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Introduction 

1.1 What’s it about 

This is a book about the Mechanics of Solids, Statics, the Strength of Materials, 

and Elasticity Theory. But that doesn’t mean a thing unless you have had a course 

in the Mechanics of Solids, Statics, the Strength of Materials, or Elasticity The-

ory. I assume you have not; let us try again: 

This is a book that builds upon what you were supposed to learn in your basic 

physics and mathematics courses last year. We will talk about forces – not politi-

cal, but vector forces – about moments and torques, reactions, displacements, lin-

ear springs, and the requirements of static equilibrium of a particle or a rigid 

body. We will solve sets of linear algebraic equations and talk about when we can 

not find a unique solution to a set of linear algebraic equations. We will derive a 

whole raft of new equations that apply to particles, bodies, structures, and mecha-

nisms; these will often contain the spatial derivatives of forces, moments, and dis-

placements. You have seen a good bit of the basic stuff of this course before, but 

we will not assume you know the way to talk about, or work with, these concepts, 

principles, and methods so fundamental to our subject. So we will recast the 

basics in our own language, the language of engineering mechanics. 

For the moment, think of this book as a language text; of yourself as a lan-

guage student beginning the study of Engineering Mechanics, the Mechanics of 

Solids, the Strength of Materials, and Elasticity Theory. You must learn the lan-

guage if you aspire to be an engineer. But this is a difficult language to learn, 

unlike any other foreign language you have learned. It is difficult because, on the 

surface, it appears to be a language you already know. That is deceptive: You will 

have to be on guard, careful not to presume the word you have heard before bears 

the same meaning. Words and phrases you have already encountered now take on 

a more special and, in most cases, narrower meaning; a couple of forces is more 

than just two forces. 

An important part of learning the vocabulary, is the quick sketch. Along with 

learning to sketch in the engineering mechanics way, you will have to learn the 

meaning of certain icons; a small circle, for example, becomes a frictionless pin. 

So too, grammar and syntax will be crucial. Rigorous rules must be learned and 

obeyed. Some of these rules will at first seem pedantic; they may strike you as not 

only irrelevant to solving the problem, but wrong-headed or counter intuitive. But 

don’t despair; with use they will become familiar and reliable friends. 

When you become able to speak and respond in a foreign language without 

thinking of every word, you start to see the world around you from a new perspec-
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tive. What was once a curiosity now is mundane and used everyday, often without 

thinking. So too, in this course, you will look at a tree and see its limbs as cantile-

ver beams, you will look at a beam and see an internal bending moment, you will 

look at a bending moment and conjecture a stress distribution. You will also be 

asked to be creative in the use of this new language, to model, to estimate, to 

design. 

That’s the goal: To get you seeing the world from the perspective of an engi-

neer responsible for making sure that the structure does not fail, that the mecha-

nism doesn’t make too much noise, that the bridge doesn’t sway in the wind, that 

the latch latches firmly, the landing gear do not collapse upon touchdown, the 

drive-shaft does not fracture in fatigue... Ultimately, that is what this book is 

about. Along the way you will learn about stress, strain, the behavior of trusses, 

beams, of shafts that carry torsion, even columns that may buckle. 

1.2 What you will be doing. 

The best way to learn a foreign language is from birth; but then it’s no longer a 

foreign language. The next best way to learn a new language is to use it – speak it, 

read it, listen to it on audio tapes, watch it on television; better yet, go to the land 

where it is the language in use and use it to buy a loaf of bread, get a hotel room 

for the night, ask to find the nearest post office, or if you are really proficient, 

make a telephone call. So too in the Mechanics of Solids, we insist you begin to 

use the language. 

Doing problems and exercises, taking quizzes and the final, is using the lan-

guage. This book contains mostly exercises explained as well as exercises for you 

to tackle. There are different kinds of exercises, different kinds for the different 

contexts of language use. 

Sometimes an engineer will be asked a question and a response will be 

expected in five minutes. You will not have time to go to the library, access a data-

base, check this textbook. You must estimate, conjure up a rational response on 

the spot. “....How many piano tuners in the city of Chicago?” (Try it)! Some of the 

exercises that follow will be labeled estimate. 

Often practicing engineers must ask what they need to know in order to tackle 

the task they have been assigned. So too we will ask you to step back from a prob-

lem and pose a new problem that will help you address the original problem. We 

will label these exercises need to know. 

A good bit of engineering work is variation on a theme, changing things 

around, recasting a story line, and putting it into your own language for produc-

tive and profitable use. Doing this requires experimentation, not just with hard-

ware, but with concepts and existing designs. One poses “what if we make this 

strut out of aluminum... go to a cantilever support... pick up the load in bending?” 

We will label this kind of exercise what if? 
Engineering analysis (as well as prototype testing and market studies) is what 

justifies engineering designs. As an engineer you will be asked to show that your 
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design will actually work. More specifically, in the terms of this subject, you will 

be asked to show the requirements of static equilibrium ensure your proposed 

structure will bear the anticipated loading, that the maximum deflection of simply 

supported beam at midspan does not exceed the value specified in the contract, 

that the lowest resonant frequency of the payload is above 100 Hz. The show that. 
label indicates a problem where a full analysis is demanded. Most often this kind 

of problem will admit of a single solution – in contrast to the estimate, need to 
know, or even  what if exercise. This is the form of the traditional textbook prob-

lem set. 

Closely related to show that exercises, you will be asked to construct a 

response to questions, as in “construct an explanation explaining why the beam 

failed”, or “construct an expression for the force in member ab”. We could have 

used the ordinary language, “explain” or “derive” in these instances but I want to 

emphasize the initiative you, as learner, must take in explaining or deriving. Here, 

too, construct better reflects what engineers actually do at work. 

Finally, what engineers do most of the time is design, design in the broadest 

sense of the term; they play out scenarios of things working, construct stories and 

plans that inform others how to make things that will work according to their 

plans. These design exercises are the most open-ended and unconstrained exer-

cises you will find in this text. We will have more to say about them later. 

In working all of these different kinds of exercises, we want you to use the lan-

guage with others. Your one-on-one confrontation with a problem set or an exam 

question can be an intense dialogue but it’s not full use of the language. Your abil-

ity to speak and think in the language of engineering mechanics is best developed 

through dialogue with your peers, your tutors, and your teacher. We encourage 

you to learn from your classmates, to collectively learn from each other’s mis-

takes and questions as well as problem-solving abilities. 

Exercise 1.1 An Introductory Exercise 

Analyse the behavior of the mechanism shown in the figure. That is, deter-
mine how the deflection, ∆, of point B varies as the load, P, varies. 
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This exercise is intended to introduce the essential concepts and principles of the 

engineering mechanics of solids. It is meant as an overview; do not be disturbed 

by the variety of concepts or range of vocabulary. We will try to grasp the essen-

tial workings of the device and begin to see the relevance of the concepts and 

principles of engineering mechanics to an understanding of how it functions and 

how it might be made to work better 

We will apply the requirements of static equilibrium. We will analyze the dis-
placements of different points of the structure, e.g., the vertical displacement of 

point B and the horizontal displacements of points A and C, and make sure these 

are compatible. We will consider the deformation of the springs which connect 

points A and C to ground and posit a relationship between the force each one 

bears and the relative displacement of one end with respect to the other end. We 

will assume this force/deformation relationship is linear. 
We will learn to read the figure; k is the constant of proportionality in the 

equation relating the force in the spring to its deformation; the little circles are 

frictionless pins, members AB and BC are two-force members — as straight mem-

bers they carry only tension and compression. The grey shading represents rigid 
ground. The arrow represents a vertically applied load whose magnitude is “P”. 

Our aim is to determine the behavior of the structure as the applied load 

increases from zero to some or any finite value. In particular, we want to deter-

mine how ∆ varies as P changes. We will use a spread sheet to make a graph of 

this relationship — but only after setting up the problem in terms of non-dimen-
sional expressions for the applied load, P, the vertical displacement, ∆, and the 

horizontal displacement, u. We will allow for relatively large displacements and 
rotations. We will investigate the possibility of snap-through, a type of instability, 
if P gets too large. In sum, our objective is to determine how the applied load P 
varies with ∆, or, alternatively, for any prescribed ∆, what P need be applied? 

We will discuss how this funny looking linkage of impossible parts (friction-

less pins, rollers, rigid grey matter, point loads, ever linear springs) can be a use-

ful model of real-world structures. There is much to be said; all of this italicized 

language important. 

We start by reasoning thus: 

Clearly the vertical displacement, ∆, is related to the horizontal displacements 

of points A and C; as these points move outward, point B moves downward. We 

assume our system is symmetric; the figure suggests this; if A moves out a dis-

tance u, C displaces to the right the same distance. Note: Both u and ∆ are mea-

sured from the undeformed or unloaded configuration, P, ∆ = 0 . (This 

undeformend configuration is indicated by the dashed lines and the angle Θ0 ). As  

P increases, ∆ increases and so too u which causes the springs to shorten. This 

engenders a compressive force in the springs and in the members AB and BC, 

albeit of a different magnitude, which in turn, ensures static equilibrium of the 

system and every point within it including the node B where the load P is applied. 

But enough talk; enough story telling. We formulate some equations and try to 

solve them. 
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Static Equilibrium of Node B. 

The figure at the right shows an isola-

B 

Ption of node B. It is a free body diagram; 

i.e., the node has been cut free of all that 

surrounds it and the influence of those sur-

roundings have been represented by forces. 
FThe node is compressed by the force, F, 

F 
Θcarried by the members AB and BC. We Θ 

defer a proof that the force must act along 

the member to a later date. 

Equilibrium requires that the resultant force on the node vanish; symmetry, 

with respect to a vertical plane containing P and perpendicular to the page, 

assures this requirement is satisfied in the horizontal direction; equilibrium in the 

vertical direction gives: 

2F ⋅ sin θ – P = 0	 or  F = P ⁄ (2 sin θ) 

Static Equilibrium of Node C. 

F	 The figure at the right shows an isolation of 

node C. Note how I have drawn F in this isola-

Θ fs tion acting opposite to the direction of F shown 

in the isolation of node B. This is because 

member BC is in compression. The member is 

compressing node C as it is compressing node 

C 

B. R is the reaction force on the node due to the R 
ground. It is vertical since the rollers signify 

that there is no resistance to motion in the hori-

zontal direction; there is no friction. fs is the compressive force in the spring, 

again, pressing on the node C. 

Equilibrium requires that the resultant of the three forces vanish. Requiring 

that the sum of the horizontal components and that the sum of the vertical compo-

nents vanish independently will ensure that the vector sum, which is the resultant, 

will vanish. This yields two scalar equations: 

F ⋅ cos θ – f = 0 and R F  ⋅ sin θ = 0– s 

The first ensures equilibrium in the horizontal direction, the second, in the vertical direc
tion. 

Force/Deformation of the spring: 

For our linear spring, we can write: 

f = k u⋅ s 

The force is proportional to deformation. 
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Compatibility of Deformation: 

∆ and Θ are not independent; you can not choose one arbitrarily, then the other 

arbitrarily. The first figure indicates that, if members AB and BC remain continu-

ousand rigid1, we have 

u = L( cos θ – cos θ0 ) 

But we want ∆, ultimately. Another compatibility relationship is seen to be 

∆ = L( sin θ0 – sin θ) 

Solution: The relation between P and ∆. 

From equilibrium of node B we have an equation for F, the compressive force 

in members AB and BC in terms of P and θ; Using our result obtained from equi-

librium of node C, we can express the force in the spring, fs in terms of P and θ. 
f = (P ⁄ 2)( cos θ ⁄ sin θ)s 

From the force/deformation relationship for the spring we express, u, the dis-

placement of the node C (and A) in terms of fs, and, using the immediately above, 

in terms of P and θ. 
u = f ⁄ k = (P ⁄ 2k )( cos θ ⁄ sin θ)s 

The first compatibility relationship then allows us to write 

(P ⁄ 2kL) = sin θ ⋅ (1 – cos θ0 ⁄ cos θ) 

while the second may be written in non-dimensional form as 

∆ ⁄ L = sin θ0 – sin θ 

We could at this point try to eliminate theta; but this is unnecessary. This parametric form 
of the relationship between P and ∆ will suffice. Theta serves as an intermediary - a 
parameter whose value we can choose - guided by our sketch of the geometry of our struc
ture. For each value of theta, the above two equations then fix the value of the vertical dis
placement and the applied load. A spread sheet is an appropriate tool for carrying out a 
sequence of such calculations and for constructing a graph of the way P varies with ∆, 
which is our objective. This is left as an exercise for the reader. 

1. They neither lengthen nor contract when loaded. 
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1.3 Resources you may use. 

A textbook is only one resource available to you in learning a new language. The 

exercises are another, pehaps the most important other resource you have avail-

able. Still others are the interactive short simulations – computer representations 

of specific problems or phenomena – made available to you over the web. You 

will find there as well more sophisticated and generally applicable tools which 

will enable you to model truss and frame structures - structures which have many 

members. Another more standard and commonly available tool is the spreadsheet. 

You will find all these modeling tools to be essential and powerful aids when con-

fronted with an open-ended design exercise where the emphasis is on what if and 

show that. 
Another resource to you is your peers. We expect you to learn from your class-

mates, to collaborate with them in figuring out how to set up a problem, how to 

use a spreadsheet, where on the web to find a useful reference. Often you will be 

asked to work in groups of two or three, in class - especially when a design exer-

cise is on the table - to help formulate a specification and flesh out the context of 

the exercise.  Yet your work is to be your own. 
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1.4 Problems 

1.1 Without evaluating specific numbers, sketch what you think a plot of the 

load P - in nondimensional form - (P/2kL) versus the displacement, (∆/L) will 

look like for the Introductory Exercise above. Consider θ to vary over the interval

Θ0 ≥ Θ ≥ –Θ0 . 

Now compute, using a spread sheet, values for load and displacement and plot 

over the same range of the parameter Θ. 
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Static Equilibrium Force and Moment 

2.1 Concept of Force 

Equilibrium of a Particle 

You are standing in an elevator, ascending at a constant velocity, what is 
the resultant force acting on you as a particle? 

The correct response is zero: For a particle at rest, or moving with constant 
velocity relative to an inertial frame, the resultant force acting on the isolated 
particle must be zero, must vanish. We usually attribute this to the unquestion-

able authority of Newton. 

The essential phrases in the question are constant velocity, resultant force and 

particle. Other words like “standing”, “elevator”, “ascending”, and “you” seem 

less important, even distracting, but they are there for a reason: The world that 

you as an engineer will analyze, re-design, and systematize is filled with people 

and elevators, not isolated particles, velocity vectors, or resultant forces — or at 

least, not at first sight. The latter concepts are abstractions which you must learn 

to identify in the world around you in order to work effectively as an engineer, 

e.g., in order to design an elevator. The problems that appear in engineering text 

books are a kind of middle ground between abstract theory and everyday reality. 

We want you to learn to read and see through the superficial appearances, these 

descriptions which mask certain scientific concepts and principles, in order to 

grasp and appropriate the underlying forms that provide the basis for engineering 

analysis and design. 

The key phrase in Newton’s requirement is isolated particle: It is absolutely 

essential that you learn to abstract out of the problem statement and all of its rele-

vant and irrelevant words and phrases, a vision of a particle as a point free in 

space. It’s best to render this vision, this abstraction “hard” by drawing it on a 

clean sheet of paper. Here is how it would look.

R 
   An Isolated Particle: W 

 You, in an elevator.

 An Isolated Particle 
All Forces Acting 
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This is a non-trivial step, akin to a one month old’s apprehension that there are 

other egos in the world. You are to take the dot drawn as the representation of a 

thing, all things, that can be thought of as an isolated particle. 

Now show all the forces acting on the particle. We have the force due to grav-

ity, W=Mg, acting vertically down, toward the center of the earth.... (Who said the 

elevator was oriented vertically? Who said it was on the surface of the earth? This 

information is not given; indeed, you could press the point, arguing that the ques-

tion is not well posed. But is this information essential? We return to this point at 

the end of this chapter). We have the reaction force of the elevator floor acting 

vertically upward on you, on you as an abstraction, as an isolated particle. This is 

how our particle looks with all forces acting upon it. 

The resultant force is the vector sum of all the forces acting on the isolated 

particle. For static equilibrium of the isolated particle, the resultant of the two 

forces – W acting downward and R acting upward – must be zero. 

–R W = 0 
This leads to the not very earth shaking conclusion that the magnitude of the 

reaction force, acting up, must equal the weight. 

R = W 
This apparently trivial result and simplicity of the problem, if indeed it can be 

called a problem, ought not to be allowed to deceive us: The introduction of the 

reaction of the floor on you, the passenger in the elevator, is characteristic of the 

most difficult step in applying the requirement of static equilibrium to an isolated 

particle. You will find it takes courage, as well as facility with the language of 

engineering mechanics, to venture forth and construct reaction forces out of thin 

air. They are there, hidden at the interface of your particle with the rest of the 

world. Some, like gravity, act at a distance, across all boundaries you may draw. 

Exercise 2.1 

Estimate the lift force acting on the wings of a Boeing 747 traveling from 
New York to Los Angeles during rush hour. 

We can use the same isolation, or free-body diagram, of the figures above 

where now the point represents the Boeing 747, rather than you in an elevator, and 

the reaction force represents the lift force acting on the airplane, rather than the 

force acting on you at your interface with the elevator floor. From the requirement 

of static equilibrium, (we implicitly acknowledge that the 747 is moving with con-

stant velocity), we conclude that lift force is equal to the weight, so to estimate the 

lift force we estimate the weight. Constructing this argument is half the problem. 

Now the other half: To estimate the weight we can guess... 100 tons? (More than 

10 tons; we have heard of a 10 ton truck). But perhaps we can do better by slic-

ing up the total weight, and try to estimate its ingredients. Passengers: How many 

passengers? I estimate 500. (More than 100, less than 1000). Then 

weight ⁄ passenger ≈ 250( pounds) 
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where I’ve thrown in an estimate of the weight of passenger luggage. This gives a contri
bution of 

500 × 250= 125 ⋅ 103( pounds) 

Structural weight: Let’s focus on the weight of the fuselage and the weight of 

the wings... I imagine the fuselage to be a thin, circular cylinder– a tin can, an alu-

minum can, a big aluminum can. How big? How long, what diameter, what thick-

ness? I will build up upon my estimate of number of passengers and my memory 

of seating arrangements in the big plane. I estimate 10 or 12 seats across, add 

another two seats for the two aisles, and taking seat width as two feet, I obtain a 

cylinder diameter of 

14 × 2= 28 ( feet) 

I will round that up to 30 feet. Length: With 14 passengers per row and 500 

passengers on board, and taking row pitch as 3 feet/row, I estimate total row 

length to be 

3 × 500 ⁄ 14= 100( feet) 

That seems low. But other spaces must be accounted for. For example, galleys 

and restrooms, (another 40 feet?), and the pilot’s compartment, (20 feet), the tail 

section (20 feet). Altogether then I estimate the length to be 180 feet. Thickness: I 

estimate 1/2 inch. Now I need a density, a weight density. Water is 62.4 pounds 

per cubic foot. The specific gravity of aluminum is what? I guess it to be 8. My 

estimate of fuselage weight is then the volume of the thin cylinder times the 

weight density. The volume is the circumference times the thickness – a good 

approximation when the thickness is small relative to the diameter – times the 

length. I obtain 

× ,π × 30 × 180 × ( 1 ⁄ 2) × (1 ft ⁄ 12in) × 8 62  4  ≈ 350 ⋅ 10 3( pounds) 

Flooring and equipment and cosmetic structure will add more. I add another 

20-25% and bring this up to 

420 ⋅ 10 3( pounds) 

The wings and engines come next: Here again we estimate the volume of wing 

material, now taking the wing as the equivalent of two thin sheets of aluminum. 

Wing length, tip to tip, as approximately the fuselage length, 180 feet. Wing 

breadth, or mean cord length we take as 20 feet, (the wing tapers as you move out 

from the fuselage to the tips of the wings) and the thickness again as .5inches. The 

product of volume and weight density is then, noting that it take two such sheets 

to make the tip-to-tip wing 

⁄ × ,2 × 180 × 20 × (1 ⁄ 2) × (1 12  ) × 8 62  4  ≈ 150 ⋅ 10 3( pounds) 
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I throw in another 50,000 pounds for the motors and the tail (plus stabilizers) 

and so estimate the total structural weight to be 

620 ⋅ 10 3( pounds) 

Fuel: How much does the fuel weigh? The wings hold the fuel. I estimate the 

total volume enclosed by the wings to be the wing area times 1 foot. I take the 

density of fuel to be the same as water, 62.4 pounds per cubic foot. The total 

weight of the fuel is then estimated to be 

,2 × 180 × 20 × 1 × 62 4 ≈ 450 ⋅ 10 3( pounds) 

This looks too big. I can rationalize a smaller number citing the taper of the 

wing in its thickness as I move from the fuselage out to wing tip. I cut this esti-

mate in half, not knowing anything more than that the tip volume must be near 

zero. So my fuel weight estimate is now 

250 ⋅ 10 3( pounds) 

All together then I estimate the lift force on a Boeing 747 at rush hour (fully 

loaded) to be 

970 ⋅ 10 3pounds or approximately 500 tons. 

Is this estimate correct? Is it the right answer? Do I get an A? That depends 

upon the criteria used to differentiate right from wrong. Certainly we must allow 

for more than one numerical answer since there is no one numerical answer. If we 

admit a range, say of 20% either up or down, I may or may not pass. If we accept 

anything within a factor of 2, I am more confident, even willing to place a bet at 2 

to 1 odds, that I am in the right. But go check it out: Jane’s All the World’s Air
craft will serve as a resource. 

Is the method correct? The criteria here are more certain: In the first place, it is 

essential that I identify the lift force as the weight. Without this conceptual leap, 

without an abstraction of the plane as a particle, I am blocked at the start. This is a 

nontrivial and potentially argumentative step. More about that later. 

Second, my method is more than a guess. It has a rationale, based upon a dis-

section of the question into pieces – passenger weight, structural weight, fuel 

weight – each of which in turn I might guess. But, again, I can do better: I dissect 

the passenger weight into a sum of individual weights. Here now I am on firmer 

ground, able to construct an estimate more easily and with confidence because an 

individual’s weight is close at hand. So too with the structural and fuel weight; I 

reduce the question to simpler, more familiar terms and quantities. Fuel is like 

water in weight. The fuselage is a big aluminum can of football field dimensions. 

