos6d
Soluti i 1=C0S46_ mzsinzze
o - g 01-cos66 94)25in239
i sin2e o ofo® 1tk
~0-0 200053 BHL
—I (sin207 0 30 1462
OB 20 M [5in3 Hog?
=D4 EBanGﬁ D 30
ot b 20 H %0 orsinat
zﬂxlxlzﬂ
9
CIEPORE Find thevaueof 1im M
X~ (T[ 2X)

. T
Solution : Put X:E+h

L 2x =11+ 2h

L I|m

L cos2x _
x_>E (T[ ZX)

1+cos2 %+hE

lim

-0 [Ti— (10+ 2h)]?

1+ cos(tt+ 2h)
4h?

1-coszh
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:1)(1:1
2 2
. 14+cos2x 1
||m—2:_
- % (11— 2x) 2
2
lm sinax
SENPONLE Evduae o tanbx
sinax><a
Solution: |im S|nax:”m ax
x-0tanbx xqotanbxxb
bx
I sinax
_8x.0 ax
b“mtanbx
X-0 bX
_QE}
b1
-a
b

im
x-0tanbx b

Q
& J CHECK YOUR PROGRESS 20.2

1. Evauate each of thefollowing :

2X X _ 4—X
. e -1 . €
| lim
@ lim (b) o X 2o
2. Find the vaue of each of the following :
T . e—¢gt
I I
(a) xlinl x-1 (b) xlinl x-1
3. Evauate the following :
. sindx _sinx®
I |
(a) xlin 0 2X (b) XTB 5x2
w)mﬂ#nax
x - 0Sinbx

. Ssinx
c) lim
()xqo X
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4. Evauate each of the following :

1-cosx . 1-cos8x im sin2x(1-cos2x)

li
x2 X-0 X (C)X—>0 x3

@
lim 1-cos2x
@y 0 3tan2x
5. Find the vaues of the following :

. 1-cosax . x3cotx . COSEC X —COtX
lim— [
@ x-01—cosbx (b) xlino 1-cos X © )l(lir(]) X
6. Evaduate each of the following :
. i
lim _SI X 5 COSEX I
li c) lim (sec x —tanx
(8 Jim—— (B) im—2 @ lim )
7. Evauate the following : 2
. sinbx . tan70 . sin2x +tan3x
lim b) lim o) lim— ——"
@ x - 0tan3x ( )9_.0 sin40 ( )x—.O 4x —tan5x

20.5 CONTINUITY OF A FUNCTION AT A POINT

O/ [e‘ f{a)V
" (a, f{a)) /° (a, f(a))

a a p a
(i (i} (it} (iv)

Fig. 20.5
Let us observe the above graphs of afunction.

We can draw the graph (iv) without lifting the pencil but in case of graphs (i), (i) and (iii), the
pencil has to be lifted to draw the whole graph.

In case of (iv), we say that the function is continuous at x = a. In other three cases, the function
isnot continuous at X = a. i.e, they arediscontinuous a x = a

In case (i), the limit of the function doesnot exist at x = a.

In case (i), the limit exigts but the function isnot defined et x = a

In case (iii), the limit exigts, but is not equd to value of thefunctiona x = a
In case (iv), the limit existis and is equd to vadue of the functionat x = a
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SETNERONI Examine the continuity of the functionf (X) = x—a ax =a

Solution - 1M (x) = limf (a-+h)
"X-a h 0

=lim[(a+h)-a]
h

—

=0 0]
Also f(dy =a-a=0 L. (i)

From (i) and (ii),
limf(x)=f(a)
Thusf (X) iscontinuous a X = a

STl 0NNE Show that f (X) = cis continuous.

Solution : The domain of constant function cisR.Let 'a be any arbitrary real number.

0 limf(x)=candf(a)=c
0 limf(x)="f(a)

0 f (X) iscontinuous a x = a But 'd isarbitrary. Hence f(x) = ¢ is a congtant function.

SCNEWONE] Show that f (x) =cx +d isacontinuous function.

Solution : Thedomain of linear function f (x)=cx+d isR; and let ‘a be any arbitrary real
number.
limf (x) = limf (a+h)

X-a h-0
=lim[c (a+h)+d]
h-a

=ca+d .. @)
Also f(a)=ca+d L (ii)
From (i) and (ii), yfy(x):na)
0 f (x) iscontinuous a x = a
and  dnceaisany ahitray , f (X) isa continuous function.