Here I have made a significant mistake in taking the specific gravity of aluminum as 8, which is that for steel. I 
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ought to have halved that factor, better yet, taken it as 3. My total estimate changes but not by a factor of 2. The 

method remains correct. 

Is this the only method, the only route to a rational estimate? No. A freshman 

thought of the weight of a school bus, fully loaded with forty passengers, and 

scaled up this piece. A graduate student estimated the lift force directly by consid-

ering the change in momentum of the airstream (free stream velocity equal to the 

cruising speed of the 747) as it went over the wing. There are alternative routes to 

follow in constructing an estimate; there is no unique single right method as there 

is no unique, single right number. This does not mean that there are no wrong 

methods and estimates or that some methods are not better than others. 

Often you will not be able to develop a feel for the ingredients of an estimate 

or the behavior of a system, often because of a disjunction between the scale of 

things in your experience and the scale of the problem at hand. If that be the case, 

try to breakdown the system into pieces of a more familiar scale, building an asso-

ciation with things you do have some feel for. More seriously, the dictates of the 

fundamental principles of static equilibrium might run counter to your expecta-

tions. If this is the case, stick with it. In time what at first seems counter-intuitive 

will become familiar. 

Exercise 2.2

 What do you need to know to determine the force in cables AB and BC? 

W 

A C 

B 

•	 You need to know that the cables support only tension. A cable is not able 
to support compression nor does it offer any resistance to bending. Web-
ster’s New Collegiate Dictionary notes the “great tensile strength” of a 
cable but says nothing about bending or compression. The cable’s inability 
to support other than tension is critical to our understanding, our vocabu
lary. Bending itself will require definition... in time. 

•	  You need to know the weight of the block. 

•	  You need to know the angles AB and BC each make with the horizontal. 
(I will call them ΘA and Θ B). That’s what you need to know. 
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•  You also must know how to isolate the system as a particle and you 
must know the laws of static equilibrium for an isolated particle. 

•	  Less apparent, you must presume that the force on the block due to grav
ity acts vertically downward — the convention in this textbook. 

That is the answer to this need to know problem. 

Now, you might ask me how do I know when to stop; how do I know when I 

don’t need to know anymore? For example, how do I know I don’t need to know 

the length of the cables or what material they are made from? 

I know from solving this kind of problem before; you will learn when to stop in 

the same way – by working similar problems. I know too that the materials and 

lengths of the cables can be essential ingredients in the response to other ques-

tions about this simple system...e.g., if I were to ask How much does the point B 
drop when the block is hooked up to the cables? But that question wasn’t asked. 

Perhaps the best way to decide if you know enough is to try to solve the prob-

lem, to construct an answer to the question. Thus: 

Exercise 2.3 

Show that the forces in cable AB and BC are given by 

FC = W cos θA ⁄ sin (θA + θC ) and F A = W cos θC ⁄ sin (θA + θC ) 

We first isolate the system, making it a particle. Point B, where the line of 
action of the weight vector intersects with the lines of action of the tensions in the 

cables becomes our particle. 

The three force vectors FA, FC and 

W then must sum to zero for static 

θCθA 

FA 

x

y 

FC 

equilibrium. Or again, the resultant 
force on the isolated particle must 
vanish. We meet this condition on the 

vector sum by insisting that two scalar 
sums – the sum of the horizontal (or x) 

components and the sum of the verti-

cal (or y) components – vanish inde- W 
pendently. For the sum of the x 
components we have, taking positive x as positive: 

–F A cos θA + FC cos θC = 0 

and for the sum of the y components, F A sin θA + FC sin θC – W = 0 

A bit of conventional syntax is illustrated here in setting the sums to zero 

rather than doing otherwise, i.e., in the second equation, setting the sum of the two 

vertical components of the forces in the cables equal to the weight. Ignoring this 

apparently trivial convention can lead to disastrous results, at least early on in 
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learning one’s way in Engineering Mechanics. The convention brings to the fore 
the necessity of isolating a particle before applying the equilibrium requirement. 

We see that what we need to know to determine the force in cable AB and in 

cable BC are the angles θA and θC and the weight of the block, W. These are the 

givens; the magnitudes of the two forces, FA and FC are our two scalar unknowns. 

We read the above then as two scalar equations in two scalar unknowns. We have 

reduced the problem ... show that... to a task in elementary algebra. To proceed 

requires a certain versatility in this more rarefied language. 

There are various ways to proceed at this point. I can multiply the first equa-

tion by sinθA, the second by cosθA and add the two to obtain 

FC ⋅ ( sin θA ⋅ cos θC + sin θC ⋅ cos θA ) = W cos θA 

Making use of an appropriate trigonometric identity, we can write:1 

FC = W ⋅ cos θA ⁄ sin (θA + θC ) 

Similarly, we find: 

F A = W ⋅ cos θC ⁄ sin (θA + θC ) 

And thus we have shown what was asked to be shown. We have an answer, a 

unique answer in the sense that it is the only acceptable answer to the problem as 

stated, an answer that would merit full credit. But it is also an answer that has 

some depth, richness, a thick answer in that we can go beyond show that to show 
and tell and tease out of our result several interesting features. 

•	 First, note that the derived equations are dimensionally correct. Both sides 
have the same units, that of force (or ML/T2). In fact, we could easily 
obtain non-dimensional expressions for the cable tensions by dividing by 
the weight W. This linear relationship between the unknown forces in the 
cables and the applied load W will characterize most all of our discourse. 
It is a critical feature of our work in that it simplifies our task: If your boss 
asks you what will happen if some idiot accidentally doubles the weight 
hanging from the cables, you simply respond that the tensions in the 
cables will double.As always, there are caveats: We must assure ourselves first that the 

cables do not deform to any significant degree under double the weight. If they do then the 

angle θA and θC might change so a factor of 2.0 might not be quite exact. Of course if the 

cables break all bets are off. 

1.	 This is an example of textbook rhetoric cryptically indicating a skipped step in the analysis. The author’s pre-
sumption is that you, the reader, can easily recognize what’s been left out. The problem is that it takes time, 
sometimes a long time, to figure out the missing step, certainly more time than it takes to read the sentence. If 
you are befuddled, an appropriate response then is to take some time out to verify the step. 
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•	 Second, note that the more vertically oriented of the two cables, the cable 
with its θ closer to a right angle, experiences the greater of the two ten
sions; we say it carries the greatest load. 

•	 Third, note that the tension in the cables can be greater than the weight of 
the suspended body. The denominator sin(θA + θC) can become very small, 
approaching zero as the sum of the two angles approaches zero. The 
numerators, on the other hand, remain finite; cosθ approaches 1.0 as θ 
approaches 0. Indeed, the maximum tension can become a factor of 10 or 
100 or 1000... whatever you like... times the weight. 

•	 Fourth, note the symmetry of the system when θA is set equal to θC. In this 
case the tensions in the two cables are equal, a result you might have 
guessed, or should have been able to claim, from looking at the figure with 
the angles set equal.2 

•	 Fifth, if both angles approach a right angle, i.e., θA → π/2 and θC→ π/2, 
we have the opportunity to use “L’Hospital’s rule”. In this case we 
have

FC = F A = lim (W cos θ ⁄ sin 2θ) = lim (–W sin θ ⁄ 2 cos 2θ) = W ⁄ 2 
θ → π ⁄ 2	 θ → π ⁄ 2 

so each cable picks up half the weight. 

Other observations are possible: What if one of the angles is negative? What if 

a bird sits on a telephone wire? Or we might consider the graphical representation 

of the three vectors in equilibrium, as in the following: 

The figure below shows how you can proceed from knowing magnitude and 

direction of the weight vector and the directions of the lines of action of the forces 

in the two cables to full knowledge of the cable force vectors, i.e., their magni-

tudes as well as directions. The figure in the middle shows the directions of the 

lines of action of the two cable forces but the line of action of the force in cable 

AB, inclined at an angle θA to the horizontal, has been displaced downward. 

FA 

FC

 W W 

θA 

θA 

θC 

θC 

W 

2.	 Buridan, a medieval scholar in Mechanics would have cited the Principle of Sufficient Reason in explaining 
how the forces must be equal for the symmetric configuration. There is no reason why one or the other cable 
tensions should be greater or less than the other. Buridan’s ass, confronting two symmetrically placed bales 
of hay in front of his nose, starved to death. There was no sufficient reason to go left or right, so the story 
goes. 
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The figure at the far right shows the vectors summing to zero, that is, in vector 

notation we have: 

FA + FC + W = 0 

While the two scalar equations previously derived in answering the show that 
challenge do not spring immediately from the figure, the relative magnitudes of 

the cable tensions are clearly shown in the figure at the far right. 

•	  Graphical and algebraic, or analytic, constructions and readings of prob
lems are complementary. Both should be pursued if possible; beyond two 
dimensions, however, graphical interpretations are difficult. 

•	 Finally, note how the problem would have differed if the weight W and the 
angles θ and θ

C 
were stated as numbers, e.g., 100 pounds, 30 degrees, 60 

A 
degrees. The setting-up of the problem would have gone much the same 
but the solution would be thin soup indeed – two numbers, 50 pounds and 
87.6 pounds, and that’s about it; no opportunity for real thought, no occa
sion for learning about medieval scholars thoughts about sufficient reason
ing, for conjecturing about birds on telegraph wires or applying 
L’Hospital’s rule; it would be an exercise meriting little more than the 
crankings of a computer. 

Resultant Force 

We have used the phrase resultant in stating the requirement for static equilib-

rium of an isolated particle – the resultant of all forces acting on the isolated par-

ticle must vanish. Often we use resultant to mean the vector sum of a subset of 

forces acting on a particle or body, rather than the vector sum of all such forces. 

For example, we can say “the resultant of the two cable tensions, F and F
C 

acting
A 

at point B in Exercise 2.3 is the force vector -W”. The resultant is constructed 

using the so called parallelogram law for vector addition as illustrated in the fig-

ure. F + F can then be read as -W, the vector equal in magnitude to the weight 
A C 

vector W but oppositely directed. 

θ
C 

W W W

 FC 

FA + FC 

θ
A 

FA 
= - W 
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We can also speak of a single force 

F 
x 

F 
z 
. 

F 

y

z 
k 

vector as being the resultant of its compo-

nents, usually its three mutually perpen- j
dicular (or orthogonal) rectangular, 

cartesian components. In the figure, the 

vector F has components F , F and F . 
x y z 

The latter three mutually perpendicular 

vectors are usefully written as the product 
x

of a scalar magnitude and a unit vector F 
y

indicating the direction of the vector com-

ponent. The three unit vectors are often indicated by i, j and k and that is the con-

vention we will follow in this text. 

The vector resultant or sum can be written out as 

=F Fx + Fy + Fz 

or, equivalently 

F = F i + Fy j + F kx z

Note the convention for designating a vector quantity using bold face. This is 

the convention we follow in the text. In lecture it is difficult to write with chalk in 

bold face. It is also difficult for you to do so on your homework and exams. In 

these instances we will use the convention of placing a bar (or twiddle) over or 

under the letter to indicate it is a vector quantity. 

Exercise 2.4 

For each of the three force systems shown below, estimate the magnitude of 
the resultant, of F

1 
and F . What is the direction of the resultant in each 

2


case?


F1F1 
F2 

F2 

θθ 

θ 

F1 

F2 

θ 

θ 

10N 

10N 

10N 

10N 

10N10N 
θ 

For the force system at the left, the vertical component of the resultant force 

must be zero since the vertical components of the two forces are equal but one is 

positive (upward) and the other negative (downward). The symmetry with respect 

to the horizontal also leads to the result that the horizontal component of the 

resultant will be the sum of the two (equal) horizontal components of the two 
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forces. I estimate this sum to be 8 Newtons since the angle θ looks to be something 

less than 30
o
. The resultant is directed horizontally to the right. 

For the system in the middle, the resultant is zero since the two forces are 

equal but oppositely directed. If we were concerned with the static equilibrium of 

these three systems, only this system would be in equilibrium. 

F1 

F2 

θ 

θ 

~ (2 *4N) 

F1F2 θ 

~ (2 *8 or9N) 

F = F1 + F2 

θF = F1 + F2 

For the system at the far right, with the two forces symmetric with respect to 

the vertical, we now have that the horizontal component of the resultant force 

must be zero while the vertical component of the resultant will be the sum of the 

two (equal) vertical components of the two forces. I estimate this sum to be 16 ~ 

18 Newtons. The resultant is directed vertically upward as shown above. 

Friction Force 

Often the greatest challenges in applying the requirements of static equilibrium 

to useful purpose is isolating the particle (or later the body) and showing on your 

isolation, your free-body diagram, all the forces (and later all the torques as well) 

that act. These include reaction forces as well as forces applied like the weight 

due to gravity. Imagining and drawing these forces takes a certain facility in the 

creative use of the language of Engineering Mechanics, in particular, a facility 

with the characteristics of different kinds of forces. One of the kinds you will be 

responsible for reading out of a problem statement and writing into your free-body 

diagram is the force due to friction. 

Friction is tricky because sometimes it can be anything it needs to be; it’s 

direction as well as magnitude have a chameleon quality, taking on the colors that 

best meet the requirements of static equilibrium. But it can only be so big; it’s 

magnitude is limited. And when things begin to move and slide, it’s something 

else again. Friction is even more complicated in that its magnitude depends upon 

the surface materials which are in contact at the interface you have constructed in 

your free-body diagram but not upon the area in contact. This means that you have 

to go to a table in a reference book, ask a classmate, or call up a supplier, to obtain 

an appropriate value for the coefficient of friction. 
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Consider the following illustration 

of the practical implications of friction 

Block 

A 
and the laws of static equilibrium: I B θ 
know from experience that my back 

goes out if I pull on a cable angling up 

from the ground with a certain force, 

approximately fifty pounds. Will my 

back go out if I try to drag the heavy 

block shown by pulling on the cable AB? 

To find the force I must exert, through the cable, onto the block in order to 

slide it to the right I will isolate the block and apply the laws of static equilibrium. 

Now this, at first reading, might appear a contradiction: How can the block be 

sliding to the right and in static equilibrium at the same time?

 Two responses are possible: 

•	  If the block is sliding to the right at constant velocity, then the laws of 
static equilibrium still apply – as when you ascended in an elevator at con
stant velocity. There is no contradiction. 

•	 If the block does not move, but is just about to move, then the laws of 
static equilibrium still apply and again there is no contradiction. In this 
case we say we are at the point of impending motion; the smallest incre
ment in the force with which I pull on the cable will start the block sliding 
to the right. 

It is the second case that I will analyze, that of impending motion. It is this 

case that will most likely throw my back out. 

I first isolate the block as a particle, showing all the applied and reaction forces 

acting upon it. The weight, W, and the force with which I pull the cable AB— I  

will call it F
A

— are the applied forces. 

The reaction forces include the force of the 
FAground pushing up on the block, N, what is called Ff 

a normal force, and the friction force, F
f
, acting θ 

parallel to the plane of contact of the block with 

the ground, tending to resist motion to the right, 
Nhence acting on the block to the left. For static 

equilibrium the resultant force on the particle W 
must vanish. Again, this is equivalent to demand-

ing that the sum of the horizontal components and the sum of the vertical compo-

nents vanish independently. 

Thus: F A cos θ – F f = 0 and F A sin θ + N – W = 0 

These are two scalar equations. But look, there are at least three unknowns – 

F , F
A 

and N and θ. Even if  θ is given, say 60
o
, we are still in a fix since there 

f
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remains one more unknown over the number of independent equations available. 

Now it’s not that we can’t find a solution; indeed we can find any number of sets 

of the three unknowns that serve: Just pick a value for any one of the three – F
A

, 

F
f
, or N as some fraction of W, say W/2, and use the equilibrium equations to 

solve for the remaining two. The problem is we can not find a unique solution. We 

say that system is under determined, or indeterminate. 

This is where impending motion comes to our rescue. We add the condition 

that we are at the point of impending motion. At impending motion the frictional 

force is related to the normal force by 

F f = µ ⋅ N 

where µ is called the coefficient of static friction. 

Note that µ is a dimensionless quantity since both the normal force N and its 

associated friction force F
f 

have the same dimensions, that of force. The particular 

value of the coefficient of static friction depends upon the materials in contact at 

the interface where the friction force acts. Another coefficient of friction is defined to cover the 

case of sliding at constant velocity. It is labeled the coefficient of sliding friction. It too depends upon the charac-

ter of the materials in contact; it’s value is nominally less than µ. 

This is the third equation that allows us to estimate the force that will throw 

my back out. In fact, solving the three equations we find: 

F A = µ ⋅ W ⁄ ( cos θ + µ ⋅ sin θ) 
From this expression I can estimate the weight of the block I might be able to 

move by pulling on the cable AB. For example, if θ = 60
o 

and I take µ = 0.25, as 

an estimate for sliding blocks along the ground, then setting FA = 50  lb. — an esti-

mate of the maximum force I can exert without disastrous results — and solving 

for W, I find from the above 

W = 143.3 lb. 
The friction force at impending motion is in this case, from the first equation 

of equilibrium, 

F f = F A cos θ = 50 ⋅ cos 60o = 25 lb. 

If I pull with a force less than fifty pounds, say twenty pounds, still at an angle 

of 60
o
, on a block weighing 143.3 pounds or more, the block will not budge. The 

friction force Ff is just what it needs to be to satisfy equilibrium, namely Ff= 20  

cos 60
o 

= 10  lb. This is what was meant by the statement “ ... can be anything it 

has to be.” The block in this case does not move, nor is it just about to move. As I 

increase the force with which I pull, say from twenty to fifty pounds, the frictional 

force increases proportionally from ten to twenty-five pounds, at which point the 

block begins to move and we leave the land of Static Equilibrium. That’s okay; I 

know now what weight block I can expect to be able to drag along the ground 

without injury. I need go no further. 
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But wait! What, you say, if I push 
instead of pull the block? Won’t pushing 

FB 

be easier on my back? You have a point: θI will now analyze the situation given that Ff 

the AB is no longer a cable which I pull 

but signifies my arms pushing. In this we 

keep θ equal to 60
o 
. N 

At first glance, you might be tempted 

as I was, when I was a youth with a good W 
back but little facility in speaking Engi-

neering Mechanics, to simply change the sign of FA in the equilibrium equations 

and let it go at that: Solving would simply change the sign in our final expression 

for FA in terms of W. But that will not do. 

Friction is trickier: Friction always acts in a direction resisting the impend-
ing motion. Here is another way it changes its colors to suit the context. No, I 

can’t get away so simply; I must redraw my free-body diagram carefully showing 

the new directions of the forces FA and Ff. In this I will label the force I apply, FB 

Equilibrium now gives, taking horizontal components to be positive when 

directed to the right and vertical components positive when directed upward: 

– FB cos θ + F f = 0 and -FB sin θ + N W  = 0– 

These two, again supplemented by the relationship between the friction force 

and the normal force, namely 

F f = µ ⋅ N 

now yield 

FB = µ ⋅ W ⁄ ( cos θ – µ ⋅ sin θ) 

This is the force I must push with in order to just start the block sliding to the 

left – a state of impending motion. If I push with a force less than this, the block 

will not budge, the friction force is whatever the first equilibrium equation says it 

has to be. What force must I push with in order to move a block of weight W = 

143.3 lb? Again, with θ = 60
o
, the above expression gives FB = 126.3 lb. 

Note well the result! I must push with more than twice the force I must pull 

with in order to move the block! There is no mystery here. The reasons for this are 

all contained in the equations of equilibrium and the rules we have laid out which 

govern the magnitude and direction of the force due to friction. It is the latter that 

adds so much spice to our story. Note, I might go on and construct a story about 

how pushing down at an angle adds to the normal force of reaction which in turn 

implies that the frictional force resisting motion at the point of impending motion 
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will increase. The bottom line is that it takes more force to push and start the 

block moving than to pull and do the same. 

Exercise 2.5 

Professor X, well known for his lecturing theatrics, has thought of an inno-
vative way to introduce his students to the concept of friction, in particular 
to the notion of impending motion. His scheme is as follows: He will place 
a chair upon the top of the table, which is always there at the front of the 
lecture hall, and ask for a volunteer from the class to mount the table and 
sit down in the chair. Other volunteers will then be instructed to slowly 
raise the end of the table. Students in the front row will be asked to estimate 
the angle φ as it slowly increases and to make a note of the value when the 
chair, with the student on board, begins to slide down the table surface, 
now a ramp. 

Unfortunately, instead of sliding, the chair tips, the student lurches forward, 

fractures his right arm in attempting to cushion his fall, gets an A in the course, 

and sues the University. Reconstruct what Professor X was attempting to demon-

strate and the probable cause of failure of the demonstration? 

• 

φ 

I begin by drawing a free-body diagram, isolating the student and the chair 

together – all that which will slide down the table top when tipped up – as a parti-

cle. The weight W in the figure below is the weight of the student and the chair. 

The reaction force at the interface of the chair with the table is represented by two 

perpendicular components, the normal force N and the friction force Ff. We now  

require that the resultant force on the particle vanish. 

x 

y 

φ 
φ 

W 

Ff 

N 
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In this, we choose the x-y axes shown as a reference frame. We make this 

choice to simplify our analysis. Only the weight vector W has both x and y compo-

nents. Make a mental note of this way of crafting in setting up a problem. It is a 

bit of nuance of language use that can help you express your thoughts more effi-

ciently than otherwise and yield a rich return, for example, on a quiz when time is 

precious.  Equilibrium in the x direction, positive down the plane, then requires 

–F f + W ⋅ sin φ = 0 

while equilibrium in the y direction yields 

–N W  ⋅ cos φ = 0 

I manipulate these to obtain 

F f = N tan φ where N = W ⋅ cos φ 

Now we know from the previous friction problem we analyzed that the friction 

force can only get so large relative to the normal force before motion will ensue. 

For the problem at hand, once the ratio of friction force to normal force reaches a 

value equal to the coefficient of static friction, µ, appropriate for the chair’s leg 

tips interfacing with the material of the table’s top, motion of the “particle” down 

the plane will follow. We can state this condition as an inequality. The student and 

chair will not slide down the plane as long as 

F f = N ⋅ tan ϕ < µ ⋅ N 

This immediately yields the conclusion that as long as the angle φ is less than a 

certain value, namely if 

tan φ µ < 

the particle will not move. Note that, on the basis of this one-to-one relationship, we could 
define the condition of impending motion between two materials in terms of the value of 
the angle φ as easily as in terms of µ . For this reason, φ is sometimes called the friction 
angle. For example, if µ = 0.25 then the angle at which the chair and student will begin to 
slide is φ = 14o Note, too, that our result is independent of the weights of the student and 
the chair. All students should begin to slide down the plane at the same angle. This was to 
be a central point in Professor X’s demonstration: He planned to have a variety of students 
take a slide down the table top. Unfortunately the tallest person in class volunteered to go 
first. 
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Why did the demonstration fail? It failed 

because Professor X saw a particle where he 

should have envisioned an extended body. The 

figure at the below is an adaptation of a sketch 

drawn by a student in the front row just at the 

instant before the student and chair tipped for-

ward. Note that the line of action of the weight 

vector of the chair-student combination, which 

I have added to the student’s sketch, passes 

through the point of contact of the front legs of the chair with the table top, point 

W 

•Bφ=10ο 

B. Note, too, that the angle φ is less than the friction angle, less than the value at 

which the chair would begin to slide. 