SEIlPOE] Provetha f (x)=sin x isacontinuous function.

Solution : Letf (x) =9nx
Thedomain of SnxisR. let'a be any arbitrary red number.
0 limf(x) = limf(a +h)

irrasi n(a+h)

-

=1
h

—lim [sina.cosh+cosa.sinh]
h-0
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=sinalimcosh+cosalimsinh L. lim kf(x) =k limf(x)where k isa constant =
. 0.
=sinax1+cosa x0 I|r85| nx =0 and I|m COS X 1E
=dna ()
Al f@=sna L (i)

From (i) and (ii), limf(x)=f(a)

gsnxiscontinuousat X = a
-~dnxiscontinuous & x = aand 'd is an aribitary point.

Therefore, f (x) =sinxis continuous.

eIl Given that the function f (x) is continuous a x = 1. Find awhen,

f(x)=ax+5 andf (1) = 4.
Solution : )'(lﬂf(x) = Alfg(l +h)

= Iinaa(1+h)+5

=g

—a+5 0
Also fy=4 (ii)

Asf (x) is continuous a x = 1, therefore 1Tmf(x) =1(1)

OFrom (1) and (i), a+5=4

or a=4 -50 a=-1

Definition :

1.  Afunctionf (x) issadto becontinuousinanopenintevd Jabf if it iscontinuous a every
point of Ja,b[*.

2. Afunction f (x) issad to be continuous in the closed interval [ab] if it is continuous at
every point of the open interval ]ab[ and is continuous & the point a from the right and
continuous a b from the |eft.

i.e. X'lr;‘ f(x) =t (a)
ad lim f(x)=f(b)
X-b
* In the open interval ]a,b[ we do not consider the end points a and b.
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ENIEYOPAl Prove that tan x is continuous when 0< x< ’_ZT

Solution : Let f (x) =tan x

The domain of tan X is R - (2n +1)’_2T,nD|

Let aOR-(2n +1)g, be arbitrary.

limf(x)=limf(a+h)
X-a h-0

= lim tan(a+h
lim tan(a+h)
_ sin(a+h)
h-ocos(a+h)

— lim sinacosh + cosasinh
h- 0 cosacosh-sinasinh

sinalimcosh+cosalim sin h

— h-0 h-0
cosalim cos h—-sinalimsinh
h-0 h-0

_sinaxl1l+cosax0
cosaxl-sinax0

sina
~ cosa
=tana ... (i) [- DaODomain of tanx, cosa #0]
Also f@=tna . (i)

0 From (i) and (ii), Liqrgf (x)=f(a)
0 f(x) iscontinuous a x = a But 'd is arbitrary.

. . . . Tt
Otan x iscontinuousfor dl x intheinterva 0< x< >

e\
L@‘ CHECK YOUR PROGRESS 20.3

1. Examine the continuity of the functions given below :
(@ f(x)=x -batx =2 (b) f(x)=2x +7atx =0
(©) f(x) :gx +7atx =3 (d) (x) =px +gatx =

2. Show that f (x)=2a+3b is continuous, where aand b are congtants.
3. Showthat 5x + 7 isacontinuous function

4. (&) Show that cosx is a continuous function.
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(b) Show that cot x is continuous & al points of its domain.
5. Find the vaue of the congtants in the functions given below :
(@ f(x)=px -5andf(2) A suchtha f (x)iscontinuousat x = 2.

(b) f(x) =a+5xandf(0) =4 suchtha f (X) iscontinuous a x = 0.

(0) f(x) =2x +3bandf(-2) % such thet f(x) is coninuous atx = 2.

20.7 CONTINUITY OR OTHERWISE OF A FUNCTION AT A
POINT

So far, we have considered only those functions which are continuous. Now we shal discuss
some examples of functions which may or may not be continuous.

ey rza Show tha the function f(x) = e* isacontinuous function.

Solution : Domainof e*isR. Let alJR . where 'a' isarbitrary.

limf(x) =r!irBf(a +h) , wherehisavery smal number.
X-a

= limé™h
h—?O

Also f ()= e
0 From (i) and (i), 1Tmf(x) =f(a)

O f (X) iscontinuousa x = a

Sinceaisarbitary, €” isacontinuous function.

2 _
Enlwlel By means of graph discuss the continity of the function f (x)= XX _11.