In the next instant, as the students charged with lifting the left end of the table 

did as they were told and raised their end up an inch, the line of action of W fell 

forward of point B and the accident ensued. 

When is a particle a particle? 

The question perhaps is better phrased as “When is a body a particle?” The last 

exercise brings forcibly home how you can go wrong if you mistakenly read a par-

ticle where you ought to imagine something of more substance. We have here a 

failure in modeling. 

Modeling is a process that requires you to represent “reality” in the language 

of Engineering Mechanics, to see in the world (or in the text in front of you) the 

conceptual ingredients of force, now of torque or moment and how the laws of 

static equilibrium and subsidiary relations like those that describe the action of a 

force due to friction, are to apply. It was Professor X’s failure to see the tipping 

moment about point B that led to his, rather the student’s, downfall. 

Modeling failures are common, like the cold. And there is no easy fix nor med-

icine to prescribe that will ensure 100% success in modeling. One thing is essen-

tial, at least here at the start: You must draw an isolation, a free-body diagram, as 

a first, critical step in your response to a problem. That until now, has meant, not 

just drawing a point on a clean sheet of paper – anyone can do that – but that you 

imagine all the force vectors acting on the particle and draw them too on your 

sheet of paper. 

This requires some thought. You must imagine; you must take risks; you must 

conjecture and test out your conjecture. In this you have available the beginnings 

of a vocabulary and some grammar to help you construct an appropriate isolation 

of, at least, a particle: 

•  gravity acts downward; 

•  friction force acts to resist motion; 

•  the normal force acts perpendicular to the plane of contact; 

• a cable can only sustain a tensile force; 
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•	  to every action there is an equal and opposite reaction. 

To these notions we can add: 

•	 it doesn’t matter where you show a force vector acting along its line-of-
action;3 

•	 you are free to choose the orientation of a reference coordinate system; 

•	  the requirement that the resultant force of all the forces acting on an iso
lated particle vanish is equivalent to requiring that the sums of the usually 
orthogonal, scalar components of all the forces vanish. 

Knowing all of this, there remains ample room for error and going astray. Pro-

fessor X’s free-body diagram and analysis of a particle were well done. The failing 

was in the field of view right at the outset; Modeling a student in a chair on an 

inclined plane as a particle was wrong from the start. 

Now this really makes life difficult since, for some purposes, the chair and stu-

dent might be successfully modeled as a particle, e.g., if the coefficient of friction 

is sufficiently small such that I need not worry about the tipping forward, (see 

problem 2.12), while at other times this will not do. Or consider the block I pull 

along the ground in section 2.1.3: I successfully modeled the block as a particle 

there. Note how, at this point, you might now conjecture a scenario in which I 

could not claim success, for example, if the geometry were such that the block 

would lift off the ground before sliding. Or consider the airplane of Exercise 2.1. 

If I am interested in the resultant lift force, I can get away with modeling the foot-

ball-field size machine as a particle; on the other hand, if I were responsible for 

defining how to set the flaps to maintain a specified attitude of the craft, I would 

have to take the airplane as an extended body and worry about the distribution of 

the lift force over the wings and the horizontal stabilizer. 

We conclude that the chair and student, indeed all things of the world of Engi-

neering Mechanics, do not appear in the world with labels that say “I am a parti-

cle” or “I am not a particle”. No, it is you who must provide the labels, read the 

situation, then articulate and compose an abstract representation or model that will 

serve. In short, something might be a particle or it might be an extended body 

depending upon your interests, what questions you raise, or are raised by others 

for you to answer. 

Now, in most texts whether something is a particle or a body can be easily 

imputed from the context of the problem. You expect to find only particles in a 

chapter on “Static Equilibrium of a Particle”. On the other hand, if an object is 

dimensioned, i.e., length, width and height are given on the figure, you can be 

quite sure that you’re meant to see an extended body. This is an usually unstated 

rule of textbook writing – authors provide all the information required to solve the 

problem and no more. To provide more, or less, than what’s required is consid-

ered, if not a dirty trick, not in good form. I will often violate this norm. Engi-

3.	 This is true as long as we are not concerned with what goes on within the boundary we have drawn enclosing 
our free body. 
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neers, in their work, must deal with situations in which there is an excess of 

information while, at other times, situations in which there is insufficient informa-

tion and conjecture and estimation is necessary. It’s best you learn straight off a 

bit more about the real world than the traditional text allows. 

2.2 Concept of Moment 

Force is not enough. You know from your studies in physics of the dynamics of 

bodies other than particles, that you must speak about their rotation as well as 

translation through space; about how they twist and turn. 

Equilibrium of a Body 

We turn, then, to consider what we can say about forces, applied and reactive, 

when confronted with a body that cannot be seen as a particle but must be taken as 

having finite dimensions, as an extended body. Crucial to our progress will be the 

concept of moment or torque which can be interpreted as the turning effect of a 
force. 

We start again with a block on the ground. Instead of pushing or pulling, we 

explore what we can do with a lever. In particular we pose, as did Galileo (who 

also had a bad back), 

Exercise 2.6 

Estimate the magnitude of the force I must exert with my foot pressing down 
at B to just lift the end of the block at A up off the ground? 

We isolate the system, this time as an extended body, showing all the applied 

and reaction forces acting on the system. The applied forces are the weight acting 

downward along a vertical line of action passing through the c.g., the center of 
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gravity of the block, and the force of my foot acting downward along a line of 

action through the point B at the right end of the lever AB. 

xCBxED xDA xAC FB 

FC 

W 
FE 

E C 

B 

D 
A 

The reaction forces are two: (1) the force of the ground acting up on the left 

end of the block at E and (2), the force of the ground acting up through the pivot at 

C upon the lever AB. Our quest is to determine the magnitude of the (vertical) 

force we must apply at B in order to just lift the end A off the ground. We start by 

applying our known requirement for static equilibrium – for a body at rest, or 
moving with constant velocity, the resultant force acting on the isolated body 
must be zero, must vanish. We have, taking up as positive, 

FE – W FC – FB = 0+ 

We read this as one (scalar) equation with three unknowns, the applied force FB 

and the two reactions FE and FC. Clearly we need to say something more. That 

“more” is contained in the following equilibrium requirement for an extended 

body – for a body at rest, or moving with constant velocity, the resultant 
moment of all forces acting on the isolated body must be zero, must vanish. I  

will find the resultant moment or torque of all the forces about the left-most point 
E. I will take as positive, a torque which tends to rotate the extended body of 

block and lever – all that lies within the dotted envelope – clockwise. For exam-

ple, the moment about point E of the reaction force FC is negative since it tends to 

rotate the system counter-clockwise about the reference point E. Its value is given 

by (xED+xDA+xAC) FC, the product of the force FC and the perpendicular distance 

from the point E to the line of action of the force FC. 

The resultant moment of all the forces acting on the isolated system is 

xED ⋅ W – (xED + xDA + xAC) ⋅ FC + (xED + xDA + xAC + xCB) ⋅ F B = 0 

We may read this equation as a second scalar equation in terms of the three 

unknown force quantities if we take the x’s, the distance measures, as known. We 

might, at this point, estimate the distances: the block length looks to be about one 

meter.4 Then, from the figure, estimate the other lengths by measuring their mag-

nitudes relative to the length of the block. I will not do this. Instead, for reasons 

that will become evident, I will not state the block length but simply label it L 

then figure the x’s in terms of L. 

4.	 A better estimate might be obtained if the reader could identify the shrub at the left of the block. But that’s 
beyond the scope of the course. 
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My estimates for the lengths are then: 

xED = xDA = L ⁄ 2 xAC = L ⁄ 5 xBC = 7L ⁄ 5 

With these, my equation of moment equilibrium becomes 

(L ⁄ 2) ⋅ W – (6L ⁄ 5) ⋅ F C + (13L ⁄ 5) ⋅ FB = 0 

Now make note of one feature. L, the length of the block is a common factor; it 

may be extracted from each term, then “cancelled out” of the equation. We are left 

with 

⁄(W ⁄ 2)–(6 5) ⋅ FC + (13 ⁄ 5) ⋅ F B = 0 

Where do we stand now? We have two equations but still three unknowns. We 

are algebraically speaking “up a creek” if our objective is to find some one, useful 

measure of the force we must exert at B to just lift the block of weight W off the 

ground at the end A. Again, it’s not that we cannot produce a solution for FB in 

terms of W; the problem is we can construct many solutions, too many solutions, 

indeed, an infinite number of solutions. It appears that the problem is indetermi-

nate. 

In the next chapter we are going to encounter problems where satisfying the 

equilibrium requirements, while necessary, is not sufficient to fixing a solution to 

a problem in Engineering Mechanics. There we will turn and consider another 

vital phenomenon - the deformation of bodies. At first glance we might conclude 

that the problem before us now is of this type, is statically indeterminate. That is 

not the case. Watch! 

I will dissect my extended body, isolating a 

portion of it, namely the block alone. My free-
body diagram is as follows: 

I have constructed a new force FA, an  inter-
nal force, which, from the point of view of the 

block, is the force exerted by the end of the 

lever at A upon the block. Now this extended 

body, this subsystem is also in static equilib-

rium. Hence I can write 

L/2 L/2

 FA

 WFE 

+FE – W F A = 0 

ensuring force equilibrium and W ⋅ (L ⁄ 2) – F A ⋅ L = 0 ensuring moment 

equilibrium about point E. The second equation gives us directly F A = W ⁄ 2 

while the first then yields FE = F A = W ⁄ 2 which we might have concluded from the 
symmetry of our free-body diagram5. My next move is to construct yet another isolated 
body, this time of the lever alone. 

5.	 Perceiving this symmetry depends upon knowing about the requirement of moment equilibrium of an iso-
lated body so it’s a bit unfair to suggest you might have been able to “see” this symmetry without this knowl-
edge. 
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L/5 

Chapter 2 

Note that the force acting on the lever due to the 

FB 

block is the equal and opposite internal reac-
tion FA whose magnitude we now know. This is 
an essential observation. Now  this extended 

(7L/5) 

body, this subsystem is also in static equilib-

rium. Hence I can write 

FA 

FC –W ⁄ 2 + FC – FB = 0 

ensuring force equilibrium and 

–(L ⁄ 5) ⋅ W ⁄ 2 + ((7L) ⁄ 5) ⋅ F B = 0 

ensuring moment equilibrium about point C. Note the repetition in language here and with 
that of the analysis of the free-body diagram of the block alone. Indeed, once we have con
structed the abstract representation, the free-body diagram, the subject matter becomes 
somewhat boring and repetitive, machine-like. From the second equation, that of moment 
equilibrium, I find FB = W ⁄ 14 which is a significant mechanical advantage. 

•	 Observe that if I had taken moments about point A shown in the free-body 
diagram of the lever, I would have obtained a different equation expressing 
moment equilibrium namely, –(L ⁄ 5) ⋅ F C + ((8L) ⁄ 5) ⋅ FB = 0 

•	  but I would obtain the same result, the same answer. However, I would 
have to make use of the equation of force equilibrium together with this 
last equation of moment equilibrium to get to the answer. This feature of 
this particular problem may be generalized, to wit: It doesn’t matter 
what point in space you choose as a reference point when you con
struct an equation of moment equilibrium. This is powerful knowledge 
that may dramatically increase your productivity for often, by judicious 
choice of a reference point, you can simplify your analysis. 

•	  Observe too that in all three isolations the forces were read as planar and 
parallel, that is their lines of action were drawn in a single plane and paral
lel to the vertical. In each of the three cases, for each isolation, we wrote 
out two independent, scalar equations; one expressed force equilibrium in 
the vertical direction, the other moment equilibrium about some reference 
point. Now I could have, instead of force equilibrium, applied moment 
equilibrium again, about some other reference point. For example, for the 
lever, the last isolation diagram constructed, if I take moment equilibrium 
about the left end, this, together with the consequence of moment equilib
rium about point C, namely FB = W ⁄ 14 produces the same result for 
the reaction at C. Check it out. 

•	  Observe that at a point early on in our analysis we might have concluded 
that we had insufficient information to do the problem. But, by breaking 
down the problem into two other problems we found our way to a solu
tion. 
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•	  Observe, finally, that, after having analyzed the block as an isolated sub
system and obtained the reaction force, FE, we could have gone directly 
back to the original three equations of equilibrium and solved for the 
remaining two unknowns, FC and FB. Once again we note that there are 
alternative paths to a solution. Some paths are more direct than others; 
some are more enlightening than others, but they all should lead to the 
same solution if the question is well-posed. 

We begin to see now the more subtle aspects of applying the requirements of 

static equilibrium to useful purpose: Effective use of this new language will 

require us to make choices – choices of reference points for taking moments, 

selection of subsystems to analyze when one free-body diagram won’t yield all we 

need to know – and requires a familiarity with different renderings of force and 

moment equilibrium. There is no unique, cook-book, 100% sure method to solving 

problems, even statics problems, in Engineering Mechanics. 

Different Kinds of Systems of Forces 

The requirements of force equilibrium and moment equilibrium are two vector 
equations. We can write them as: 

∑Fi = 0 ∑Mi = 0 

In these two vector equations, the summation is to be carried out over all forces 

and moments acting on an isolated body— the i ranges over one to N forces say. 

We can interpret the first as the resultant of all externally applied forces and the 

second as the resultant moment of all the forces (and other, concentrated moments 
or couples, yet to be defined) acting on the body. 

The resultant force on a particle or body and the resultant moment are both 

vector quantities; each has a magnitude and a direction which must be specified to 

fully know the nature of the beast. Each vector resultant has three (3) scalar com-

ponents in three-dimensional space so each vector equation is equivalent to three 

independent scalar equations. From this we conclude: 

•	 There are at most six (6) independent scalar equations available 
(which must be satisfied) to ensure static equilibrium of an isolated 
body. For a particle, there are at most three (3) independent scalar 
equations available. 

If you look back over the exercises we have worked in the preceding sections 

of this text you will note: – estimating the lift force on an aircraft required citing a 

single scalar equation; in pulling and pushing the block along the ground, with the 

block taken as a particle, we made use of two scalar equations; so too, our analysis 

of a particle sliding down a plane required the use of two scalar equations of equi-

librium. Nowhere did we need three scalar equations of equilibrium. The reason? 

All force vectors in each of these particle problems lay in the plane of the page 

hence each had but two scalar components, two x,y or, in some cases, horizontal, 

vertical components. Likewise the resultant force shows but two scalar compo-
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nents. Force equilibrium is equivalent to setting the sum of the x components and 

the sum of the y components to zero. Alternatively we could say that force equi-

librium in the direction perpendicular to the plane of the page is identically satis-
fied; 0 = 0; since there are no components in this direction. 

In our analysis of an extended body, the block with lever applied, we had six 

scalar equations available, at most. Yet in each of the three isolations we con-

structed we wrote but two independent scalar equations and that was sufficient to 

our purpose. How do we explain our success; what about the other four scalar 

equations? They must be satisfied too. 

First note that again, all force vectors lie in the plane of the page. Not only 

that, but their lines of action are all parallel, parallel to the vertical. Hence force 

equilibrium in all but the vertical direction is satisfied. That takes care of two of 

the four. 

Second, since the force vectors all lie in a single plane, they can only produce 

a turning effect, a torque or a moment, about an axis perpendicular to that plane. 

Thus moments about the axes lying in the plane, the x,y axes, will be identically 

zero. That takes care of the remaining two scalar equations not used. 

From all of these observations we can boldly state: 

•	   If the lines of action of all forces acting on a particle lie in a common 
plane, there are at most two independent, scalar, equilibrium equa
tions available. 

•	   If the lines of action of all forces acting on an extended body are all 
parallel and lie in a common plane there are at most two independent, 
scalar, equilibrium equations available. 

•	 If the lines of action of all forces acting on an extended body all lie in a 
common plane there are at most three independent, scalar, equilib
rium equations available. 

Note well, however, that these are statements about the maximum number of 

independent equations available to us in particular contexts. They do not say that 

so many must derive from moment equilibrium and so many from force equilib-

rium. We have seen how, in the analysis of the lever used in lifting the end of Gali-

leo’s block up off the ground, we were able to apply moment equilibrium twice to 

obtain a different looking, but equivalent, system of two linearly independent 

equations – different from the two obtained applying moment equilibrium once 

together with force equilibrium in the vertical direction. 
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Similarly for the block sliding, as a parti-

cle, down the plane we might have oriented 

our x,y axes along the horizontal and vertical 

in which case the two scalar equations of 

force equilibrium would appear, for the hori-

φ 
φ 

W 

Ff 

N	

y 

x 

zontal direction, 

–F f ⋅ cos φ + N ⋅ sin φ = 0 

and, for the vertical direction, 

N ⋅ cos φ + F f ⋅ sin φ – W = 0 

These two are equivalent to the two force equilibrium equations we previously 

derived; they yield the same solution; they are synonymous; the two sets have 

identical meaning. 

The requirements of force and moment equilibrium have further implications 

for particular systems of forces and moments. We use them to define two force 
members and three-force members. 

Exercise 2.7 

What do you need to know in order to determine the reaction forces at 
points A and B of the structure shown below? 

A  B

 D 

θBθ A 

P 

In that this problem, at least with regard to its geometry, looks like the block 

hanging from two cables of Exercise 2.2, we might begin by mimicking what we 

discovered we needed to know there: 

•	  You need to know the force applied P, just as we needed to know the 
weight of the block in Exercise 2.2. 

•   You need to know the angles θ
A
 and θ

B 
The other item needed-to-know doesn’t apply since members AD and BD are 

not cables. To go further we will now try to solve the problem. If we are able to 

solve the problem we surely then should be able to say what we needed to know. 
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On the other hand, it is entirely possible that a neophyte might be able to solve a 

problem and yet not be able to articulate what they needed to know to get to that 

point. This is called muddling through and ought not to be condoned as evidence 

of competence. 

I first isolate the system, cutting 

the structure as a whole away from its 

moorings at A and B. 

By 

Ax 

Ay 
Aθ  θ

B 

LAD LBD 

P 
Letting Ax, Ay, Bx and By be the 

horizontal and vertical components of 

the reaction forces at A and B, force 
Bxequilibrium will be assured if 

A	 + B – P = 0x x 

and 

A	 + B = 0y y 

Our third equilibrium equation for this planar system of forces acting on an 

extended body may be obtained by taking moments about point A6.

 We have 

(LAD ⋅ cos θA + LBD ⋅ cos θB ) ⋅ By – P LAD ⋅ sin θA = 0⋅ 
In this, I have taken clockwise as positive. Observe that the two lengths that 

appear in this equation are related by 

⋅ sin θA = ⋅ sin θBLAD LBD 

At first glance it would appear that I must know one of these lengths in order to 

solve the problem. This is not the case since the two lengths are linearly related 
and, after eliminating one of them from moment equilibrium, the other will be a 

factor common to all terms in this equation, hence, will not appear in the final 

solution for the reaction force components at A and B. 

Proceeding in this way I can solve the equation expressing moment equilibrium 

and obtain By in terms of the applied load P. 

By = –P ⋅ [ sin θB ⋅ sin θB ] ⁄ [ sin (θA + θB)] 
Force equilibrium in the y direction, the second equilibrium equation, then 

gives 

Ay = –B = P ⋅ [ sin θB ⋅ sin θB ] ⁄ [ sin (θA + θB )]y 

So far so good.... but then again, that’s as far as we can go; we are truly up a 

creek. There is no way we can find unique expressions for Ax and Bx in terms of P, 

θA, and θB without further information to supplement the first equilibrium equa-

tion.  But watch! 

6.	 This is a bit of common dialect, equivalent to stating that the sum of the moments of all forces with respect to 
A will be set to zero in what follows. Note too how, in choosing A as a reference point for moments, the com-
ponents of the reaction force at A do not enter into the equation of moment equilibrium. 
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I isolate a subsystem, member AD. The circles at the ends of the member are 

to be read as frictionless pins. That means they can support no moment or torque 

locally, at the end points. 

FD 

DD FA 

AA DA 

These circles act like a ring of ball bearings, offering no resistance to rotation 

to the member about either end. This implies that only a force can act at the ends. 

These might appear as at the right. Now we apply equilibrium to this isolated, 

extended body FA + FD = 0 . 

This implies that the two internal forces must be equal and opposite. Our isola-

tion diagram might then appear as on the left, below 

A 
D 

FA 

A 

DFA 

FD = - FA 

FD = - FA 

Force equilibrium is now satisfied but surely moment equilibrium is not. The 

two forces as shown produce an unbalanced couple. For this to vanish we require 

that the two lines of action of the two forces be coincident, co-linear and our iso-

lation diagram must appear as on the right.

 We can go no further. Yet we have a very important statement to make: 

•	  For a two force member, an isolated body with but two forces acting 
upon it, the two forces must be equal, opposite, and colinear. 

For the straight member AD, this means that the lines of action of the forces 

acting at the ends of the member lie along the member. We say that the two-force 
(straight) member is in tension or compression. 

Knowing that the force at A acting on 

the member AD acts along the member, we 

now know that the direction of the reaction 

force at A because the reaction force at A is  
the same force. This follows from isolating 

the support at A . 
Here we show the reaction force at A 

with its components Ax and Ay now drawn 

such that Ay ⁄ A = tan θA 

Ax 

Aθ 

Direction 
of FA 

Ay 

x 
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This last equation, together with the first equilibrium equation and our previ-

ously obtained expression for Ay, enables us to solve for both Ax and Bx. And that 

completes the exercise. 

At this point, the reader may feel cheated. Why not go on and find the reaction 

forces at the points A and B? No. I have solved the need to know problem as it was 

posed. I have constructed a well posed problem; I can farm it out to some subordi-

nate to carry through the solution, confident that anyone with a basic knowledge 

of algebra can take it from here. The “heavy lifting” is over. So too, you must 

learn to have confidence in your ability to set-up a well posed problem and to del-

egate the responsibility for crank-turning to others, even to computational machin-

ery. However, you, of course, remain responsible for evaluating the worth of what 

comes back to you. 