Solution : Thegrah of thefunctionis shown in the adjoining figure. The function isdiscontinuous
asthereisagapinthegraphat x = 1.
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Ay

Fig. 20.6

Q
\ ¥ @ CHECK YOUR PROGRESS 20.4

1

(8) Show that f (x) =€ is a continuous function.

-2
—Zx
(b) Show that f (x)=e 2  isacontinuous function.

(c) Show that f (x) = e®**2is acontinuous function.
(d) Show that f (x )= e 2**® isacontinuous function.

By means of grgph, examine the continuity of each of the following functions::

@f 0 =x+L (0) f (x) =22
2 _ 2_
© (=22 @ (=23

20.6 PROPERTIES OF CONTINUOUS FUNCTIONS

@

(i)

Congder thefunctionf (x) = 4. Grgph of thefunction
f (x) =4isshownintheFig. 20.7. From the graph,
we see that the function is continuous. In generd, 4

1y

dl congant functions are continuous.

If afunction is continuousthen the congtant multiple
of that function is dso continuous.

. . 7
Consider thefunction f (x) =2X. Weknow that x

is a congtant function. Let 'd be an arbitrary red
number. Fig. 20.7

limf(x)= limf(a+h
fimf = lrga
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7

-

:%a ..... 0)

7 )
Also f(a):Ea ..... (ii)

0 From (i) and (ii),
limf(x) =f(a)

7 . )
o f (X)ZEX iscontinuous a x = a

7 . ) ) ) 7 . . .
As 5 iscondant, and x iscontinuousfunctiona x = a, Emsdmaoontmuousfundlonatx:a

(i)  Consider the function f(x)=x? +2x . We know that the function x2? and 2x are
continuous.

limf = limf h
Now lim (X) Jim (a+h)
1 2 C
= le) ga +h)“ +2(a +h)D
=i 2 2 L
M%% +2ah +h +2a+2ahD
=a®+2a e 0]
Also f(a)=a?+224 . (i)

0 From (i) and (i), 1Tmf(x) =f(a)
0 f(x) iscontinuousa x = a
Thuswe can say that if x2 and 2x aretwo continuous functions at x = athen (X2 +2X) isdso
continuous & X = a
(v)  Consider the function f(X)=(X2 +1)(X +2) . We know that (X2+1) and (x +2) are
two continuous functions.
Also f(x)=(x2 +1)(x +2)
=x3+2x2 +x+2
As x3 2x2 x and 2 are continuous functions, therefore.
x3+2x? +x + 2 isaso acontinuous function.
0O  Wecansay that if (X2 +1) and (x+2) are two continuous functions then (X2 +1) (x+2)
is aso a continuous function.
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2
(v)  Consider the function f(x) =% “4ax=2. Weknowthat(x2-4) is continuous at
X+2
X =2. Also ( x + 2) iscontinuous at X = 2.
2
- , 2)(x-2
Again jim X4y (X *2)(x=2)
X2 X+2 x 2 X+2
=lim(x-2
lim (x-2)
=2-2 =0
(2°-4
Also f(2) =——
2+2
:9:
4
0 limf(x) =f(2). Thusf (X) iscontinuousa x = 2.
X2
. . x?-4 .
O If v2 _ 4 andx +2aretwo continuousfunctionsat x = 2, then v isalso continuous.

(vi) Condder thefunction f(x) =/ x —2|. Thefunction can be written as

F(x 2)x 2

f(x) _E(x—Z),x =2

lim f(x)=limf(2-h) |5

X2

=lim[(2-h) 2]
h-0
=2-2=0

+
X2

im 100 =limt2+n hso 0

= lim[(2+h)-2]

X2

=2-2=0 . (i)
Also f=2-2y0 .. (iii)
0 From (i), (i) and i), 1mf(x)=1(2)
Thus, [x—-2| iscontinuous a X = 2.
After consdering the above results, we state below some properties of continuous functions.
If f (x) and g (x) are two functions which are continuous &t a point X = a, then

(i) Cf (x) iscontinuous a X = a, where C is a condant.

(i) f(x) £ g(x) iscontinuousat X = a
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(iii)  (X) () iscontinuous a x = a
(iv) f (X)/g (X) iscontinuous a x = g, provided g (@) = O.
(V) [f(x)] iscontinuous & x = a

Note : Every congtant function is continuous.

20.9 IMPORTANT RESULTS ON CONTINUITY

By using the properties mentioned above, we shall now discuss some important results on

continuity.