In conclusion, in addition to knowing the load P and the angles θA and θB. in  

order to solve the problem we need to know: 

•	 How to read a circle as a frictionless pin and what we mean by the phrase 
two-force member. 

•	  Also, again, how to experiment with isolations and equilibrium consider
ations of pieces of a system. 

Some final observations: 

•	 Say this structure was the work of some baroque architect or industrial 
designer who insisted that member BD have the form shown immediately 
below. While there may be legitimate reasons for installing a curved mem
ber connecting B to D, — e.g., you need to provide adequate clearance for 
what is inside the structure, this creates no problem. The reactions at A and 
B (see below) will be the same as before (assuming frictionless pins). 
What will change is the mode in which the, baroque, now curved, member 
BD carries the load. It is no longer just in compression. It is subject to 
bending, a topic we consider in a section below7. 

P 

A 
B 

D 

•	  Returning to our original structure with straight members, t he same sort 
of analysis of an isolation of member BD alone would lead us to conclude 
that the direction of the reaction at B must be up along the member BD. Is  

7.	  Independent of such motives, some will argue that “form follows function”; the baroque for baroque’s sake 
is not only functionally frivolous but ugly. 



37 Static Equilibrium Force and Moment  

this the case? That is, do the values obtained for B and B obtained above 
x 

satisfy the relationship tanθB = -By /Bx? Check it out! 
y 

Exercise 2.8 

Show that the force F required to just start the lawn roller, of radius R and 
weight W, moving up over the ledge of height h is given by 

⁄	 ⁄F W = tan φ where cos φ = 1 – (h R) . 

We, as always, start by isolating the system – the roller – showing all the forces 

R 

h φ 

• 

acting upon it. These include the weight acting downward through the center of 

the roller; the horizontal force applied along the handle by the child laborer (note 

the frictionless pin fastening the handle to the roller); and the components of the 

reaction force at the bump, shown as Nx and Ny. 

F 

Nx 

NyW 

Note the implications of the phrase just start... This is to 

be read as meaning there is no, or insignificant, contact 

with the ground at any other point than at the bump. 

Hence the reaction of the ground upon the roller acts at 

the bump alone.8    Force equilibrium gives 

N	 – W = 0 and N + F = 0y	 x 

Moment equilibrium will give us a third equation sufficient to determine the 

three unknowns Nx, Ny and, the really important one, F. I take moments about the 

center of the roller and immediately observe that the resultant of Nx and Ny must 

pass through the center of the roller since only it produces a moment about our 

chosen reference point. That is, the orientation of the reaction force shown below 

on the left violates moment equilibrium. The reaction force must be directed as 

shown in the middle figure. 

φ 

W W W 
N 

F 

φ 
N 

F F 

N 

8.	  It is impossible give you a cookbook rule on how to read phrases like just start. Effective working knowl-
edge comes with the exercising of the language. Furthermore I can give you no assurance that an author of 
another text, will use the exact same phrase to indicate this condition. 
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Furthermore, we require the three forces to sum to zero to satisfy force equi-

librium, so: F + W + N = 0. 
This is shown graphically in the figure at the far right above. From this we 

obtain what we were asked to show. (A bit of analytical geometry leads to both 

relationships). Now from this we can state another rule, namely 

•	 For an isolated system subject to but three forces, a three force system, 
the three forces must be concurrent. That is their lines of action must 
all run together and intersect at a common point. 

Note the priority of the equilibrium requirements in fixing a solution. We 

might have begun worrying about the frictional force, or something akin to a fric-

tional force, acting at the bump, resisting motion. But our analysis says there is no 
frictional force! The reaction is perpendicular to the plane of contact; the latter is 

tangent to the surface at the bump and perpendicular to the radius. How can this 

be? Nothing was said about “assume friction can be neglected” or “this urchin is 

pulling the roller up over a bump in the ice on the pond” No, because nothing need 

be said! Moment equilibrium insists that the reaction force be directed as shown. 

Moment equilibrium has top priority. The Platonists win again; it’s mostly, if not 

all, in your mind. 

Resultant Force and Moment 

For static equilibrium of an isolated body, 

M 
x 

M

M 
z 
. 

M 

z A’ 
j

k 
the resultant force and the resultant moment 

acting on the body must vanish. These are vec- i 
tor sums. 

Often it is useful to speak of the resultant 

force and moment of some subset of forces 

(and moments). For example, a moment vector 
y

can be spoken of as the resultant of its, at most, x 
three scalar components. In the figure, the 

A y 

moment or torque about the inclined axis AA’ is the resultant or vector sum of the 

three vectors Mx, My and Mz each of which can be written as the product of a sca-

lar magnitude and a unit vector directed along the appropriate coordinate axis. 

That is, we can write. 

M = Mx + My + Mz = M ⋅ i + M ⋅ j + M ⋅ kx y z 

A moment in itself can be spoken of as the resultant of a force but, while this 

phrasing is formally correct, it is rarely used. Instead we speak of the moment at a 
point due to a force or the moment about a point of the force.... as in “the moment, 

about the point O of the force FA is given by the product of (1) the perpendicular 

distance from the point O to the line of action of the force and (2) the magnitude 

of the force. Its direction is given by the right-hand rule. 
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The right-hand rule is one of those oddities in science and engineering. It is 

often stated as 

•	 the direction of the moment of a force about a point is the same as the 
direction of advance of a right handed screw when the screw is ori-
ented perpendicular to the plane defined by the line of action of the 
force and the reference point for the moment. 

This is a mouthful but it works. It meets the need to associate a direction with 

the turning effect of a force. 

We can seemingly avoid this kind of talk by defining the moment as the vector 

cross product of a position vector from the reference point to any point on the line 

of action of the force. But we are just passing the buck; we still must resort to this 

same way of speaking in order to define the direction of the vector cross product. 

It is worth going through the general φ 
definition of moment as a vector cross 

product9. Some useful techniques for cal-

culating moments that avoid the need to 

find a perpendicular distance become evi-

dent e 
The magnitude of the vector cross 

product, that is he magnitude of the 

moment of the force about the point O 
above is 

M0 

F 
A 

r 

d 

0 

r FA× = = r FA ⋅ ⋅ sin φMO 

⋅or, striking the bold face to indicate scalar magnitude alone MO = r F A ⋅ sin φ 

This is in essence the definition of the vector cross product. The direction of 

the moment is indicated on the figure by the unit vector e. Note: e is commonly used to rep-

resent a unit vector. Its heritage is German; eine is one. 

Note that we recover the more specialized definition of the magnitude of the 

moment, that which speaks of perpendicular distance from the reference point to 

the line of action of the force, by writing 

d = r ⋅ sin φ so that MO = d F A ⋅ 

Observe that I could have interpreted the magnitude of the moment as the 

product of r and the component of the force perpendicular to the position vector, 

namely Fsinφ. 

9.	 Vector and cross are redundant when used to describe “product”. We ought to speak only of the vector prod-
uct or the cross product. Similarly, the dot product of two vectors can be called the scalar product. It would 
be again redundant to speak of the scalar, dot product. We speak redundantly here in order to emphases that 
the outcome of a cross product is a vector 
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In evaluating the cross product, you must take care to define the angle φ as the 

included angle between the position vector and the force vector when the two are 

placed “tail-to-tail”. φ is the angle swept out when you swing the position vector 

around to align with the force vector, moving according to the right hand rule. 

The payoff of using the cross product to evaluate the moment of a force with 

respect to a point is that you can choose a position vector from the point to any 
point on the line of action of the force. In particular, if you have available the sca-

lar components of some position vector and the scalar components of the force, 

the calculation of both the magnitude and direction of the moment is a machine-

like operation. 

Exercise 2.9 

Show that the moment about point A due to the tension in the cable DB is 
given by 

M = (-0.456 ⋅ i + 0.570 ⋅ k) ⋅ ⋅L FD 

where i, j, k are, as usual, three unit vectors directed along the three axes x, y, z. 

B C 

D 

A 

y 

L 
W 

2/3L 
x2/3L 5/6 L 

L 

E 
A 

eBD 

FD

 k 

i 
j 

rD 

z 

5/6 L 

2/3L 

= L j 

B 

D 

Ball and Socket joint 

The approach is reductive and mechanical. I will use the vector machinery of 

the cross product, first expressing a position vector and the force in terms of their 

x,y,z components using the scalar magnitude/unit vector mode of representation 

for each. For the position vector I write, enjoying the freedom I have to select any 

point on the line of action of the force as the head of the vector: 

rD = L ⋅ j 

Simple enough! But now matters become more complex. I write the tension in 

the cable as the product of its magnitude, FD and a unit vector directed along its 

line of action, along the line running from B to D. Constructing the unit vector 



41 Static Equilibrium Force and Moment  

requires the application of the pythagorean theorem and other bits of analytical 

geometry. From the Pythagorean Theorem, the length of the cable BD is 

⁄ 1 2 ⁄
⁄

LBD = [(5 6)2 + ( ) + (2 3)2]
1 2

⋅ L 

The components of the unit vector, eBD, from B to D are then 

- (5/6)L/L
BD

along x, -1L/L
BD

 along y, and -(2/3)L/L
BD

along z. So: 

⁄ ⁄ ⁄ ⁄ ⁄eBD = –(5 6)(L LBD)i – 1(L LBD) ⋅ j – (2 3)(L LBD) ⋅ k 

or, with LBD defined above and calculating to three significant figures10, 

eBD = –0.570 ⋅ i – 0.684 ⋅ j – 0.456 ⋅ k 

The moment of the tension in the cable BD about A is then obtained from the 

cross product: 

= ×M  r FD = L ⋅ j × ( 0.570 – ⋅ i 0.648 – ⋅ j 0.456 – ⋅ k) ⋅ FD 

Our cross product is now a collection of three cross products. The machinery 

for doing these includes 

× ×	 ×i j = k  j k  = i k i = j 

and recognition that the cross product is sensi
tive to the order of the two vectors, for example 

L FDj×i = -k, and that the vector product of a unit M = (–0.456 ⋅ i + 0.570 ⋅ k) ⋅ ⋅ 

vector with itself is zero. Cranking through, we

obtain


•	 Observe that the moment has a component along the x axis (negatively 
directed), another along the z axis but not along the y axis; the force pro
duces no turning effect about the vertical axis. Indeed, the force intersects 
the y axis. 

10.  Three significant figures are generally sufficient for most engineering work. You are responsible for round-
ing off the 8, 16 or 20 numbers contemporary spread sheets and other calculating machinery generates. You 
must learn how to bite off what you can’t possible chew. 
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•  Observe that you can deduce from this 

A 

BD 

FD

 k

i

rD

5/6 L 

2/3L 

= L j
D 

.730 L 

eresult the perpendicular distance from A B j 

to the line of action of the force by 
recasting the vector term as a unit vec
tor. The factor introduced to accomplish 
this when associated with the length L 
then defines the perpendicular distance. 
That is, we write, noting that [.4562 + 
.5702]1/2 = .730

M = (– 0.627 ⋅ i + 0.781 ⋅ k)(0.730 ⋅ L) ⋅ FD 

and so the perpendicular distance from A to the line of action must be 
0.730L. 

• Finally, observe that I could have constructed a position vector from A to 
D, namely

⁄ L ⁄ Lr = –(5 6) ⋅ ⋅ i–(2 3) ⋅ ⋅ k 

and used this to compute the moment. (See problem 2.8) 

Couple 

There exists one particularly important resultant moment, that due to two equal 

and opposite forces – so particular and important that we give it its own name – 

couple. To see why this moment merits singling out, consider the resultant 

moment about the point O of the two equal and opposite forces F  and F .
A B

= 

FB 

a

b 

dAB

O 

• O’ FA 

O 

M0 

• O’ 

We can write the scalar magnitude of the moment, taking counter clockwise as 

⋅ –positive, MO = –a ⋅ F A + b FB = (b a) ⋅ F A 

where we have explicitly made use of the fact that the forces are equal and opposite by 
taking F = - F

A
. Note that this equation is written only in terms of the scalar magnitudes 

B 
of the forces and the moment. The figures on the left and right show two equivalent sys
tems of forces. 
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Note that (b-a) is just the (perpendicular) distance, d
AB 

between the two paral-

lel lines of action of the two forces, so if I were to ask “what is the moment of the 

two forces about some other point?” say O’, my response would be the same. In 

fact 

•	 the moment due to two equal and opposite forces, a couple is invariant 
with respect to choice of reference point; its value is given by the prod
uct of the perpendicular distance between the two lines of action of the 
two forces and the value of the force. The resultant force due to the two 
equal and opposite forces is zero. 

Exercise 2.10 

Show that, for equilibrium of the cantilever beam loaded with two equal 
and oppositely directed forces as shown, the reaction at the wall is a couple 
of magnitude Fd and having a direction “out of the paper” or counter-
clockwise. 

-F 

F 
d 

d 

a 

-F 

F 

Rx 

Ry 

M 
A 

a 

We isolate the cantilever beam, showing all the applied and reaction forces 

(and couples) acting. This is shown at the right. Note the symbol, the circular 

arrow. It represents the unknown couple or moment acting at the point A, assumed 

here to be acting counterclockwise. Force equilibrium requires 

–Rx = 0; Ry + F F = 0 

These immediately lead to the conclusion that the reaction force at A is zero. 

R  as well as Rx are zero.

 Moment equilibrium about the point A11 requires 

y

M A – F d = 0 so MA = F d

We say The reaction at A is the couple Fd. 

11. Note the difference between the two phrases moment acting at the point or about the point and moment equi-
librium about the point. We say there is a moment (couple) acting at the point and then, in the next breath, 
say that the resultant moment about the point must vanish for equilibrium to be satisfied. There is nothing 
inconsistent here. It is essential that you understand the difference in these two expressions. 
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The exercise above might strike you as overly abstract and useless, almost a 

tautology, as if we proved nothing of worth. Don’t be fooled. The purpose of the 

exercise is not algebraic analysis but rather to move you to accept the existence of 

couple as an entity in itself, a thing that is as real as force. You may not sense a 

couple the way you feel a force but in Engineering Mechanics the former is just as 

lively and substantial a concept as the latter. 

Note too how if the beam had been clamped to a wall at its other end, at the 

right rather than at the left, the reaction at the wall would still be a couple of mag-

nitude Fd directed counterclockwise. 

Exercise 2.11 

What if the beam of the last exercise is supported at the wall by two fric-
tionless pins A,B? What can you say about the reaction forces at the pins? 

d 

a 

h 

FFA 

-F
 - FA-F 

F 
da 

B 
A 

FB = 

We can say that the two forces acting on the pins, say F , F
B

, are equal and 
A

opposite. We can say that they are equivalent to a couple of magnitude Fd and of 

direction counter clockwise. All of this follows from both force and moment equi-

librium requirements applied to the beam when isolated from the wall to which it 

is pinned. We can say nothing more. 

Well, that’s not quite the case: While we cannot say what their magnitude is, 

we can say that they are at least as big as the product F(d/h). That is 

F A = FB ≥ F d  h  ) because h is the maximum possible perpendicular distance ⋅ ( ⁄ 
that can be drawn between any two parallel lines of action drawn through A and B. 

The couple Fd in these few exercises is an equivalent system – equivalent to 

that of two equal and opposite forces separated a distance d. In fact, the notion of 

equivalent force system is closely wrapped up with the requirements of force and 

of moment equilibrium. We can replace one equivalent force system by another in 

our equilibrium deliberations and the results of our analysis will be the same 

because 

•	 equivalent systems have the same resultant force and the same result
ant moment about any, arbitrarily chosen point. 

Furthermore, now that we allow a couple vector to be a thing in itself: 
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•	  every system of any number of force vectors and couple vectors can 
be represented by an equivalent system consisting of a single force 
vector together with a single couple vector. 

For example, the three systems shown below are all equivalent 

FF F F 
aa 

0 = = 
0	 0 

aF 

- F 

Exercise 2.12 

Show that for the load W, uniformly distributed over the span L, (a) an 
equivalent system is a force vector of magnitude W directed downward act-
ing at the center of the span and no couple; (b) another is a force vector of 
magnitude W directed downward acting at the left end of the span and a 
couple of magnitude W(L/2) directed clockwise; another is..... 

WW 

W/L 

== 
W L/2 

L L/2 

For parts (a) and (b) the resultant force is clearly the total load W. In fact, 

regardless of how the load is distributed over the span, the resultant, equivalent 

force, will have magnitude W and be directed vertically downward. The location 

of its line of action is a matter of choice. Different choices, however imply differ-

ent moments or couples — the other ingredient of our equivalent system. 

Taking midspan as our reference point, (a), we see that the load, if uniformly 

distributed, on the right will produce a moment clockwise about center span, that 

on the left will produce a moment counter clockwise about center span. The mag-

nitudes of the two moments will be equal, hence the resultant moment of the uni-

formly distributed load with reference to center span is zero. 

Taking the left end of the span as our reference point, (b), we can make use of 

the equivalence displayed in the preceding figure on the preceding page where 

now a is read as the distance L/2 between the vertical load W acting downward at 

center span and the left end of the span. 
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Exercise 2.13 

Show that a radially directed force per unit length, α, with units newtons/ 
meter, uniformly distributed around the circumference of the half circle is 
equivalent to a single force vector of magnitude 2α R, where R is the radius 
of the half circle, and no couple. 

R 

∆F = (α•∆s)erα 
∆s 

R 

φ 

θ 

: force/length 

We integrate. We sum up vertical components of differential elements of the 

distributed force around the circumference. 

A differential element of force, ∆ F, acting on the 

differential length of circumference ∆ s is where the ∆F = (α ∆ ⋅ s) ⋅ er 
unit vector e is taken positive inward. The vertical 

r 

component of this is given by α ∆  scosθ which, noting that θ = (π/2) - φ, can be 

written αsinφ∆ s . Now ∆ s is just R∆φ so we can write 

π 

Fdown = ∫α sin φ(Rdφ) = 2αR 

0 

where the α and R are constants. 
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Design Exercise 2.1 

The exercise set out below and the others like it to follow are not complete. It 

is a design exercise and, as such, differs from the problems you have been 

assigned up to now. It, and the other design exercises to follow, is different in that 

there is no single right answer. Although these exercises are keyed to specific sin-

gle-answer problems in the text and are made to emphasize the fundamental con-

cepts and principles of the subject, they are open-ended. The responses you 

construct will depend upon how you, your classmates, and your recitation instruc-

tor flesh out the task. 

In effect, we want you to take responsibility in part for defining the problem, 

for deciding which constraints and specifications are critical, and setting the con-

text for evaluating possible “solutions”. Design is the essence of engineering and 

the act of design includes formulating problems as much as solving them, negoti-

ating constraints as well as making sure your solutions respect them, and team-

work as well as individual competence. 

Hospital-bed Wheel Size 

? ? 

Your task is to do a first-cut analysis in support of the design of a new, light-

weight, mobile hospital bed. You know that the bed will be used to transport 

patients indoors on caster type wheels over relatively smooth terrain but there will 

be some small obstacles and bumps it must traverse without discomfort to the 

patient. A single attendant should be able to push the bed to its destination. 

Develop a rationale for fixing the size of the wheels and use it to determine a 

range of possible diameters. 



48  Chapter 2 

Design Exercise 2.2 

Your boss wants to diversify. The market for portable stanchions for volleyball 

nets has diminished over the years with the introduction of more and more cable 

television stations and the opening of the information highway. People are spend-

ing most of their time just lying around, scanning channels. He figures there will 

be a growing demand for hammocks and the stanchions to support them. 

The stanchions are to be portable. He wants them to be able to support the 

hammock’s occupant (occupants?) without fastening the stanchion to the ground. 

He envisions the ground to be a level surface with most users indoors. The area, 

the footprint, of the hammock and stanchions is limited and you are to assume that 

there are no walls to tie any supports to. 

Your job is to identify the most important design parameters to ensure that the 

free standing stanchions hold the hammock in the desired form - indicated below. 

In this you want to construct estimates of the required weight of the stanchions, 

coefficients of friction, and explore limits on, and ranges of, pertinent dimensions 

?? 

Top vue -- System footprint


of the hammock, the stanchions, as well as the height of attachment and distance 

between them 
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2.3 Problems - Static Equilibrium 

2.1 Estimate the weight of a compact automobile; the weight of a fully loaded 

trailer truck. 

2.2 Estimate the weight of a paper clip; the total weight borne by a book shelf 

one meter long, fully packed with books; the weight of the earth’s moon. 

2.3 Estimate the angle of a hill upon which you can safely park your car under 

dry road conditions; under icy conditions. 

2.4 Estimate the maximum shearing force you can apply to the horn of some 

domesticated animal by means of Leavitt’s V Shape Blade Dehorning Clipper. 

2.5 Show that if the coefficient of friction 

between the block and the plane is 0.25, the force 

required to just start the block moving up the 40
o 

incline is F = 1.38 W while the force required to 

hold the block from sliding down the plane is 

F= 0.487 W. 

F 
W 

40o 
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2.6 A block slides down an plane inclined at 20
o 
. What if the coefficient of 

friction is doubled; at what angle of incline will the block begin to slide down the 

plane? 

2.7 Estimate the difference in water pressure between the fourth and first 

floors of bldg. 1. 

2.8 Show that if, in exercise 2.8, you take a position vector from A to D in 

computing the moment due to the tension in the cable BD, rather than from A to B 

as was done in the text, you obtain the same result for the moment of the tension 

with respect to the point A. 

2.9 What do you need to know to estimate the torque a driver of a compact 

automobile must exert to turn the steering wheel (no power steering) while the 

vehicle is at rest? 

2.10 Estimate the “live” floor loading in lecture 10-270 during the first 8.01 

class of the semester; during the last class of the semester. 

2.11 What if the urchin of exercise 2.7 pulling the roller grows up and is able to 

pull on the handle at an angle of θ up from the horizontal; Develop a 

nondimensional expression for the force she must exert to just start the roller over 

the curb. 

2.12 Show that, for the block kept from sliding down 

the inclined plane by friction alone, that the line of 

action of the resultant of the normal force (per unit 

area) distributed over the base of the block must pass 

through the intersection of the line of action of the 

weight vector and the line of action of the friction 

W 

B 

force.What happens when the line of action of the 

weight falls to the right of point B? 

2.13 The rigid beam carries a load P at its right end and is supported at the left 

end by two (frictionless pins). The pin at the top is pulled upwards and held in 

place by a cable inclined at a 45 degree angle with the horizontal. 

45o 

L 

h 

P 

Draw a free body diagram of the beam, isolated from its environment i.e., show 

all the forces acting on the beam alone; show all relevant dimensions; show a ref-

erence cartesian axes system. 
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2.14 The reaction force at B, of the wall upon the 

ladder, is greater than, equal to, or less than the 

weight, W, of the ladder alone? W 

B 

A 

45o 

3 P	 2.15 Isolate pin 3, showing the forces acting on 

the pin due to the tension (or compression) in 

the two members. 

Find the forces in the members in terms of P. 

60o 

2 

2.15 The truss structure shown carries a load P and is supported by a cable, 

BC, and pinned at D to the wall. Determine the force in the cable BC and the 

reaction force at D.

45o 

l 

P 

30o 

A 
B 

C 

D 
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2.16 Isolate pin 4, showing the 

forces acting on the pin due to the 
4 

P 
tensions (or compressions) in the 

three members. 

1) Write out consequences of 

the requirements for static equilib-

rium of pin 4. 

2) Can you solve for the mem-

ber forces in terms of P (and the 

given angles)? 

45o
60o 

31 

2 

45o 

2.17 Estimate the weight of a fully loaded MBTA bus traveling down Mass. 

Avenue. Estimate an upper bound on the loading per unit length of span of the 

Harvard Bridge if clogged with buses, both ways. 

W 

F=W 

θ θ 

a 

2b 

ha 

hb 

B 

C 

D 
E 

2.18 The vice grip shown is made of two 

formed steel members pinned at C. Construct 

an expression for the force component which 

compresses the block at the bottom in terms 

of the weight of the block W and the 

dimensions shown. Express you result in A 

terms of nondimensional factors. 

If θ = 30o a = b = ha = hb, What must the 

coefficient of friction be to ensure the block 

does not slide out of the grip? 
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Internal Forces  and Moments 

3.1 Internal Forces in Members of a Truss 
Structure 

We are ready to start talking business, to buy a loaf of bread. Up until now we 

have focused on the rudimentary basics of the language; the vocabulary of force, 

moment, couple and the syntax of static equilibrium of an isolated particle or 

extended body. This has been an abstract discourse for the most part. We want 

now to start speaking about “extended bodies” as structural members, as the 

building blocks of truss structures, frame structures, shafts and columns and the 

like. We want to be go beyond questions about forces and moments required to 

satisfy equilibrium and ask “...When will this structure break? Will it carry the 

prescribed loading?” 

We will discover that, with our current language skills, we can only answer 

questions of this sort for one type of structure, the truss structure, and then only 

for a subset of all possible truss structures. To go further we will need to broaden 

our scope, beyond the requirements of force and moment equilibrium, and analyze 

the deformations and displacements of extended bodies in order to respond to 

questions about load carrying ability regardless of the type and complexity of the 

structure at hand - the subject of a subsequent chapter. Here we will go as far as 

we can go with the vocabulary and rules of syntax at our disposal. After all, the 

requirements of force and moment equilibrium still must be satisfied whatever 

structure we confront. 

A truss structure is designed, fabricated, and assembled such that its members 

carry the loads in tension or compression. More abstractly, a truss structure is 
made up of straight, two-force members, fastened together by frictionless 
pins; all loads are applied at the joints. 

Now, we all know that there is no such thing as a truly frictionless pin; you 

will not find them in a suppliers catalogue. And to require that the loads be 

applied at the joints alone seems a severe restriction. How can we ensure that this 

constraint is abided by in use? 

We can’t and, indeed, frictionless pins do not exist. This is not to say that there 

are not some ways of fastening members together that act more like frictionless pins than 

other ways. 

What does exist inside a truss structure are forces and moments of a quite gen-

eral nature but the forces of tension and compression within the straight members 

are the most important of all if the structure is designed, fabricated, and assem-

bled according to accepted practice. That is, the loads within the members of a 
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truss structure may be approximated by those obtained from an analysis of an

abstract representation (as straight, frictionless pinned members, loaded at the

joints alone) of the structure. Indeed, this abstract representation is what serves as

the basis for the design of the truss structure in the first place.

Any member of the structure shown above will, in our abstract mode of imag-

ining, be in either tension or compression – a state of uniaxial loading. Think of

having a pair of special eyeglasses – truss seeing glasses – that, when worn,

enable you to see all members as straight lines joined by frictionless pins and

external forces applied at the joints as vectors. This is how we will usually sketch

the truss structure, as you would see it through such magical glasses.

Now if you look closer and imagine cutting away

one of the members, say with circular cross-section,

you would see something like what’s shown: This

particular member carries its load, F, in tension; The

member is being stretched.

If we continue our imagining, increasing the applied, external loads slowly,

the tension in this member will increase proportionally. Eventually, the member

will fail. Often a structure fails at its joints. We rule out this possibility here, assuming that our joints have

been over-designed. The way in which the member fails, as well as the tensile force at

which it fails, depends upon two things: The cross-sectional area of the member

and the material out of which it is made.

If it is grey cast iron with a cross sectional area of 1.0 in2
, the member will

fracture, break in two, when the tensile force approaches 25,000 lb. If it is made

of aluminum alloy 2024-T4 and its area is 600mm2
it will yield, begin to deform

plastically, when the tensile forces approaches 195,000 Newtons. In either case

there is some magnitude of the tensile force we do not want to exceed if we wish

to avoid failure.

Continue on with the thought experiment: Imagine that we replaced this mem-

ber in our truss structure with another of the same length but twice the cross-sec-

tional area. What tensile load can the member now carry before failure?

In this imaginary world, the tensile force required for failure will be twice

what it was before. In other words, we take the measure of failure for a truss mem-

ber in tension to be the tensile (or compressive) stress in the member where the

stress is defined as the magnitude of the force divided by the cross-sectional area

F

F
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of the member. In this we assume that the force is uniformly distributed over the 

cross-sectional area as shown below. 

= F/A 
F 

σA 

Further on we will take a closer look at how materials fail due to internal 

forces, not just tensile and compressive. For now we take it as an empirical obser-

vation and operational heuristic that to avoid fracture or yielding of a truss mem-

ber we want to keep the tensile or compressive stress in the member below a 

certain value, a value which depends primarily upon the material out of which the 

member is made. (We will explore later on when we are justified taking a failure 

stress in uniaxial compression equal to the failure stress in uniaxial tension.) It 

will also depend upon what conventional practice has fixed for a factor of safety. 

Symbolically, we want 

F A < (F A) failure or σ σ⁄ ⁄	 < failure 

where I have introduced the symbol σ to designate the uniformly distributed stress. 

Exercise 3.1 

If the members of the truss structure of Exercise 2.7 are made of 2024-T4 
Aluminum, hollow tubes of diameter 20.0 mm and wall thickness 2.0 mm, 

estimate the maximum load P you can apply before the structure yields.1 In 

this take θ
A

, θ to be 30o, 60o respectively 
B

D	 D 
P 

FB 

FB 

FA 

A B 

30o30.0°
 60.0° 

FA	

60o 
P 

Rather than picking up where we left off in our analysis of Exercise 2.7., we 

make an alternate isolation, this time of joint, or node D showing the unknown 

member forces directed along the member. By convention, we assume that both 

members are in tension. If the value for a member force comes out to be negative, 

1.	 Another failure mode, other than yielding, is possible: Member AD might buckle. We will attend to this pos-
sibility in the last chapter. 
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we conclude that the member is in compression rather than tension. This is an example 

of a convention often, but not always, adopted in the analysis and design of truss structures. You are free to vio-

late this norm or set up your own but, beware: It is your responsibility to note the difference between your 

method and what we will take as conventional and understood without specification. 

Force equilibrium of this node as particle then provides two scalar equations 

for the two scalar unknown member forces. We have 

–F A ⋅ cos 30o + FB ⋅ cos 60o – P = 0 –F A ⋅ sin 30o –FB ⋅ sin 60o 0 = 

From these, we find that member AD is in compression, carrying a load of (√3/ 

2)P and member BD is in tension, carrying a load P/2. The stress in each member 

is the force divided by the cross-sectional area where I have approximated the area 

× 2 40π 10 6 – A = π ⋅ (20 × 10 3 – ) ⋅ (2 10  3 – )m = × m 2 

of the cross-section of the thin-walled tube as a rectangle whose length is equal to 

the circumference of the tube and width equal to the wall thickness. 

Now the compressive stress in member AD is greater in magnitude than the 

tensile stress in member BD – about 1.7 times greater – thus member AD will 

yield first. This defines the mode of failure. The compressive stress in AD is 

σ = ( 3 2⁄ ) ⋅ P A⁄ 

which we will say becomes excessive if it approaches 80% of the value of the stress at 

which 2024-T4 Aluminum begins to yield in uniaxial tension. The latter is listed as 325 

MegaPascals in the handbooks2. 

We estimate then, that the structure will fail, due to yielding of member AD, 

when 

P	 = (2 ⁄ 3) ⋅ (0.80) ⋅ ( × m ) ⋅ (325 × 106 N m2 ) = 37 700N40π 10 6 – 2 ⁄ , 

*** 

I am going to now alter this structure by adding a third member CD. We might 

expect that this would pick up some of the load, enabling the application of a load 

P greater than that found above before the onset of yielding. We will discover that 

we cannot make this argument using our current language skills. We will find that 

we need new vocabulary and rules of syntax in order to do so. Let us see why. 

2.	 A Pascal is one Newton per Square meter. Mega is10 6. Note well how the dimensions of stress are the same 
as those of pressure, namely, force per unit area. See Chapter 7 for a crude table of failure stress values. 
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Exercise 3.2 

Show that if I add a third member to the structure of Exercise 3.1 connect-
ing node D to ground at C, the equations of static equilibrium do not suffice 
to define the tensile or compressive forces in the three members. 

A 

h 

LAD LBD 

P 

xB 

xC 

C BθA 
θC θB 

D

I isolate the system, starting as I did when I first encountered this structure, 

cutting out the whole structure from its supporting pins at A, B and C. The free 

D 

FA FC 
C B 

FB 

θA 

θB 

θC 

xc 

h 

P 

A 

x 
B 

body diagram above shows the direction of the unknown member forces as along 

the members, a characteristic of this and every truss structure. Force equilibrium 

in the horizontal direction and vertical direction produces two scalar equations: 

–F A ⋅ θAcos FC – ⋅ θCcos + FB ⋅ θBcos – P = 0 

and 

F A ⋅ θAsin FB+ ⋅ θBsin + FC ⋅ θCsin = 0 

At this point I note that the above can be read as two equations in three 

unknowns — the three forces in the members — presuming we are given the 

angles θA, θB, and θC, together with the applied load P. We clearly need another 

equation. 
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Summing moments about A I can write 

xB ⋅ FB ⋅ sin θB + xC ⋅ FC ⋅ sin θC – h P = 0⋅ 

xC = ⋅ cos θA – ⋅ cos θCLAD LCD


where and


xB = LAD ⋅ cos θA + LBD ⋅ cos θB 

and 

h = LAD ⋅ sin θA = LCD ⋅ sin θC = LBD ⋅ sin θB 

I now proceed to try to solve for the unknown member forces in terms of some 

or all of these presumed given geometrical parameters. First I write the distances 

xC = h ⋅ [( cos θA ⁄ sin θA) – (cos θC ⁄ sin θC )] 

x  and x  as and
C B

xB = h ⋅ [( cos θA ⁄ sin θA ) + (cos θB ⁄ sin θB )] 
or 

sin (θC – θA) sin (θA + θB ) xC = h ⋅ -------------------------------- and xB = h ⋅ --------------------------------
sin θA ⋅ sin θC sin θA ⋅ sin θB 

With these, the equation for moment equilibrium about A becomes after substi-

tuting for the x’s and canceling out the common factor h, 

FB ⋅ sin (θA + θB ) + FC ⋅ sin (θC – θA) – P ⋅ sin θA = 0 

It appears, at first glance that we are in good shape, that we have three scalar 

equations – two from force equilibrium, this last from moment equilibrium – 

available to determine the three member forces, F
A

, F and F
C

. We proceed by 
B 

eliminating F
A

, one of our unknowns from the equations of force equilibrium. We 

will then be left with two equations – those we derive from force and moment 

equilibrium – for determining F  and F .
B C

We multiply the equation expressing force equilibrium in the horizontal direc-

tion by the factor sinθ
A

, that expressing force equilibrium in the vertical direction 

by the factor cosθ
A

 then add the two equations and obtain 

B ⋅ ( sin θA ⋅ cos θB + cos θA ⋅ sin θB) + F ⋅ ( sin θC ⋅ cos θA – sin θA ⋅ cos θC ) – P ⋅ sin θA = 0 
C 
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This can be written, using the appropriate trig identities, 

FB ⋅ sin (θA + θB ) + FC ⋅ sin (θC – θA) – P ⋅ sin θA = 0 

which is identical to the equation we obtained from operations on the equation of moment 
equilibrium about A above. This means we are up a creek. The equation of moment equi-

librium gives us no new information we did not already have from the equations of force 

equilibrium. We say that the equation of moment equilibrium is linearly dependent upon 

the latter two equations. We cannot find a unique solution for the member forces. We say 

that this system of equations is linearly dependent. We say that the problem is stati-
cally, or equilibrium, indeterminate. The equations of equilibrium do not suffice to 

enable us to find a unique solution for the unknowns. Once again, the meaning of the word indeter-

minate is best illustrated by the fact that we can find many, many solutions for the member forces that satisfy 

equilibrium. 

This time there are no special tricks, no special effects hidden in subsystems, 

that would enable us to go further. That’s it. We can not solve the problem. Rather, 

we have solved the problem in that we have shown that the equations of equilib-

rium are insufficient to the task. 

Observe 

•	 That the forces in the members might depend upon how well a machinist 

has fabricated the additional member CD. Say he or she made it too short. 

Then, in order to assemble the structure, you are going to have to pull the 

node D down toward point C in order to fasten the new member to the oth-

ers at D and to the ground at C. This will mean that the members will 

experience some tension or compression even when the applied load is 

zero3! We say the structure is preloaded. The magnitudes of the preloads 

will depend upon the extent of the incompatibility of the length of the 

additional member with the distance between point C and D 

•	 We don’t need the third member if the load P never comes close to the fail-

ure load determined in the previous exercise. The third member is redun-
dant. In fact, we could remove any one of the other two members and the 

remaining two would be able to support a load P of some significant mag-

nitude. With three members we have a redundant structure. A redundant 
structure is most often synonymous with a statically indeterminate 
system of equations. 

•	   I could have isolated joint D at the outset and immediately have recog-

nized that only two linearly independent equations of equilibrium are 

available. Moment equilibrium would be identically satisfied since all 

force vectors intersect at a common point, at the node D. 

3.	 This is one reason why no engineering drawing of structural members is complete without the specification 
of tolerances. 
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In the so-called “real world”, some truss structures are designed as redundant 

structures, some not Why you might want one or the other is an interesting ques-

tion. More about this later. 

Statically determinate trusses can be quite complex, fully three-dimensional 

structures. They are important in their own right and we have all that we need to 

determine their member forces— namely, the requirements of static equilibrium. 

Exercise 3.3 

Construct a procedure for calculating the forces in all the members of the 
statically determinate truss shown below. In this take α  = √3 

L 

W 

L 

W 

L 

W 

L 

W 

L 

W 

L 

αL 

1. We begin with an isolation of the entire structure: 

L 
W 

L 
W 

L 
W 

L 
W 

L 
W 

L 
Rx Rx 1 3 5 7 9 

2 4 6 8 

12 

αL 

12
1 

11  

10  

Ry	
Ry

1	 12 

2. Then we determine the reactions at the supports. 

This is not always a necessity, as it is here, but generally it is good practice. 

Note all of the strange little circles and shadings at the support points at the left 

and right ends of the structure. The icon at the left end of the truss is to be read as 

meaning that: 

•	  the joint is frictionless and 

•	 the joint is restrained in both the horizontal and vertical direction, in fact, 

the joint can’t move in any direction. 

The icon at the right shows a frictionless pin at the joint but it itself is sitting 

on more frictionless pins. The latter indicate that the joint is free to move in the 
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horizontal direction. This, in turn, means that the horizontal component of the 

reaction force at this joint, Rx is zero, a fact crucial to the determinancy of the 
12 

problem. The shading below the row of circles indicates that the joint is not free to 

move in the vertical direction. 

From the symmetry of the applied loads, the total load of 5W is shared equally 

at the supports. Hence, the vertical components of the two reaction forces are

 Ry
1
 = Ry

12
 = 5 W/2. 

Both of the horizontal components of the reaction forces at the two supports 

must be zero if one of them is zero. This follows from the requirement of force 

equilibrium applied to our isolation.

 Rx  = Rx  = 0.
1 12

3. Isolate a joint at which but two member forces have yet to be determined and apply the 
equilibrium requirements to determine their values. 

There are but two joints, the two support joints that 

1 

F1,2
qualify for consideration this first pass through the pro-

cedure. I choose to isolate the joint at the left support. θ F1,3
Equilibrium of force of node # 1 in the horizontal and 

vertical direction yields the two scalar equations for the 

two unknown forces in members 1-2 and 1-3. In this we (5/2)W
again assume the members are in tension. A negative 

result will then indicate the member is in compression. 

The proper way to speak of this feature of our isolation is 

to note how “the members in tension pull on the joint”. 

Equilibrium in the x direction and in the y direction then requires: 

F1 2 ⋅ cos θ + F1 3 = 0	 , ⁄F1 2 ⋅ sin θ + (5 2) ⋅ W = 0 , , 

where the tanθ = α   and given α = √3 so sinθ = √3 /2 and cosθ= 1/2. These yield 

F1 2, 5 3⁄( ) W F1 3, ⁄( ) W⋅=⋅ 5 2  3  – = 

The negative sign indicates that member 1-2 is in compression. 

4. Repeat the previous step in the procedure. 

F2,3	
Having found the forces in members 1,2 and 1,3, 

node, or joint, # 3 becomes a candidate for isolation. 

3	 It shows but two unknown member forces intersecting at F1.3 

the node. Node #12 remains a possibility as well. I 

F3,5 choose node #3. Force equilibrium yields 

+ F3 5 = 0 and + F2 3 – W = 0W – F1.3 ,	 , 
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Note how on the isolation I have, according to convention, assumed all mem-

ber forces positive in tension. F
1,3 

acts to the left, pulling on pin # 3. This force 

vector is the equal and opposite, internal reaction to the F
1,3 

shown in the isola-

tion of node # 1. With F
1,3

 = (5/2√3)W we have 

F3 5 = (5 2  3  ⁄ ) ⋅ W and + F2 3 = W , , 

These equations are thus, easily solved, and we go again, choosing either node 

# 2 or # 12 to isolate in the next step. 

5. Stopping rule: Stop when all member forces have been determined. 
This piece of machinery is called the method of joints. Statically determinate 

truss member forces can be produced using other, just as sure-fire, proce-

dures.(See problem 3.15) The main point to note is that all the member forces in a 

truss can be determined from equilibrium conditions alone using a judiciously 

chosen sequence of isolations of the nodes if and only if the truss is statically 

determinate. That’s a circular statement if there ever was one but you get the 

point4. 

3.2 Internal Forces and Moments in Beams 

A beam is a structural element like the truss member but, unlike the latter, it is 

designed, fabricated, and assembled to carry a load in bending 5. In this section 

we will go as far as we can go with our current vocabulary of force, couple, and 

moment and with our requirements of static equilibrium, attempting to explain 

what bending is, how a beam works, and even when it might fail. 

The Cantilever according to Galileo 

You, no doubt, know what a beam is in some sense, at least in some ordinary, 

everyday sense. Beams have been in use for a long time; indeed, there were beams 

before there were two-force members. The figure below shows a seventeenth cen-

tury cantilever beam. It appears in a book written by Galileo, his Dialogue Con-
cerning Two New Sciences. 

4.	  Note how, if I were to add a redundant member connecting node #3 to node #4, I could no longer find the 
forces in the members joined at node #3 (nor those in the members joined at nodes #2 and #5). The problem 
would become equilibrium indeterminate 

5.	 Here is another circular statement illustrating the difficulty encountered in writing a dictionary which must 
necessarily turn in on itself. 
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Galileo wanted to know when 

the cantilever beam would 

break. He asked: What weight, 

hung from the end of the beam 

at C, would cause failure? 

You might wonder about Gali-

leo’s state of mind when he 

posed the question. From the 

looks of the wall it is the latter 

whose failure he should be con-

cerned with, not the beam. No. 

You are reading the figure 

incorrectly; you need to put on 

another special pair of eye-

glasses that filter out the shrub-

bery and the decaying wall and 

allow you to see only a cantile-

ver beam, rigidly attached to a 

rigid support at the end AB. These glasses will also be necessary in what follows, 

so keep them on. 

Galileo had, earlier in his book, dis-

cussed the failure of what we would call a 

bar in uniaxial tension. In particular, he 

claimed and argued that the tensile force F 
σ = F/A

required for failure is proportional to the 

cross sectional area of the bar, just as we 

have done. We called the ratio of force to 

area a “stress”. Galileo did not use our language but he grasped, indeed, might be 

said to have invented the concept, at least with respect to this one very important 

trait – stress as a criterion for failure of a bar in tension. Galileo’s achievement in 

analyzing the cantilever beam under an end load lay in relating the end load at 

failure to the failure load of a bar in uniaxial tension. Of course the bar had to be 

made of the same material. His analysis went as follows: 

He imagined the beam to be an angular lever pivoted at B. The weight, W, was  

suspended at one end of the lever, at the end of the long arm BC. A horizontally 

directed, internal, tensile force - let us call it F - acted along the other shorter, 
AB 

vertical arm of the lever AB. Galileo claimed this force acted at a point half way 

up the lever arm and provided the internal resistance to fracture. 

Look back at Galileo’s figure with your special glasses on. Focus on the beam. 

See now the internal resistance acting along a plane cut through the beam at AB. 

Forget the possibility of the wall loosening up at the root of the cantilever. Take a 

peek ahead at the next more modern figure if you are having trouble seeing the 

internal force resultant acting on the section AB. 
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 For moment equilibrium about the point B one must have 

(h ⁄ 2)F AB = W L⋅ 

where I have set h equal to the height of the beam, AB, and L equal to the length of the 

beam, BC. 

According to Galileo, the beam will fail when the ratio of FAB to the cross sec-

tional area reaches a particular, material specific value6. This ratio is what we 

have called the failure stress in tension. From the above equation we see that, for 

members with the same cross section area, the end load, W, to cause failure of the 

member acting as a cantilever is much less than the load, FAB,which causes failure 

of the member when loaded axially, as a truss member (by the factor of (1/2)h/L). 