()  Condder thefunction f(x) =px +q,x OR 0]
Thedomain of thisfunctionsisthe set of real numbers. Let abe any arbitary rea number.
Taking limit of both Sdes of (i), we have

limf(x)=1im (px+q) =pa+q [=value of px +q at x = a]
X-a X-a

0 pX +q iscontinuous a x = a
Smilarly, if weconsider f (x) = 5x? +2x +3, Wecanshow that it isacontinuousfunction.
Ingenerd f(x)=agy +ayx +ayx?2 +... +a,_x"* +a,x"
where aj,a,a,.....a, ae condants and n is anon-negetive integer,
we can show that ag,ax,a,x2,.....a,x" aredl continuosat apoint x = ¢ (wherecisany
real number) and by property (ii), their sum isaso continuous & x = C.

O f () iscontinuous & any point C.
Hence every polynomid function is continuous a every point.

(i)  Consider afunctionf(x) _(x+9(x+3
(x-5)

Since (x + 1) and (x + 3) are both continuous, we can say that (X + 1) (X + 3) isdso
continuous. [Using property iii]

0 Denominator of the function f (), i.e,,(x — 5) isaso continuous.

,f(x)isnot definedwhen x -5 =pi.e, ax=>5.

(x+1)(x+3)

iscontinuous &t dl
(x-=9)

0 Using the property (iv), we can say that thefunction
points except at X = 5.
Ingenerd if f(x) :% , Where p (x) and q (x) are polynomid functionsand q (x) # O,

q(x
then f (x) is continuousiif p (X) and q (x) both are continuous.

el ppZy Examine the continuity of the following functionat x = 2.

3x -2 forx<2
f(x)=0
x+2 forx=2

| 206 MATHEMATICS



Limit and Continuity

Solution : Sincef (x) is defined as the polynomid function 3x - 2 on the left hand sde of the
point X = 2 and by another polynomid function x +2 on theright hand side of x =2, we shdl find
the left hand limit and right hand limit of the function a x = 2 separatdly.

/A

N

y|
Fig. 20.8
Lefthandlimit = |im f(x)
X2
= lim(3x - 2)
X -2
=3x2 2 =4

Right hand limit a x = 2;
lim f(x)=lim(x+2)=4

X—>2+ X—>2

Since the left hand limit and the right hand limit & x = 2 are equd, the limit of the function f ()
exigsat x =2andisequd to4i.e, limf(x) =4.

X—2
Alsof (x) isdefined by (x +2) et x =2
0 f(2Q=2+2=4.
Thus, limf(x)=f(2)

X2
Hencef (x) iscontinuous a x = 2.
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(i)  Discusssthe continuity of f (x) & x = 0.

Limit and Continuity

Solution : We know that for x >0,|xf x andfor x <0,|x|= —x. Hencef (x) can be written

as.

-X,X <0

O
f(x)=|x |~
(x) =l IEX’ >0

(i) The grgph of thefunction isgivenin Fig 20.9

A
1
4__
a1
2.-
{1+
-4 -3 -2 -1
X ——t i i . — .
0 1 2 3 4
v yl
Fig. 20.9
(i) Lefthend limit = 1ML T(X)
=i -x)=0
M)
Right hend lirmit = Jim, 1(x)
=limx=0
X -0
limf (x)=0
Thus, N ( )
Also, f(0)=0
limf(x) =f(0
0 limf () =1(0)

Hence the function f (x) is continuous at x =0.

Examine the continuity of f(x)=|x —bJatx =b.

f(x) 9 x —b|. Thisfunction can be written as

_B(x b)x b
f(X)_%(x—b),x >b

Left hand limit = lim_f(x) =limf(b -h)

X-b
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Right hend limit = 1im f(x) = limf (b+h)
-0

+
X-b

Notes

[(b+h)—Db]

o

|
5

|
o

Also, f(b)=b-b =0 (iii)

3

11
>— S —

h=0 (ii)

o

From (i), (ii) and (jii), )'(ifg)f (x) =f(b)

Thus, f(x) is continuous a x = b.

@ian’ x £0

If f(x)=0 x
Xx=0

=2
mmntinuousax =0 or not.

Eian’ < £0

Solution : Here f(x) =7
2, x=0

. sin2x
Left hand limit = 1Tm-
X—»O X

Right hendlimit = lim
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Also f(0=2 (Given) (iii)
From (i) to (iii),

limf(x)=2=f(0)
X-0
Hence f(X) is continuous & x = 0.