A more general result, for beams of rectangular cross section but different 

dimensions, is obtained if we express the end load at failure in terms of the fail-

ure stress in tension, i.e., σfailure : 

1 ⁄W failure = ---
2

(h L) ⋅ bh ⋅ σ failure where σ failure = F AB ⁄ (bh)
failure 

and where I have introduced b for the breadth of the beam. Observe: 

σ
• This is a quite general result. If one has determined the value of the ratio 

failure for a specimen in tension, what we would call the failure stress in a 

tension test, then this one number provides, inserting it into the equation 

above, a way to compute the end load a cantilever beam, of arbitrary 

dimensions h, b and L, will support before failure. 

•	  Galileo has done all of this without drawing an isolation, or free-body 

diagram! 

• He is wrong, precisely because he did not draw an isolation7 . 

To state he was wrong is a bit too strong. As we shall see, his achievement is 

real; he identified the underlying form of beam bending and its resistance to frac-

ture. Let us see how far we can proceed by drawing an isolation and attempting to 

accommodate Galileo’s story. 

A 

B 

L 

h 

D 

FAB WC 

b 

6.	 Galileo mentions wood, glass, and other materials as possibilities. 

7.	 This claim is a bit unfair and philosophically suspect: The language of mechanics was little developed at the 
dawn of the 17th century. “Free body diagram” was not in the vocabulary. 
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I have isolated the cantilever, cutting it at AB away from the rest of the beam 

nested in the wall. Here is where Galileo claims fracture will occur. I have shown 

the weight W at the end of the beam, acting downward. I have neglected the 

weight of the material out of which the beam itself is fabricated. Galileo did the 

same and even described how you could take the weight into account if desired. I 

have shown a force F
AB

, the internal resistance, acting halfway up the distance AB. 

Is this system in equilibrium? No. Force equilibrium is not satisfied and 

moment equilibrium about any other point but B is not satisfied This is a consequence of 

the failure to satisfy force equilibrium. That is why he is wrong. 

On the other hand, we honor his achievement. To see why, let us do our own 

isolation, and see how far we can go using the static equilibrium language skills 

we have learned to date. 

We allow that there may exist at the root of the cantilever, at our cut AB, a  

force, F
V 

and a couple M . We show only a vertical component of the internal 
0

L 

FV 

M0 

W 

reaction force since if there were any horizontal component, force equilibrium in 

the horizontal direction would not be satisfied. I show the couple acting positive 

counter clockwise, i.e., directed out of the plane of the paper. 

Force equilibrium then yields 

FV – W = 0  or  FV = W 

and moment equilibrium 

⋅M0 – W L = 0  or  M0 = WL 

And this is as far as we can go; we can solve for the vertical component of the 

reaction force at the root, F
V
, and for the couple (as we did in a prior exercise), 

M
0
, and that’s it. But notice what has happened: There is no longer any horizontal 

force F
AB

 to compare to the value obtained in a tension test! 

It appears we (and Galileo) are in serious trouble if our intent is to estimate 

when the beam will fail. Indeed, we can go no further.8 This is as far as we can go 

with the requirements of static equilibrium. 

8.	 That is, if our criterion for failure is stated in terms of a maximum tensile (or compressive) stress, we can not 
say when the beam would fail. If our failure criterion was stated in terms of maximum bending moment, we 
could say when the beam would fail.  But this would be a very special rule, applicable only for beams with 
identical cross sections and of the same material. 
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Before pressing further with the beam, we consider another problem, — a truss 

structure much like those cantilevered crane arms you see operating in cities, rais-

ing steel and concrete in the construction of many storied buildings. We pose the 

following problem. 

Exercise 3.4 

Show that truss member AC carries a tensile load of 8W, the diagonal 
member BC a compressive load of √2 W, and member BD a compressive 
load of 7W. Then show that these three forces are equivalent to a vertical 
force of magnitude W and a couple directed counter clockwise of magnitude 
WL. 

L = 8 h 
W 

A C E 

B D 

h 

We could, at this point, embark on a method of joints, working our way from 

the right-most node, from which the weight W is suspended, to the left, node by 

node, until we reach the two nodes at the support pins at the wall. We will not 

adopt that time consuming procedure but take a short cut. We cut the structure 

away from the supports at the wall, just to the right of the points A and B, and con-

struct the isolation shown below: 

L = 8 h 
W 

A C E 

B D 

FAC 

FBD 

FBC 

45 
o 

h 

The diagram shows that I have taken the unknown, member forces to be posi-

tive in tension; F and F
BC 

are shown pulling on node C and F
BD 

pulling on node 
AC 

D according to my usual convention. Force equilibrium in the horizontal and ver-

tical directions respectively gives 

⁄–F AC – ( 2 2) ⋅ FBC – FBD = 0 and –( 2 ⁄ 2)FBC –W = 0 
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while moment equilibrium about point B, taking counter clockwise as positive yields 

⋅ – (8h) ⋅ W = 0h F AC 

Solution produces the required result, namely

 F  = 8W; F = - √2 W; F  = - 7W
AC BC	 BD

The negative sign in the result for F
BC 

means that the internal force is oppo-

sitely directed from what was assumed in drawing the free-body diagram; the 

member is in compression rather than tension. So too for member BD; it is also in 

compression. The three member forces are shown compressive or tensile accord-

ing to the solution, in the isolation below, at the left. In the middle we show a stat-

ically equivalent system, having resolved the compressive force in BC into a 

vertical component, magnitude W, and a horizontal component magnitude W, then 

summing the latter with the horizontal force 7W. On the right we show a statically 

equivalent system acting at the same section, AB – a vertical force of magnitude W 
and a couple of magnitude 8W h= W L directed counter clockwise. 

A C E 

B D 

8 W 

7 W 

√2 W 

45 
o 

A C E 

B D 

8 W 

8W 
W 

A C E 

B D 

W 

WL 

Observe: 

•	   The identity of this truss structure with the cantilever beam of Galileo is 

to be noted, i.e., how the moment of the weight W about the point B is bal-

anced by the couple WL acting at the section AB. The two equal and 

opposite forces of magnitude 8W separated by the distance h = L/8 are 

equivalent to the couple WL. 

•	   The most important member forces, those largest in magnitude, are the 

two members AC and BD. The top member AC is in tension, carrying 8W, 

the bottom member BD in compression, carrying 7W. The load in the 

diagonal member is relatively small in magnitude; it carries 1.4W in com-

pression. 

•	 Note if I were to add more bays to the structure, extending the truss out to 

the right from 8h to 10h, to even 100h, the tension and compression in the 

top and bottom members grow accordingly and approach the same magni-

tude. If L= 100h, then F = 100W, F  = 99W, while the force in the
AC BD
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diagonal member is, as before, 1.4W in compression! Its magnitude rela-

tive to the aforementioned tension and compression becomes less and less. 

We faulted Galileo for not recognizing that there must be a vertical, reaction 

force at the root of the cantilever. We see now that maybe he just ignored it 

because he knew from his (faulty)9analysis that it was small relative to the inter-

nal forces acting normal to the cross section at AB. Here is his achievement: he 

saw that the mechanism responsible for providing resistance to bending within a 

beam is the tension (and compression) of its longitudinal fibers. 

Exercise 3.5 

A force per unit area, a stress σ, acts over the cross section AB as shown 
below. It is horizontally directed and varies with vertical position on AB 
according to 

σ	 y ⋅ y( ) = c yn –(h ⁄ 2) ≤ ≤ (h ⁄ 2) 

In this, c is a constant and n a positive integer.

 If the exponent n is odd show that 

(a) this stress distribution is equivalent to a couple alone (no resultant force), 
and 

(b) the constant c, in terms of the couple, say M0, may be expressed as 

⋅ (c = (n 2 + ) ⋅ M0 ⁄ [2b h  ⁄ 2)n 2 + ] 

y 
σ(y)b∆y 

y 

x 

σ n 

y=+h/2 

y=-h/2 

A 

b 

b (y) = cy

9.	  We see how the question of evaluating Galileo’s work as correct or faulty becomes complex once we move 
beyond the usual text-book, hagiographic citation and try to understand what he actually did using his writ-
ings as a primary source. See Kuhn, THE STRUCTURE OF SCIENTIFIC REVOLUTIONS, for more on the 
distortion of history at the hands of the authors of text-books in science and engineering. 
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First, the resultant force: A  differential element of force, ∆F = σ(y)b∆y acts on 

each differential element of the cross section AB between the limits y = ± h/2. 

Note the dimensions of the quantities on the right: σ is a force per unit area; b a 

length and so too ∆y; their product then is a force alone. The resultant force, F, is  

the sum of all these differential elements of force,  hence 

h ⁄ 2 h ⁄ 2 

F = ∫ σ y d b y( )b y = c yn ⋅ d∫ 
– h ⁄ 2 – h ⁄ 2 

If the exponent n is odd, we are presented with the integral of an odd function, 

- σ(y)= σ(-y), between symmetric limits. The sum, in this case, must be zero. 

Hence the resultant force is zero. 

The resultant moment is obtained by summing up all the differential elements 

of moment due to the differential elements of force. The resultant moment will be 

a couple; indeed, it can be pictured as the sum of the couples due to a differential 

element of force acting at +y and a paired differential element of force, oppositely 

directed, acting at -y. We can write, as long as n is odd 

h ⁄ 2 h ⁄ 2 

M0 = 2 ∫ y ⋅ σ y d b y( )b y = 2 c yn 1 + ⋅ d∫ 
0 0 

Carrying out the integration, we obtain 

2 cb
M0 = ----------------- ⋅ (h ⁄ 2 )n 2 + 

(n 2 + ) 

So c can be expressed in terms of M0 as 

c = (n 2 + ) ⋅ M ⁄ [2 b h ⁄ 2 )n 2 + ]⋅ (0 

as we were asked to show. 

Now we imagine the section AB to be a section at the root of Galileo’s cantile-

ver. We might then, following Galileo, claim that if the maximum value of this 

stress, which is engendered at y= +  h/2, reaches the failure stress in a tension test 

then the cantilever will fail. At the top of the beam the maximum stress expressed 

in terms of M0 is found to be, using our result for c, 

σ(y=h/2 ) = 2 (n 2 + ) ⋅ M ⁄ (bh2 )0 
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Now observe: 

•	 The dimensions are correct: Sigma, a stress, is a force per unit area. The 

dimensions of the right hand side are the same - the ratio of force to length 

squared. 

•	  There are many possible odd values of n each of which will give a differ-

ent value for the maximum stress σ at the top of the beam. The problem, in 

short, is statically indeterminate. We cannot define a unique stress distri-

bution satisfying moment equilibrium nor conclude when the beam will 

fail. 

•	  If we arbitrarily choose n = 1, i.e., a linear distribution of stress across 

the cross section AB, and set M0 = WL, the moment at the root of an end-

loaded cantilever, we find that the maximum stress at y = h/2 is 

σ ⁄ ⁄=	 6 ⋅ (L h) ⋅ (W bh)
max 

•	 Note the factor L/h: As we increase the ratio of length to depth while hold-

ing the cross sectional area, bh, constant — say (L/h) increases from 8 to 

10 or even to 100 — the maximum stress is magnified accordingly. This 

“levering action” of the beam in bending holds for other values of the 

exponent n as well! We must credit Galileo with seeing the cantilever 

beam as an angular lever. Perhaps the deficiency of his analysis is rooted 

in his not being conversant with the concept of couple, just as students 

learning engineering mechanics today, four hundred years later, will err in 

their analyses, unable, or unwilling, to grapple with, and appropriate for 

their own use, the moment due to two, or many pairs of, equal and oppo-

site forces as a thing in itself. 

•	 If we compare this result with what Galileo obtained, identifying σmaximum 

above with σfailure  of the member in tension, we have a factor of 6 where 

Galileo shows a factor of 2. That is, from the last equation, we solve for 

W with σmaximum = σfailure  and find 

1
W failure = ---

6
(h L) ⋅ bh ⋅ σ failure⁄ 

•	 The beam is a redundant structure in the sense that we can take material 

out of the beam and still be left with a coherent and usuable structure. For 

example, we might mill away material, cutting into the sides, the whole 

length of the beam as shown below and still be left with a stable and possi-
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bly more efficient structure —A beam requiring less material, hence less 

cost, yet able to support the design loads. 

Exercise 3.6 

The cross section of an I beam looks like an "I". The top and bottom parts 
of the "I" are called the flanges; the vertical, middle part is called the web. 

If you assume that: top flange 
i) the web carries no load, no normal stress 

ii) a uniformly distributed normal stress is carried webIby the top flange 
bottom flange 

iii) a uniformly distributed normal stress is carried 
by the bottom flange I I beam 
iv) the top and bottom flanges have equal cross sec-
tional areas. 

then show that 

a) the resultant force, acting in the direction of the length of the beam is 
zero only if the stress is tensile in one of the flanges and compressive in the 
other and they are equal in magnitude; 

b) in this case, the resultant moment, about an axis perpendicular to the 
web, is given by 

M0 = h bt ⋅⋅ ( ) σ  

where h is the height of the cross section, b the breadth of the flanges, t 
their thickness. 



72  Chapter 3 

The figure at the right 

shows our I beam. Actu-

ally it is an abstraction of 

an I beam. Our I beam, 
σtop = σ 

y

x 

A 

b 

0 
z 

− σ 
t 

y=+h/2 

with its paper thin web, 

unable to carry any stress, 

would fail immediately.10 

But our abstraction is 

not useless; it is an 

approximation to the way 
σbottom = 

an I beam carries a load in y=-h/2
bending. Furthermore, it 

is a conservative approxi-

mation in the sense that if the web does help carry the load (as it does), then the 

stress levels we obtain from our analysis, our model, should be greater than those 

seen by the flanges in practice. 

In a sense, we are taking advantage of the indeterminacy of the problem — the 

problem of determining the stress distribution over the cross section of a beam in 

terms of the applied loading — to get some estimate of the stresses generated in 

an I beam. What we are asked to show in a) and b) is that the requirements of 

static equilibrium may be satisfied by this assumed stress distribution. (We don’t 

worry at this point, about force equilibrium in the vertical direction). 

The figure shows the top flange in tension and the bottom in compression. 

According to the usual convention, we take a tensile stress as positive, a compres-

sive stress as negative. It should be clear that there is no resultant force in the hor-

izontal direction given the conditions i) through iv). That is, force equilibrium in 

the (negative) x direction yields 

bt btσtop ⋅ ( )  + σbottom ( )  ⋅ = 0  if  σbottom = –σtop 

The resultant moment is not zero. The resultant moment about the 0z axis, 

taking them counter clockwise, is just 

M0 = σtop ⋅ bt ⋅ (h ⁄ 2)–σbottom ⋅ bt ⋅ (h ⁄ 2) = 2σtop ⋅ bt ⋅ (h ⁄ 2) = σ ⋅ bth 

where I have set σtop = σ  and σ bottom = - σ. 

With this result, we can estimate the maximum stresses in the top and bottom 

flanges of an I beam. We can write, if we think of M0 as balancing the end load W 

of our cantilever of length L so that we can set  M0 = WL, and obtain: 

⁄ ⁄σ = (L h) ⋅ (W bt  )max 

This should be compared with results obtained earlier for a beam with a rectan-

gular cross section. 

10. No I beam would be fabricated with the right-angled, sharp, interior corners shown in the figure; besides 
being costly, such features might, depending upon how the beam is loaded,  engender stress concentrations 
— high local stress levels. 
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We can not resolve the indeterminacy of the problem and determine when an I 

beam, or any beam for that matter, will fail until we can pin down just what nor-

mal stress distribution over the cross section is produced by an internal moment. 

For this we must consider the deformation of the beam, how the beam deforms due 

to the internal forces and moments. 

Before going on to that topic, we will find it useful to pursue the behavior of 

beams further and explore how the shear force and bending moment change with 

position along a span. Knowing these internal forces and moments will be prereq-

uisite to evaluating internal stresses acting at any point within a beam. 

Shear Force and Bending Moment in Beams 

Indeed, we will be bold and state straight out, as conjecture informed by our study 

of Galileo’s work, that failure of a beam in bending will be due to an excessive 

bending moment. Our task then, when confronted with a beam, is to determine the 
bending moment distribution that is, how it varies along the span so that we can 

ascertain the section where the maximum bending moment occurs. 

But first, a necessary digression to discuss sign conventions as they apply to 

internal stresses, internal forces, and internal moments. I reconsider the case of a 

bar in uniaxial tension but now allow the internal stress to vary along the bar. A 

uniform, solid bar of rectangular cross section, suspended from above and hanging 

vertically, loaded by its own weight will serve as a vehicle for explanation. 

skyhook 

F(z) 

w(z) = γ Az 

y 

z 

x 

F(z) = γ Azz 

F(z) 

F(z) 

z 

∆z 

F(z) + ∆F 
F(z) = γ Az 

∆w(z) = γ A∆z 

(a) (b) (c) (d) 

The section shown at (a) is a true free body diagram of a portion of the bar: the 

section has length "z", so in that sense it is of arbitrary length. The section expe-

riences a gravitational force acting vertically downward; its magnitude is given by 

the product of the weight density of the section, γ, say in pounds per cubic inch, 

and the volume of the section which, in turn, is equal to the product of the cross 

sectional area, A, and the length, z. At the top of the section, where it has been 

"cut" away from the rest above, an internal, tensile force acts which, if force equi-
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librium is to be satisfied, must be equal to the weight of the section, w(z). By 
convention we say that this force, a tensile force, is positive. 

The section of the bar shown at (b) is not a true free body diagram since it is 

not cut free of all supports (and the force due to gravity, acting on the section, is 

not shown). But what it does show is the "equal and opposite reaction" to the 

force acting internally at the cut section, F(z). 

The section of the bar show at (c) is infinitely thin. It too is in tension. We 

speak of the tensile force at the point of the cut, at the distance z from the free 

end. What at first glance appear to be two forces acting at the section — one 

directed upward, the other downward — are, in fact, one and the same single 

internal force. They are both positive and have the same magnitude. 

To claim that these two oppositely directed forces are the same force can create 

confusion in the minds of those unschooled in the business of equal and opposite 

reactions; but that’s precisely what they are. The best way to avoid confusion is to 

include in the definition of the direction of a positive internal force, some specifi-

cation of the surface upon which the force acts, best fixed by the direction of the 
outward normal to the surface. This we will do. In defining a positive truss mem-

ber force, we say the force is positive if it acts on a surface whose outward point-

ing normal is in the same direction as the force acting on the surface. The force 

shown above is then a positive internal force — a tension. 

The section shown at (d) is a differential section (or element). Here the same 

tensile force acts at z (directed downward) but it is not equal in magnitude to the 

tensile force acting at z+∆z, acting upward at the top of the element. The differ-

ence between the two forces is due to the weight of the element, ∆w(z). 

To establish a convention for the shear force and bending moment internal to a 

beam, we take a similar approach. As an example, we take our now familiar canti-

lever beam an make an isolation of a section of span starting at some arbitrary dis-

tance x out from the root and ending at the right end, at x = L. But instead of an 

end load, we consider the internal forces and moments due to the weight of the 

beam itself. Figure (a) shows the magnitude of the total weight of the section act-

ing vertically downward due to the uniformly distributed load per unit length, γA, 

where γ is the weight density of the material and A the cross-sectional area of the 

beam. 

The section is a true free 

body diagram of a portion of 

MB

x

0 

V

L 
weight = γ A(L-x) 

x

y (a) 

the beam: the section has 

length L-x, so in that sense it 

is of arbitrary length. At the 

left of the section, where it z 

has been "cut" away from the 

rest of the beam which is 

attached to the wall, we show an internal force and (bending) moment at x. We 

take it as a convention, one that we will adhere to throughout the remainder of this 

text, that the shear force and the bending moment are positive as shown. We 
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designate the shear force by V, following tradition, and the bending moment by 

M .
b

Now this particular conven-

tion requires elaboration: First (b) 
V 

MB

MB
MB 

V 

MB(x) MB (x)+∆MB(x) 

V(x)+ 

x

x

x+∆x

∆V(x) 

0

0

0

z 

x

x

y

y 

∆w = γ A∆x 

V(x) 

V 

y 

consider the rest of the cantilever 

beam that we cut away. Figure 

(b) shows the equal and opposite 

reactions to the internal force 

and moment shown on our free 

body diagram in figure (a). (b) is (c) 
not a true free body diagram 

since it is not cut free of all sup-

ports and the force due to gravi- z 
tyis not shown. 

The section of the beam 

shown at (c) is infinitely thin. (d) 
Here, what appears to be two 

forces is in fact one and the same 
x

internal force — the shear force, 

V, acting at the section x. They 
z 

are both positive and have the 

same magnitude. Similarly what 

appears to be two moments is in 

fact one and the same internal 

moment — the bending moment, MB , acting at the position x. 

We show a positive shear force acting on the left face, a face with an outward 

normal pointing in the negative x direction, acting downward in the a negative y 
direction. It’s equal and opposite reaction, the same shear force, is shown acting 

on the right face, a face with an outward normal pointing in the positive x direc-

tion, acting upward in a positive y direction. Our convention can then be stated as 

follows: A positive shear force acts on a positive face in a positive coordinate 
direction or on a negative face in a negative coordinate direction. 

A positive face is short for a face whose outward nor- y 
mal is in a positive coordinate direction. The convention 

for positive bending moment is the same but now the 

direction of the moment is specified according to the right 

MB 
MB 

V 

x
hand rule. We see that on the positive x face, the bending 

moment is positive if it is directed along the positive z 
axis. A positive bending moment acts on a positive face V 

in a positive coordinate direction or on a negative face 
in a negative coordinate direction. Warning: Other textbooks use other conven-

tions. It’s best to indicate your convention on all exercises, including in your 

graphical displays the sketch to the right. 
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Exercise 3.7 

Construct a graph that shows how the bending moment varies with distance 
along the end-loaded, cantilever beam. Construct another that shows how 
the internal, transverse shear force. acting on any transverse section, var-
ies. 