2_
If f(x) = X 11 forx # Landf (X) =2whenx =1, show that thefunction

—.
x=1

2-1
Solution : Here f(x) =0y, _1 X#1

H2 ,x=1

Left hand limit |im f(x)

X1

= limf(1-h)
h-0
2
= |imL)_1
h-0 (1-h) 4

. 1-2h+% A
= lim—=— 7 =
h-0 -h

= im N =2)
h-0 -h
=lim—-(h -2)
=2
Right hend limit = lim f) 0)

X-1

= limf(1+h
limf(1+h)

_ o @+h)?-1
=limX—_——~ =
h-0 (L+h)-1

. 1+2h+h%-1
m—
h-0 h

= |im N +2)
h-0 h

=2 (ii)
Also (=2 Gveny (iil)
0 From (i) to (iii),
limf (x) =£(1)

| 210 X=d MATHEMATICS



Limit and Continuity

Thus, f (X) iscontinuous a x = 1.

Find whether f (X) is continuous a x = 0 or not, where

N

EZ’ X:o A y

Solution : limf(x) =1lim— 1

x-0 x-0X )

=liml=1
10 ; ' 1 t > X

and f(0)=2 DA —t
0 limf(x) #f(0) | _

X -0

Hencef (x) isnot continuous a x = 0. The graph of the function isgivéh inFg. 2F._10.2 0.10
ig. 20.

Clearly, the point (0,1) doesnot lie on the graph. Therefore, the function isdiscontinuousat x =0.
Sgnum Function : Thefunction f (X)=sgn(x) (read as Sgnum x) is defined as

1 x<O
f(x)=00, x=0
H1, x>0

Find the left hand limit and right hand limit of the function from its graph given below:

VN y
I I i T T T » X
-3 -2 -1 0 1 2 3

AN —

O -

Fig. 20.11

From the graph, we seethat as x - 0", f(x) -~ 1 andas (x) - 07, f(x) - %

Hence, lim f(x)=1 lim f(x) =4
x-0F X 0

Astheselimitsare not equa, |imf(x)does not exist. Hence f (x) is discontinuous at x =0.
X-0

Greatest Integer Function : Let us consder the function f (X)=[x] where [X] denotes the
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0 x=5

(i) x =1

. Limit and Continuity

grestest integer lessthan or equd to x. Find whether f (x) is continuous a

To solve this, let us take some arbitrary values of x say 1.3, 0.2,-0.2..... By the definition of

greatest integer function,

[1.3] = 1,[1.99] = 1,[2] =2,[0.2] =0, [-0.2] = -1,[-3.1] = - 4, efc.

Ingenerd :
for -3 <x <-2,

for -2 <x <1,
for-1 <x <0,
foro<x<1,

fori< x< 2,

[x]=3
[x]= -2
[x]=-1
[x]=0

[x]=1 and so on.

The graph of the function f (x) = [x] isgivenin Fig. 20.12

(i) From graph

lim f(x) =0, lim f(x) =0, 4
1 1"
Xo— X 5
2 2 4 1+
limf (x)=0 3l
O Xt
2 o4
010 i
Also f [0.5] =0
BEH: i i t t @ t t X
-4 -3 -2 -1 0 3 4
lim f(x) =t %E — %
Thus .
—t) - _2
Hencef (x) is continuous a —_— L _3
X:l - —4
2
(ii) X'LT_f(X) :O’XI'TI (x) =1 Fig. 20.12

Thus |imf(x) doesnot exist.
X-1

Hence, f (X) isdiscontinuous at x = 1.

Note : Thefunction f (X) = [x] isdso known as Step Function.

x-1
lﬁ At what pointsisthefunctionm continuous?
Solution : Here f(x)=x—_1

(x +4)(x-5)
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Thefunction in the numerator i.e,, Xx— 1 is continuous. The function in the demoninator is (x+4)
(x-"5) which is dso continuous.

But f (X) is not defined a the points — 4 and 5.
0 Thefunction f (x) iscontinuous & al points except — 4 and 5 & which it is not defined.

In other words, f (X) is continuous a dl points of its domain.

x2+2x +5

Find the points of diiscontinuiity of the function f (x) = > .
X —8x #2

W (x) isarationd function.
.2 —8X +12

=(x -2)(x 6) iszeroax=2andx=6
0O f(x) isnot defined at x =2 and x = 6.
Also we know that araiond function is continuous a dl points of its domain.
0 f(x) is continuous for al vaues of x except x =2 and X = 6.

gN(0) If f(x)=2x+1, when xz 1 and f(X)=3 when x = 1, show that the function f (x)

& !