With all of this conventional (a) 

Mb

x

0 

V

L 
W 

y 
apparatus, we can proceed to deter-

mine the shear force and bending 

moment which act internally at the 
z 

section x along the end-loaded can-

tilever beam. In this, we neglect 

the weight of the beam. The load at 

the end, W, is assumed to be much greater. Otherwise, our free body diagram 

looks very much like figure (a) on the previous page: Force equilibrium gives but 

one equation – V – W = 0 

while moment equilibrium, taken about a point 

L 
W 

x

x
Mb

y V 
anywhere along the section at x gives, assuming 

y 
a couple or moment is positive if it tends to 

rotate the isolated body counter clock-0 
wise – Mb – W ⋅ (L – x) = 0 

The shear force is then a constant; it does 

not vary as we move along the beam, while 

V(x) = - W the bending moment varies linearly with 

position along the beam, i.e., 

0 x=L 
x 

V = –W 
- W 

and 

–Mb = –W ⋅ (L x)

M

b
(x) = - W(L - x)


. These two functions are plotted at the 

0 x=L right, along with a sketch of the endloaded x 
cantilever; these are the required construc-

tions. 

- WL Some observations are in order: 

y 
W 

x 

V(x)=-W 
x 

L 
M

b
(x) = - WL +WxWL 

•  The shear force is constant and equal to 

the end load W but it is negative according 

to our convention. 

• The maximum bending moment occurs at 

the root of the cantilever, at x=0; this is 

x 
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where failure is most likely to occur, as Galileo was keen to see.  It too is nega
-
tive according to our convention.


• The shear force is the negative of the slope of the bending moment distri
-
bution. That is


•  V(x) = - dM
b
(x)/dx 

•  If, instead of isolating a portion of the beam to the right of the station x,

we had isolated the portion to the left of the station x, we could have solved the

problem but we would have had to have first evaluated the reactions at the wall.


• The isolation shown at the right and the application of force and moment

equilibrium produce the same shear force and bending moment distribution as

above.  Note that the reactions shown at the wall, at x=0, are displayed accord
-
ing to their true directions; they can be considered the applied forces for this

alternate, free body diagram.


Exercise 3.8 
w(x) = wo

x 

x x + ∆x 

V + ∆V 

Mb+∆MbMb 

V
wo ∆x 

x=L 

   force/unit length 

Show that for the uniformly loaded, beam simply supported at its ends, the 
following differential relationships among the distributed load w

0
, the 

shear force V(x), and the bending moment M
b
(x), hold true, namely 

V d 
= w0 and Mb – = V 

x x d 

The differential relations among the shear force, 

V(x), the bending moment, M
b
(x) and the distributed 

load w
0 

are obtained from imagining a short, differen-

tial element of the beam of length ∆ x, cut out from the 

beam at some distance x In this particular problem we 

Mb 

V 

y 

V + ∆V 

Mb+∆Mb 

wo

x 

∆x 

x+∆x 

x 

are given a uniformly distributed load. Our derivation, 

however, goes through in the same way if w is not constant but varies with x, the 
0 

distance along the span. The relationship between the shear force and w(x) would 

be the same. 

Such an element is shown above. Note the difference between this differen-
tial element sketched here and the pictures drawn in defining a convention for 
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positive shear force and bending moment: They are alike but they are to be read 

differently. The sketch used in defining our convention shows the internal force 

and moment at a point along the span of the beam; the sketch above and in (d) 

shows how the internal force and moment change over a small, but finite, length of 

span – over a differential element. 
Focusing on the isolation of this differential element of the beam, force equi-

librium requires 

–V w ⋅ ∆x + (V + ∆V ) = 0o 

and moment equilibrium, about the point x, counter clockwise positive, yields 

xMb( ) – w0 ⋅ ∆x ⋅ (∆x ⁄ 2) + (V + ∆V ) ⋅ ∆x + Mb + ∆Mb = 0 

We simplify, divide by ∆ x, let ∆ x approach zero and obtain for the ratios ∆V/∆ 
x and ∆M /∆ x in the limit

b

dV d 
x d 

= w0 and Mb = –V
x d 

as was desired. 

Note how, because the factor ∆ x appears twice in the w
0 

term in the equation 

of moment equilibrium, it drops out upon going to the limit. We say it is second 
order relative to the other leading order terms which contain but a single factor ∆ 
x The latter are leading order after we have canceled out the M

b
, - M terms.

b 

Knowing well the sign convention for positive shear force and bending moment is 

critical to making a correct reading of these differential equations. These general 

equations themselves — again, w could be a function of x, w(x), and our deriva-
0 

tion would remain the same —s can be extremely useful in constucting shear force 

and bending moment distributions.  That’s why I’ve placed a box around them. 

For example we might attempt to construct the shear force and bending 

moment distributions by seeking integrals for these two, first order, differential 

equations. We would obtain, since w0 is a constant 

V x x( ) = w0 ⋅ x + C1 and Mb( ) = w0 ⋅ (x 2 ⁄ 2) + C1 ⋅ x + C2 

But how to evaluate the two constants of integration? To do so we must know 

values for the shear force and bending moment at some x position, or positions, 

along the span. 
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Now, for our particular situation, we must have 

the bending moment vanish at the ends of the beam 

since there they are simply supported — that is, the Mb=0 
supports offer no resistance to rotation hence the 

internal moments at the ends must be zero. This is 

V 

best shown by an isolation in the vicinity of one of 

the two ends. Reaction = wo L/2 
We require, then, that the following two bound-

ary conditions be satisfied, namely 

at x=0, Mb = 0 and at x=L, Mb = 0 

These two yield the following expressions for the two constants of integration, 

C1 and C2. 

C1 = –w0 ⋅ (L ⁄ 2) and C2= 0 

and our results for the shear force and bending moment distributions become: 

V x –( ) = w0 ⋅ (x L  ⁄ 2) 

w0 L
2 

Mb( ) = ------------ ⋅ [( x L)2 – (x L)]x ⁄ ⁄
2 

Unfortunately, this way of determining the shear force and bending moment 

distributions within a beam does not work so well when one is confronted with 

concentrated, point loads or segments of distributed loads. In fact, while it works 

fine for a continuous, distributed load over the full span of a beam, as is the case 

here, evaluating the constants of integration becomes cumbersome in most other 

cases. Why this is so will be explored a bit further on. 

Given this, best practice is to determine the shear force and bending moment 

distributions from an isolation, or sequence of isolations, of portion of the beam. 

The differential relationships then provide a useful check on our work. Here is 

how to proceed: 

We first determine the reactions at the supports at the left and right ends of the 

span. 

x 

L 

w0 
y 

w0L/2 w0L/2 
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Note how I have re-positioned the axis system to take advantage of symme-

try.11 

Symmetry suggests, and a free body diagram of 

the entire beam together with application of force y V 
and moment equilibrium would show, that the hori- Mb 
zontal reactions at the ends are zero and the vertical x 
reactions are the same, namely  w L/2.

0 

We isolate a portion of the beam to y
the right of some arbitrarily chosen sta-

tion x. The choice of this section is not 

quite arbitrary: We made a cut at a posi-

tive x, a practice highly recommended 

to avoid sign confusions when writing 

out expressions for distances along the 

span in applying moment equilibrium. 

L/2 

x 
V 

wo 

Mb 

Below right, we show the same iso- y 
lation but have replaced the load w dis-

0 

tributed over the portion of the span x to  
L/2, by an equivalent system, namely a 

force of magnitude w
0
[(L/2)-x] acting 

downward through a point located mid-

way x to L/2. Applying force equilib-

rium to the isolation at the right yields: 

V 

Mb 

(L/2- x)/2 

(L/2- x) 

wo L/2 

wo (L/2- x) 

wo L/2 

– V x( ) – w0 ⋅ [( L ⁄ 2) – x] + w0 ⋅ (L ⁄ 2) = 0 

while taking moments about the point x, counter clockwise positive, yields 

xMb( ) – w0 ⋅ [( L ⁄ 2) – x][( L ⁄ 2) – x] ⁄ 2 + (w0L ⁄ 2)[( L ⁄ 2) – x]= 0 

11. Note how the loading looks a bit jagged; it is not really a constant,as we move along the beam. While the 
effects of this "smoothing" of the applied load can not really be determined without some analysis which 
allows for the varying load, we note that the bending moment is obtained from an integration, twice over, of 
the distributed load.  Integration is a smoothing operation.  We explore this situation further on. 

x 

x 
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Solution of these yields the shear force and bending moment distributions shown below. 

We show the uniform load distribution as well. 

y 

x 

2M
b
(x) = (w

0
/2)[(L/2)2 - x ] 

x 

x 

L 

wo 

wo L/2 wo L/2V (x) 

- wo L/2 

+wo L/2 

+L/2- L/2 

wo L2/8 

0 

Mb(x) 

Observe: 

•	 How by taking moments about the point x, the shear force does not appear 

in the moment equilibrium equation. The two equations are uncoupled, we  

can solve for M
b
(x) without knowing V. 

•	 These results are the same as obtained from our solution of the differential 

equations. They do not immediately appear to be identical because the "x" 

is measured from a different position. If you make an appropriate change 

of coordinate, the identity will be confirmed. 

•	  Another way to verify their consistency is to see if the differential rela-

tionships, which apply locally at any position x, are satisfied by our more 

recent results. Indeed they are: The slope of the shear force distribution is 

equal to the distributed load w
0
 at any point x. The slope of the bending 

moment distribution is equal to the negative of the shear force V(x). 

•	 The bending moment is zero at both ends of the span. This confirms our 

reading of circles as frictionless pins, unable to transmit a couple. 

2•  The bending moment is a maximum at mid-span. M  = w L /8. Note
b 0

that the shear force is zero at mid-span, again in accord with our differen-

tial relationship12 

•	   Last, but not least, the units check. For example, a bending moment has 

the dimensions FL, force times length; the distributed load has dimensions 

F/L, force per unit length; the product of w and L2 then has the dimen-
0 

sions of a bending moment as we have obtained. 

w(x) = wo 

V(x) = wo x 
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For another look at the use of the differential relationships as aids to construct-

ing shear force and bending moment distributions we consider a second exercise: 

Exercise 3.9 

Construct shear force and bending

moment diagrams for the simply-sup-

y 

L/4 

wo (x)

a 

L/2 L/4 

P

ported beam shown below. How do your

diagrams change as the distance a

approaches zero while, at the same time,
 x 

the resultant of the distributed load,

w

0
(x) remains finite and equal to P?


We start with the limiting case of a con-
y P P 

L/4centrated load acting at the point to the left L/4 
of center span. Two isolations of portions of 

xthe beam to the left are made at some arbi-

trary x – first with x less than L/4, (middle 0 

figure), then in the region L/4<x<3L/4, (bot-

tom figure)– are shown. L 
Symmetry again requires that the verti- P P 

cal reactions are equal and of magnitude P. 

x
P

V 

Mb 

P
x 

V

P 

Mb

 y

y 
Note this remains true when we consider the 

distributed load w
0
(x) centered at x= L/4 as 

x 
long as its resultant is equivalent to the con-

centrated load P. 

Force and moment equilibrium for 

0< x  < L/4 yields 

V x( ) = –P 

and 
x 

x ⋅Mb( ) = P x

while for L/4 < x < 3L/4 we have 

12. One must be very careful in seeking maximum bending moments by seting the shear to zero.  	One of the 
disastrous consequences of studying the differential calculus is that one might think the locus of a maximum 
value of a function is always found by equating the slope of the function to zero. Although true in this prob-
lem, this is not always the case. If the function is discontinuous or if the maximum occurs at a boundary then 
the slope need not vanish yet the function may have its maximum value there. Both of these conditions are 
often encountered in the study of shear force and bending moment distributions within beams. 
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V x( ) = P P– = 0 

and 

Mb x( )  P x⋅= – P x(⋅ – L 4⁄ ) P L  4⁄⋅= 

Now for the x > 3L/4 we could proceed by making a third isolation, setting x > 

3L/4 but rather than pursue that tack, we step back and construct the behavior of 

the shear force and bending moment in this region using less machine-like, but 

just as rigorous language, knowing the behavior at the end points and the differen-

tial relations among shear force, bending moment, and distributed load. 

The distributed load is zero for x>3L/4. Hence the shear force y V 
Mb	

must be a constant. But what constant value? We know that the 

reaction at the right end of the beam is P acting upward. Imag-x 
ining an isolation of a small segment of the beam at x ≈ L, you 

see that the shear force must equal a positive P. I show the con-

vention icon at the right to help you imagine the a true isolation at x=L. 

In the region, 3L/4 < x < L we have, 

then V x( ) = P 
For the bending moment in this 

region we can claim that if the shear 

force is constant, then the bending 0 x 

P	 P 
L

L/4 L/4 

x

 y 

+P 

L

L/4 

L/4 

+PL/4 

L/4 L/4 
x

a 

P P 

moment must be a linear function of x 
with a slope equal to -V , i.e., = -P. The 

bending moment must then have the 

form 

M x +( ) 	= –P ⋅ x C

where C is a constant. But the bending V(x) 

moment at the right end is zero. From this 

we can evaluate C, conclude that the bend- x 

ing moment is a straight line, zero at x=L 0 

and with slope equal to -P, i.e., it has the 

form: Mb( ) = P L  – x) -Px ⋅ ( 

I have also indicated the effect of 

distributing the load P out over a finite 

segment, a of the span, centered at x=L/ 

4. Since the distributed P is equivalent 
Mb(x) 

to a w(x), acting downward as positive, 

then the slope of the shear V must be 

positive according to our differential 

relationship relating the two. The bend-

ing moment too changes, is smoothed 
as a result, its slope, which is equal to -

V, is less for x<L/4 and greater than it was for x>L/4. 
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We see that the effect of distributing a concentrated load is to eliminate the dis-

continuity, the jump, in the shear force at the point where the concentrated load is 

applied. We also see that the discontinuity in the slope of the bending moment dis-

tribution at that point dissolves. 

Now while at first encounter, dealing with functions that jump around can be 

disconcerting, reminiscent of all of that talk in a mathematics class about limits 

and their existence, we will welcome them into our vocabulary. For although we 

know that concentrated loads are as rare as frictionless pins, like frictionless pins, 

they are extremely useful abstractions in engineering practice. You will learn to 

appreciate these rare birds; imagine what your life would be like if you had to 

check out the effect of friction at every joint in a truss or the effect of deviation 

from concentration of every concentrated load P? 

One final exercise on shear force and bending moment in a beam: 

Exercise 3.10 

Estimate the magnitude of the maximum bending moment due to the uniform 
loading of the cantilever beam which is also supported at its end away from 
the wall. 

w(x) = wo

x 

x=L 

wo L

LM0 

L/2 

   force/unit length 

Ro  RL 

We first determine, or try to determine, the reactions at the wall and at the 

roller support at the right end. 

Force and moment equilibrium yield, 

R0 – w0 L + RL = 0 

and 

–M0 – w0(L2 ⁄ 2) + RL ⋅ L = 0 
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Here moments have been taken about left end, positive counterclockwise. Also, I have 

replaced the uniformly distributed load, w0 with a statically equivalent load equal to its 

resultant and acting at midspan. 

Now these are two equations but there are three unknown reactions, RO, RL, 

MO. The problem is indeterminate, the structure is redundant; we could remove 

the support at the right end and the shelf would still work to hold up the books, 

assuming we do not overload the, now cantilevered, structure. But with the sup-

port at the right in place, life is hard, or at least more complex. 

But wait; all that was asked was an estimate of the maximum bending moment. 

Let us press on; we are not without resources. In fact, our redundant structure 

looks something like the previous exercise involving a uniformly loaded beam 

which was simply supported at both ends. There we found a maximum bending 

moment of woL2/8 which acted at mid span. There! There is an estimate!13 Can we 

do better? Possibly. (See Problem 3.1) 

We leave beam bending for now. We have made considerable progress although 

we have many loose ends scattered about. 

•	 What is the nature of the stress distribution engendered by a bending 

moment? 

•	 How can we do better analyzing indeterminate structures like the one 

above? 

We will return to answer these questions and pick up the loose ends, in Chapter 

8. For now we turn to two quite different structural elements – circular shafts in 

torsion, and thin cylinders under internal or external pressure – to see how far we 

can go with equilibrium alone in our search for criteria to judge, diagnose and 

design structures with integrity. 

13. This is equivalent to setting the resistance to rotation at the wall, on the left, to zero. 
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3.3 Internal Moments in Shafts in Torsion 

By now you get the picture: Structures come in different types, made of different 

elements, each of which must support internal forces and moments. The pin-

ended elements of a truss structure can carry “uni-axial” forces of tension or com-

pression. A beam element supports internal forces and moments - “transverse” 

shear forces and bending moments. (A beam can also support an axial force of 

tension or compression but this kind of action does not interact with the shear 

force and bending moment - unless we allow for relatively large displacements of 

the beam, which we shall do in the last chapter). We call a structure made up of 

beam elements a “frame”. 

Structural elements can also twist about their axis. Think of the drive shaft in 

an automobile transmission. The beam elements of a frame may also experience 

torsion. A shaft in torsion supports an internal moment, a torque, about it’s 

“long” axis of rotation. 
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Exercise 3.11 

Estimate the torque in the shaft RH appearing in the figure below 

This figure, of a human-powered pump, is taken from THE VARIOUS AND 

INGENIOUS MACHINES OF AGOSTINO RAMELLI, a sixteenth century, late 

Renaissance work originally published in Italian and French. 
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We isolate pieces of the 

structure in turn, starting with 

RBy

RAx 

Ftooth 

rN 

W 

rs 

RBx

Drum S

RAy
the drum S upon its shaft at the 

top of the machine, then pro-

ceed to the vertical shaft RH to 

estimate the torque it bears. We 

assume in all of our fabrications 

that the bearings are friction-

less, they can support no torque, 

they provide little resistance to 

rotation.14 

We show the reactions at the 

two bearings as R and R .
A B

Their values are not of interest;

we need only determine the

force acting on the teeth of the wheel N, labeled F

tooth
, in order to reach our goal.


Moment equilibrium about the axis of the shaft yields

Ftooth = W ⋅ (r ⁄ r )x n 

where W is the weight of the water bucket, assumed full of water, r is the radius of the 
S 

drum S, and r the radius of the wheel N out to where the internal force acting between the 
N 

teeth of wheel N and the “rundles” of the “lantern gear” R. 

We now isolate the vertical shaft, rather a top 

section of the vertical shaft, to expose the internal 

torque, which we shall label M . On this we show 

MT 

rR 

FtoothT

the equal and opposite reaction to the tooth force 

acting on the wheel N, using the same symbol Ftooth. 

We let r be the radius of the lantern gear. We 
R 

leave for an end-of-chapter exercise the problem of 

determining the reaction force at the bearing (not 

labeled) and another at the bottom of the shaft. 

Moment equilibrium about the axis of the shaft 

yields 

14. This is an adventurous assumption to make for the sixteenth century but, in the spirit of the Renaissance and 

Neo-platonic times, we will go ahead in this fashion. The drawings that are found in Ramelli’s book are an 
adventure in themselves. Page after page of machinery -  for milling grain, cranes for lifting, machines for 
dragging heavy objects without ruining your back, cofferdams, military screwjacks and hurling engines, as 
well as one hundred and ten plates of water-raising devices like the one shown here - can be read as a celebra-
tion of the rebirth of Western thought, and that rebirth extended to encompass technology. This, in some ways 
excessive display of technique – many of the machines are impractical, drawn only to show off – has its par-
allel in contemporary, professional engineering activity within the academies and universities. Witness the 
excessive production of scholarly articles in the engineering sciences whose titles read like one hundred and 
ten permutations on a single fundamental problem. 
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MT = ⋅ rRFtooth


or, with our expression for Ftooth


MT = W rR ⋅ r ⁄ rN )
( s 

Now for some numbers. I take 60 pounds as an estimate of the weight W. I take 

sixty pounds because I know that a cubic foot of water weighs 62.4 pounds and the 

volume of the bucket looks to be about a cubic foot. I estimate the radius of the 

drum to be r = 1  ft, that of the wheel to be three times bigger, r = 3  ft, and 
S N 

finally the radius of the lantern gear to be r = 1  ft. Putting this all together pro-
R 

duces an estimate of the torque in the shaft of

 M ≈ 20 ft.lb
T 

If Ramelli were to ask, like Galileo, when the shaft HR might fail, he would be 

hard pressed to respond. The reason? Assuming that failure of the shaft is a local, 

or microscopic, phenomenon, he would need to know how the torque M estimated
T 

above is distributed over a cross section of the shaft. The alternative would be to 

test every shaft of a different diameter to determine the torque at which it would 

fail.15 

We too, will not be able to respond at this point. Again we see that the problem 

of determining the stresses engendered by the torque, more specifically, the shear 

stress distribution over a cross section of the shaft, is indeterminate. Still, as we 

did with the beam subject to bending, let us see how far we can go. 

We need, first, to introduce the notion of shear stress. Up to this point we have 

toyed with what is called a normal stress, normal in the sense that it acts perpen-
dicular to a surface, e.g., the tensile or compressive stress in a truss member. A 

shear stress acts parallel to a surface. 

The figure at the right shows a thin-walled MT 
tube loaded in torssion by a torque (or moment) 

MT. The bit cut out of the top of the tube is 

meant to show a shear stress τ, distributed over 

the thickness and acting perpendicular to the t 

radius of the tube. It acts parallel to the surface; 

we say it tends to shear that surface over the one 

below it; the cross section rotates a bit about the 

axis relative to the cross sections below. 

I claim that if the tube is rotationally symmet-

τ 

R 

MTric, that is, its geometry and properties do not 

15. A torque of 20 ft-lb. is not a very big torque. The wooden shaft RH would have to be extremely defective or 
very slender to have a torque of this magnitude cause any problems.  Failure of the shaft is unlikely. On the 
other hand, we might ask another sort of question at this point: What force must the worker erert to raise the 
bucket of water?  Or, how fast must he walk round and round to deliver water at the rate of 200 gallons per 
hour? At this rate, how many horse power must he supply? Failure in this mode is more likely. 
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change as you move around the axis of the tube, then each bit of surface will look 

the same as that shown in the figure. Furthermore, if we assume that the shear is 

uniformly distributed over the thickness of the tube we can figure out how big the 

shear stress is in terms of the applied torque and the geometry of the tube.16 

The contribution to the torque of an angular segment of arc length R∆θ will be 

τ R∆θ⋅ t⋅ : the element of force 

times the radius 

τ R2∆θ⋅ ⋅ t : the element of torque 
so integrating around the surface of the tube gives a resultant 

2πR2t τ ⋅ which must equal the applied torque, hence τ = 
MT 

2πR2t 
-

Note that the dimensions of shear stress are force per unit area as they should 

be. 

Exercise 3.12 

Show that an equivalent system to the torque M
T 

acting about an axis of a 

solid circular shaft is a shear stress distribution τ(r,θ) which is independent 
of θ but otherwise an arbitrary function of r. 