-

Ux+3, X#£2
EBX +5, x=2
(c) Determine whether f (x) is continuous a x = 2, where

) If £(x) = , find whether the function f is continuous at x = 2.

f(X)_D4x+3, X<2
_ES—X, X >2
(d) Examinethe continuity of f (x) a x = 1, where
2
f(x)=%X x<1
X +5, x>1

() Determine the values of k so that the function

2
f(x):%(x X< 2 iIscontinuousa X = 2.
3 x>2
2. BExaminethe continuity of the following functions:
@ f(x)gx —2|atx 2 (b)f(x)=|x +5|atx =5
(© f(x)=]la-x]atx =
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MODULE -V x=2| o
Calculus ) f(X)=x—2 ° ax=2

H 1, X=2

@ t)=Fx-a
Notes H 1 X=a

[sindx, x#0
3. If f(x)=
@I FC0=0", " o

@in?x
oIf f)=0 x '  **°
H 7, x=0

ax=0

(c) For what vaue of aisthe function

in5x
F(x) = , xz0 .
-0 3x continuous a x =0 ?
H a, x=0

4, (@) Show that the function f (X) is continuous a x = 2, where

2
B)_( -X-2
f(X):D 2 , for x #2
3 for x=2

(b) Test the continuity of the function f (x) a x = 1, where

2
-4x +3
f(X):D <1 for x#1
H-2 for x =1

(c) For what vaue of k isthe following function continuous a x = 1?

2

-1
f(X) :DX_l
H k  when x=1

when x #1

(d) Discuss the continuity of the function f (x) a x = 2, when

2

-4
f(x):DX_Z ) for x #2
=, X=2
Hﬁ x£0
5 @Iff(x)=0x ' , find whether f is continuous a x = 0.
HO, x =0

| 214 MATHEMATICS



Limit and Continuity

(b) Test the continuity of the function f (x) & the origin.

Bi,xio

where f(x)=0x|
HL, x=0

6.  Find whether the function f (X)=[x] is continuous at

4 2
@x=3 B)x=3  ©x=1 (@ x5
7.  Atwhat pointsisthe function f (x) continuous in each of the following cases ?

2 X—-5 -3
@ 1090= 05 @ O g © 0 F s
2
fx) = X +2X+5
(@) 109 x% —8x +16

dl LET USSUM UP

Symboalicaly, it iswritten as

fimi=1
o f Nimf(x)=¢ and 1img(x) =mthen
0 ltrgkf(x)zkiig\;;zj)zkz
(i) )I(iﬂ[f(x)ig(x)] =)I(i2f(x) J_rxlirgg(x) =( #m

(i) lim [f(x)g(x)] = limf(x)limg(x) = /m

] f limf(x) 0 )
(iv) lim 1) _x~a " _ * provided 1img(x)#0
x-ag(x) limg(x) m X-a
X-a

3 LIMIT OF IMPORTANT FUNCTIONS

x"-a" n-1

() l[im =na (i) )I(i ngsi nx =0
X-a X—a -
i lim cosx =1 - lim SINX ¢
(iif) X0 (iv) Jim =
1 0g(1+x)
X . . log(1+x
v i = Vi lim——~*~=1
v) )|(ILT(])(1+X) —e (Vi) fm —
(vii) Iimex_lzl
x-0 X

If afunction f(x) gpproaches | when x approches a, we say that | is the limit of f (x).
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[ ]
q‘. TERMINAL EXERCISE

Evduate the following limits :

1. lim5 2. lim2
X-1 X—>O
5 2
3 Iim4X6+9);+7 4 lim 3x +22x
x-13x" +x~+1 X= 2x7+ X7 = 2%
(x+k)*-x?  lx -1
5. lim ————— 6. limX>="2 = %
x-0 k(k+2x) x-0 X
01 2 C _ (2x-3x-1
lim + im —
7. xﬁ—lEK+l X2 —1E 8. x-1(2X +3)(x 1)
9 im x2 -4 0 tmBt_ 2
' x- 24X +2 —~[3x 2 © o xeifk-1 xZ-1f
: 2 _ 2
11 lim sinx 12, lim % (a+l)x +a
X-> M—X X-a X2—a2
Find the left hand and right hand limits of the following functions :
. 2
i -1
13.f(x)=D 2 +3I_f X SLasx L1 14 f(x)=-—asx -1
EBX—S if x >1 |x+1]
Evduate the following limits :
jjm X *1 jim 122 lim X=2
15'x_.1_ x+1 "xo2t X=2 17. x_2" 1X=2]

2
18.1f t(x)=X*2A” =4 provethat limf (x) = 4though f (0) is not defined,
X el

i limf (x) i ()= 2X=2
19. Findk sothat _ 'MT{(X)may exist where _%x+k,x>2

_sin7x . X+ex-2L
20. Evauate lim 21. Evauate lIm B————10
x>0 2X x-07 X g

MATHEMATICS



Limit and Continuity

22. Evaduate lim 1-cos3x 23.Find the vdue of jjm SN2 +3X IvlgDIULIE-V
' x-0  x? ' x- 02X +5sin3x alculus
. TIX . sin50
24. Evaluate lim(1-x)tan— 25, Evauate lim
X1 2 6-0tan80
Examine the continuity of the following : Notes
f(x)D'+3X if x>-1
26. 3 2if x<-1
ax=-1
E,%—x,o <X <—
g
27 =0 Z.x==
' o 2" 2
B i laa
H2
a X:l
2

28. For what vdue of k, will the function

2 _
f(X)zE‘lxi:LGifX¢4

Ux-4
H kifx=4

be continuousat x =4 ?

29. Determine the points of discontinuty, if any, of the following functions:

2 2

X“+3 4x“ +3x+5

- b -
(a) x2+x+l () x2—2x +1

2

X~ +x+1 4_16, x#2
b S f(x) = !
(b) x2-3x (@ 1(x) ?16, X=2

Einx
30. Show that thefunction f(x) =+ ¢S X# 0 iscontinuousat x =0
H 2 x=0

31. Determine the value of ‘a, S0 that the function f (x) defined by

facosx T
o <7 2
f(x) =" 2X 2

D5x=E
g - 2

IS continuous.
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I ANSWERS
CHECK YOUR PROGRESS 20.1
1. (@17 (b) 7 ©0 d 2
(©- 4 8
2 @0 6 ©O=  @F @6
M-10 @3 0 2
3 @3 ®) ©4 @
1 1 1
“ @3 O35 O35 @2 ©
5. (a) Doesnot exist (b) Does not exist
6. @ 0 (b)% (c) doesnot exist
7. (AL-2 (b)1 (© 19
8. a=-2
10. limit doesnot exist
CHECK YOUR PROGRESS 20.2
& -1
L @2 O
2 @2 (0) e
1 a
3 @2 ® I © o @2
L @3 ()0 ©4 @3
2 1
5. @2 (b)2 © 5
6. (al ()5 (© 0
ANCE (6 © -5
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CHECK YOUR PROGRESS 20.3
1.  (a Continuous (b) Continuous
(¢) Continuous  (d) Continuous

14
5 (@p=3 (b)a=4 () b=3
CHECK YOUR PROGRESS 20.4
2. () Continuous
(b) Discontinuous at x = 2
(c) Discontinuous @ x = -3
(d) Discontinuous a x = 4
CHECK YOUR PROGRESS 20.5
1.  (b) Continuous (c) Discontinuous
(d) Discontinuous (e) k =§
2 (@ Continuous (c) Continuous,
(d) Discontinuous (e) Discontinuous
3 (a) Discontinuous (b) Continuous (c)g
4 (b) Continuous k=2
(d) Discontinuous
5. () Discontinuous (b) Discontinuous
6 (& Continuous (b) Discontinuous
(c) Discontinuous (d) Continuous
7. (3 All red number except 1 and 4
(b) All red numbers except —2 and 3
(c) All red number except —6 and 1
(d) All real numbers except 4
TERMINAL EXERCISE
15 2. 2 3.4 4. —%
2 _1 1
5. 6. 1 7. > 8. 0
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MODULE -V 9 10 1 11 12 a-1
Calculus -8 "2 ' " a
13.1-2 14. -2,2 15. 1 16.1
7
\) 17. 1 19. k=8 20. 2 21.1
Not
= 2.2 23.1 24. 2 25. 2
2 T 8
26. Discontinuous 27. Discontinuous
29. (a) No ) x=1
(© x=1, x=2 (d) x=2
31.10
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