MT 

r 

τ(r) 

MT 

r 

∆θ 

∆Α 

Three End Views 

We show such an arbitrary shear stress τ , a force per unit area, varying from 

zero at the axis to some maximum value at the outer radius R. We call this a 

monotonically increasing function of r. It need not be so specialized a function but 

we will evaluate one of this kind in what follows. 

We show too a differential element of area ∆ A = (r∆ θ)(∆ r), where polar coor-

dinates are used. We assume rotational symmetry so the shear stress does not 

change as we move around the shaft at the same radius. Again, the stress distribu-

tion is rotationally symmetric, not a function of the polar coordinate θ. With this, 

16. This is reminiscent of our analysis of an I beam. 
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for this distribution to be equivalent to the torque M
T
, we must have, equating 

moments about the axis of the shaft: 

⋅MT = r ⋅ [ τ ∆A]∫

Area 

where the bracketed term is the differential element of force and r is the moment arm of 

each force element about the axis of the shaft. 

Taking account of the rotational symmetry, summing with respect to θ intro-

duces a factor of 2π and we are left with 

r = R 

MT = 2 π τ r( ) ⋅ r 2 rd ∫

r 0 = 

where R is the radius of the shaft. 

This then shows that we can construct one, or many, shear stress distribution(s) 

whose resultant moment about the axis of the cylinder will be equivalent to the 

torque, M
T
. For example, we might take 

( ) = c rnτ r ⋅ 

where n is any integer, carry out the integration to obtain an expression for the constant c 
in terms of the applied torque, MT. This is similar to the way we proceeded with the beam. 

3.4 Thin Cylinder under Pressure 

The members of a truss structures carry the load in tension or compression. A cyl-

inder under pressure behaves similarly in that the most significant internal force is 

a tension or compression. And like the truss, if the cylinder is thin, the problem of 

determining these internal forces is statically determinate, or at least approxi-

mately so. A few judiciously chosen isolations will enable us to estimate the ten-

sile and compressive forces within making use, as always, of the requirements for 

static equilibrium. If, in addition, we assume that these internal forces are uni-

formly distributed over an internal area, we can estimate when the thin cylindrical 

shell might yield or fracture, i.e., we can calculate an internal normal stress. We 

put off an exploration of failure until later. We restrict our attention here to con-

structing estimates of the internal stresses. 

Consider first an isolation that cuts the thin shell with a plane perpendicular to 

the cylinder’s axis. 
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We assume that the cylinder is internally pressur-

ized. In writing equilibrium, we take the axial force 

distributed around the circumference, fa, to be uni-

formly distributed as it must since the problem is 

rotationally symmetric. Note that fa, has dimen-

sions force per unit length. For equilibrium in the 

vertical direction: 

piπR2 
f 
a 

R 
t 

⋅2πR f  = pi ⋅ πR2 
a 

Solving for this distributed, internal force we find 

f = pi ⋅ (R ⁄ 2)a 

If we now assume further that this force per unit length of circumference is 

uniformly distributed over the thickness, t, of the cylinder, akin to the way we 

proceeded on the thin hollow shaft in torsion, we obtain an estimate of the tensile 

stress, a force per unit area of the thin cross section, namely 

Observe that the stress σ can be very much larger than the 
a 

internal pressure if the ratio of thickness to radius is small. 

For a thin shell of the sort used in aerospace vehicles, tank 

trailers, or a can of coke, this ratio may be on the order of 

0.01. The stress then is on the order of 50 times the internal 

pressure. But this is not the maximum internal normal stress! Below is a second isolation, 

this time of a circumferential section. 

σa pi R 2t⁄( )⋅= 

Equilibrium of this isolated body 
t 

requires that 

pi ⋅ (2Rb) = 2b f  θ 

R 

b

pi(2Rb) 
fθ 

where fθ is an internal, again tensile, 

uniformly distributed force per unit 

length acting in the “theta” or hoop 
direction. Note: We do not show the 

pressure and the internal forces acting 

in the axial direction. These are self 

equilibrating in the sense that the ten-

sile forces on one side balance those 

on the other side of the cut a distance b along the cylinder. Note also how, in writing the 

resultant of the internal pressure as a vertical force alone, we have put to use the results of 

section 2.2. 

Solving, we find 

f θ = pi ⋅ R 
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If we again assume that the force per unit length in the axial direction is also 

uniformly distributed over the thickness, we find for the hoop stress 

σθ pi R t⁄( )⋅= 

which is twice as big as what we found for the internal stress acting internally, parallel to 

the shell’s axis. For really thin shells, the hoop stress is critical. 
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Design Exercise 3.1 

Low-end Diving Board 

a 

L 

You are responsible for the design of a complete line of diving boards within a 

firm that markets and sells worldwide. Sketch a rudimentary design of a generic 
board. Before you start, list some performance criteria your product must satisfy. 

Make a list also of those elements of the diving board, taken as a whole system, 

that determine its performance. 

Focusing on the dynamic response of the system, explore how those elements 

might be sized to give your proposed design the right feel. Take into account the 

range of sizes and masses of people that might want to make use of the board. Can 

you set out some criteria that must be met if the performance is to be judged good? 

Construct more alternative designs that would meet your main performance crite-

ria but would do so in different ways. 
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Design Exercise 3.2 

Low-end Shelf Bracket 

A 

B 

Many closets are equipped with a clothes hanger bar that is supported by two 

sheetmetal brackets. The brackets are supported by two fasteners A and B as 

shown that are somehow anchored to the wall material (1/2 inch sheetrock, for 

example. A shelf is then usually place on top of the brackets. There is provision to 

fasten the shelf to the brackets, but this is often not done. When overloaded with 

clothes, long-playing records, stacks of back issues of National Geographic Maga-

zine, or last year’s laundry piled high on the shelf, the system often fails by pull-

out of the upper fastener at A. 

•	 Estimate the pullout force acting at A as a function of the load on the 

clothes bar and shelf load. 

•	 Given that the wall material is weak and the pullout strength at A cannot 

be increased, devise a design change that will avoid this kind of failure in 

this, a typical closet arrangement. 
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3.5 Problems - Internal Forces and Moments 

3.1 Estimate the maximum bending moment within the tip supported, 

uniformly loaded cantilever of chapter exercise 3.10 using the result for a 

uniformly loaded cantilever which is unsupported at the right. Would you expect 

this to be an upper or lower bound on the value obtained from a full analysis of 

the statically indeterminate problem? 

3.2 Consider the truss structure of Exercise 3.3: What if you are interested 

only in the forces acting within the members at midspan. Show that you can 

determine the forces in members 6-8, 6-9 and 7-9 with but a single isolation, after 

you have determined the reactions at the left and right ends. This is called the 
method of sections. 

3.3 Show that for any exponent n in the expression for the normal stress 

distribution of Exercise 3.5, the maximum bending stress is given by 

σ = 2 (n 2 + ) ⋅ M0 ⁄ (bh2 )max 

If M0 is the moment at the root of an end-loaded cantilever (end-load = W) of 

lenght L, then this may be written 

σ ⁄ ⁄= 2 (n 2 + ) ⋅ (L h)(W bh  )max 

hence the normal stress due to bending, for a beam with a rectangular cross section will be 

significantly greater than the average shear stress over the section. 

3.4 Estimate the maximum bending moment in the wood of the clothespin 

shown full size. Where do you think this structure would fail? 

3.5 Construct the shear force and bending moment diagram for Galileo’s 

lever. 

3.6 Construct a shear force and bending moment diagram for the truss of 

Exercise 3.4. Using this, estimate the forces carried by the members of the third 

bay out from the wall, i.e., the bay starting at node E. 

3.7 Construct an expression for the bending moment at the root of the lower 

limbs of a mature maple tree in terms of the girth, length, number of offshoots, 
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etc... whatever you judge important. How does the bending moment vary as you 

go up the tree and the limbs and shoots decrease in size and number (?). 

3.8 A hand-held power drill of 1/4 horsepower begins to grab when its 

rotational speed slows to 120 rpm, that’s revolutions per minute.  Estimate the 

force and couple I must exert on the handle to keep a 1/4 inch drill aligned. 

3.9 Estimate the force Ramelli’s laborer (or is it Ramelli himself?) must push 

with in order to just lift a full bucket of water from the well shown in the figure. 

3.10  Construct the shear force and bending 

moment distribution for the diving board 

shown below. Assuming the board is rigid 

relative to the linear spring at a, show that 
a 

the equivalent stiffness of the system at L, K 
in the expression P  = K∆ where ∆ is the 

deflection under the load, is 

L 
K = k ⋅ (a ⁄ L)2 

where k is the stiffness of the 

linear spring at a. 

3.11 Find the force in the member F 

CD of the structure shown in terms of 

P.  All members, save CF are of equal 

length. In this, use method of joints 

60o 

30oA C E 

B 	 D 

G 
starting from either node B or node G, 

according to your teacher’s 

instructions. 

P

3.12    Find an expression for the internal 

moment and force acting at x, some 

arbitrary distance from the root of the 

x 

B	 cantilever beam. Neglect the weight of the 

beam. 

L 

x 
A What if you now include the weight of the 

beam, say w0 per unit length; how do these 

expressions change? 

P What criteria would you use in order to 

safely neglect the weight of the beam? 
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P 

2L 
L 

60o 

x 

y 

x 
p 

A B 

C 

3.14 Determine the forces acting on 

member DE. How does this system 

differ from that of the previous 

problem? How is it the same? 

B A

 C D

 E F

 G H 

P 

3.13 Find the reactions acting at A and B 

in terms of P and the dimensions shown 

(xp/L). 

Isolate member BC and draw a free body 

diagram which will enable you to deter-

mine the forces acting on this member. 

Find those forces, again in terms of P and 

the dimensions shown. 

Find the force in the horizontal member of 

the structure. 

2L 
L 

60o 

x 

y 

x 
p 

A B 

C 

D E 

P

3.15 Estimate the forces acting in 

members EG, GF, FH in terms of P. In 

this, use but one free body diagram. 

Note: Assume the drawing is to scale and, 

using a scale, introduce the relative dis-

tances you will need, in writing out the 

requirement of moment equilibrium, onto 

your free body diagram. 
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3.16 A simply supported beam of 

length L carries a concentrated load, 

P, at the point shown. 

i) Determine the reactions at the 

supports. 

ii) Draw two free body diagrams, 

isolating a portion of the beam to the 

right of the load, another to the left of 

the load. 

L 

P 

L/4 

y 

x 

x 

y V 
Mb 

iii) Apply force equilibrium and 

find the shear force V as a function of 

x over both domains Plot V(x) 

iv) Apply moment equilibrium and 

find how the bending moment Mb varies with x. Plot Mb(x). 

v) Verify that dMb/dx = -V. 

3.17 A simply supported beam 

(indicated by the rollers at the ends) 

W 

L 

carries a trolley used to lift and transport 
a 

heavy weights around within the shop. The 

trolley is motor powered and can move 

between the ends of the beam. For some 

arbitrary location of the trolley along the 

beam, a, 

i) What are the reactions at the ends of 

the beam? 

ii) Sketch the shear force and bending moment distributions. 

iii) How does the maximum bending moment vary with a; i.e., change as the 

trolley moves from one end to the other? 

3.18  Sketch the shear force and 
LL

L/4 L/4L/4 L/4

bending moment distribution for the 

beam shown at the left. Where does the 

maximum bending moment occur and 

what is its magnitude. 

wwoo
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3.19 A simply supported beam 

of length L carries a uniform load 

per unit length, w0. over a portion 

of the lenght, βL< x < L 
i) Determine the reactions at 

the supports. 

ii) Draw two free body dia-

w0 
βL 

x

L 
grams, isolating portions of the 

beam to the right of the origin. 

Note: include all relevant dimen-

sions as well as known and unknown force and moment components. 

iii) Apply force equilibrium and find the shear force V as a function of x. Plot. 

iv) Apply moment equilibrium and find how the bending moment Mb varies 

with x. Plot. 

v) Verify that dMb/dx = -V within each region. 

3.20 Estimate the maximum bending moment within an olympic sized diving 

board with a person standing at the free end, contemplating her next step. 

3.21  A beam, carrying a uniformly 

distributed load, is suspended by cables 

from the end of a crane (crane not 

shown). The cables are attached to the 

beam at a distance a from the center line 

as shown. Given that 

a = (3/4)S and L = (3/2)S 
i) Determine the tension in the cable AB. 

A

 B

C 

aa

wo 

L L

D	 Express in non-dimensional form, i.e., 

with respect to woS. 
ii) Determine the tension in the cables of 

length L. 

iii) Sketch the beam’s shear force and 

bending moment diagram. Again, non-S S 
dimensionalize. What is the magnitude 

of the maximum bending moment and where does it occur? 

iv) Where should the cables be attached - (a/S = ?) -to minimize the magnitude 

of the maximum bending moment? What is this minimum value? 

v) If a/S is chosen to minimize the magnitude of the maximum bending 

moment, what then is the tension in the cables of length L? Compare with your 

answer to (ii).
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D 

aa 

wo

3.22  Where should the supports of 

the uniformly loaded beam shown 

at the left be placed in order to 

minimize the magnitude of the 

maximum bending moment within 

the beam?. I.e, a/L =? 

L L 

3.23  A cantilever beam with a hook at 

the end supports a load P as shown.. The 

C 

A 

L 

P 

x 

x 

y V 
Mb 

B
bending moment at x= 3/4 L is: 

a) positive and equal to P*(L/4) 

b) negative and equal to P*(3L/4) L/4 

c) zero. 

3.24  Sketch the shear force and bending moment distribution for the beam 

shown at the left. Where does the maximum bending moment occur and what is 

its magnitude. 

L/4 L/4

 wo

 L/2

L/4 L/4

 L/2 wo 

3.25 The rigid, weight-less, beam carries a load P at its right end and is 

supported at the left end by two (frictionless pins). What can you say about the 

reactions acting at A and B? E.g., “they are equivalent to...” 

L 

h 

P

 A 

B 
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3.26 In a lab experiment, we subject a strand of pasta to an endload as show in 

the first figure.  The strand undegoes relatively large, transverse displacement. 

The (uncooked) noodle bends more and more until it eventually breaks - usually at 

midspan - into two pieces. 

P 
h 

s

 y(x) 

x 

We want to know what is “going on”, internally, near mid-span, before failure 

in terms of a force and a moment. Complete the free-body diagram begun below, 

recognizing that the resultant force and resultant moment on the isolated body 

must vanish for static equilibrium. 

h
 y 

? 
? What else? 

? 

Force ? 

3.27	 For the truss shown below, 

i) Isolate the full truss structure and replace the applied loads with an equiva-

lent load (no moment) acting at some distance, b, from the left end. What is b? 

ii) Determine the reactions at f and l. 
iii) Find the force in member ch with but a single additional free body dia-

gram. (In this part, make sure you work with the external forces as originally 

given). 

L 

W 

L L L 

W 

L 

W 

L 

αL 

a b c d e 

f g h i j k l 
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3.28	 For the truss shown below, 

i) Isolate the full truss structure and replace the applied loads with an equiva-

lent load (no moment) acting at some distance, b, from the left end. What is b? 

ii) Determine the reactions at f and l. 
iii) Find the force in member ch with but a single additional free body dia-

gram. Compare your result with that obtained in the previous problem. 

W 

2L 

W 

W 

αL 

a c e 

f h j l 

2L 

2L 2L 

2L 

3.29  A crane, like those you encounter around MIT these days, shows a 

variable geometry; the angle θ can vary from zero to almost 90 degrees and, of 

course, the structure can rotate 360 degrees around the vertical, central axis of the 

tower. As θ varies, the angle the heavy duty cable BC makes with the horizontal 

changes and the system of pulley cables connecting C and E change in length. 

5 ft. 

60o 

A

 B

 C

 W

 D 

θ 

250 ft. 

40 ft. 

40 ft 

E 

20 ft. 

Drawing an appropriate isolation, determine both the reaction force at D, where a 
(frictionless) pin connects the truss-beam to the tower, and the force, FBC, in the cable BC 
as functions of W and θ. 

Plot FBC/W as a function of θ. Note: θ = 60 degrees in the configuration shown. 
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4 

Stress 

We have talked about internal forces, distributed them uniformly over an area and 

they became a normal stress acting perpendicular to some internal surface at a 

point, or a shear stress acting tangentially, in plane, at the point. Up to now, the 

choice of planes upon which these stress components act, their orientation within 

a solid, was dictated by the geometry of the solid and the nature of the loading. 

We have said nothing about how these stress components might change if we 

looked at a set of planes of another orientation at the point. And up to now, we 

have said little about how these normal and shear stresses might vary with posi-

tion throughout a solid.1 

Now we consider a more general situation, namely an arbitrarily shaped solid 

which may be subjected to all sorts of externally applied loads - distributed or 

concentrated forces and moments. We are going to lift our gaze up from the 

world of crude structural elements such as truss bars in tension, shafts in torsion, 

or beams in bending to view these “solids” from a more abstract perspective. They 

all become special cases of a more general stuff we call a solid continuum. 

Likewise, we develop a more general and more abstract representation of inter-

nal forces, moving beyond the notions of shear force, internal torque, uni-axial 

tension or compression and internal bending moment. Indeed, we have already 

done so in our representation of the internal force in a truss element as a normal 

stress, in our representation of torque in a thin-walled, circular shaft as the result-

ant of a uniformly distributed shear stress, in our representation of internal forces 

in a cylinder under internal pressure as a hoop stress (and as an axial stress). We 

want to develop our vocabulary and vision in order to speak intelligently about 

stress in its most general form. 

We address two questions: 

•	 How do the normal and shear components of stress acting on a plane at a 
given point change as we change the orientation of the plane at the point. 

•	 How might stresses vary from one point to another throughout a contin
uum; 

The first bullet concerns the transformation of components of stress at a point; 
the second introduces the notion of stress field.  We take them in turn. 

1.	 The beam is the one exception. There we explored how different normal stress distributions over a rectangu-
lar cross-section could be equivalent to a bending moment and zero resultant force. 
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4.1  Stress: The Creature and its Components 

We first address what we need to know to fully define “stress at a point” in a 

solid continuum. We will see that the stress at a point in a solid continuum is 

defined by its scalar components. Just as a vector quantity, say the velocity of a 

projectile, is defined by its three scalar components, we will see that the stress at 

a point in a solid continuum is defined by its nine scalar components. 

Now you are probably quite familiar with vector quantities - quantities that 

have three scalar components. But you probably have not encountered a quantity 

like stress that require more than three scalar values to fix its value at a point. 

This is a new kind of animal in our menagerie of variables; think of it as a new 

species, a new creature in our zoo. But don’t let the number nine trouble you. It 

will lead to some algebraic complexity, compared to what we know how to do 

with vectors, but we will find that stress, a second order tensor, behaves as well as 

any vector we are familiar with. 

The figure below is meant to illustrate the more general, indeed, the most gen-

eral state of stress at a point. It requires some explanation: 

y 

z 

σx 

σz σxz 

σzy 

σzx 

σyxyx

P 

σy 

σyz 

x 

y 

z 

x 

y 

z 

x 

y 

z 

σxy 

The odd looking structural element, fixed to the ground at bottom and to the 

left, and carrying what appears to be a uniformly distributed load over a portion of 

its bottom and a concentrated load on its top, is meant to symbolize an arbitrarily 

loaded, arbitrarily constrained, arbitrarily shaped solid continuum. It could be a 

beam, a truss, a thin-walled cylinder though it looks more like a potato — which 

too is a solid continuum. At any arbitrarily chosen point inside this object we can 

ask about the value of the stress at the point, say the point P. But what do we mean 

by “value”; value of what at that point? 

Think about the same question applied to a vector quantity: What do we mean 

when we say we know the value of the velocity of a projectile at a point in its tra-

jectory? We mean we know its magnitude - its “speed” a scalar - and its direction. 

Direction is fully specified if we know two more scalar quantities, e.g., the direc-

tion the vector makes with respect to the axes as measured by the cosine of the 

angles it makes with each axis. More simply, we have fully defined the velocity at
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a point if we specify its three scalar components with respect to some reference 

coordinate frame - say its x, y and z components. 

Now how do we know this fully defines the vector quantity? We take as our 

criterion that anyone, anyone in the world (of mathematical physicists and engi-

neers), would agree that they have in hand the same thing, no matter what coordi-

nate frame they favor, no matter how they viewed the motion of the projectile. 

(We do insist that they are not displacing or rotating relative to one another, i.e., 

they all reside in the same inertial frame). This is assured if, after transforming the 

scalar components defined with respect to one reference frame to another, we 

obtain values for the components any other observer sees. 

It is then the equations which transform the values of the components of the 

vector from one frame to another which define what a vector is. This is like defin-

ing a thing by what it does, e.g., “you are what you eat”, a behaviorists perspec-

tive - which is really all that matters in mathematical physics and in engineering. 

Reid: Hey Katie: what do you think of all this talk about components? Isn’t 
he going off the deep end here? 

Katie: What do you mean, “...off the deep end”? 

Reid: I mean why don’t we stick with the stuff we were doing about beams 
and trusses? I mean that is the useful stuff. This general, abstract continuum 
business does nothing for me. 

Katie: There must be a reason, Reid, why he is doing this. And besides, I 
think it is interesting; I mean have you ever thought about what makes a vec
tor a vector? 

Reid: I know what a vector is; I know about force and velocity; I know they 
have direction as well as a magnitude. So big deal. He is maybe just trying 
to snow us with all this talk about transformations. 

Katie: But the point is what makes force and velocity the same thing? 

Reid: Their not the same thing! 

Katie: He is saying they are - at a more abstract, general level. Like....like 
robins and bluebirds are both birds. 

Reid: And so stress is like tigers, is that it? 

Katie: Yeah, yeah - he said a new animal in the zoo. 

Reid: Huh... pass me the peanuts, will you? 

We envision the components of stress as coming in sets of three: One set acts 

upon what we call an x plane, another upon a y plane, a third set upon a z plane. 
Which plane is which is defined by its normal: An  x plane has its normal in the x 
direction, etc. Each set includes three scalar components, one normal stress com-
ponent acting perpendicular to its reference plane, with its direction along one 
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coordinate axis, and two shear stress components acting in plane in the direction 

of the other two coordinate axes. 

That’s a grand total of nine stress components to 
define the stress at a point. To fully define the 

y 

z 

σx 

σz σxz 

σzy 

σzx 

σyxyx

σy 

σyz σxy 

stress field throughout a continuum you need to 

specify how these nine scalar components. Fortu-

nately, equilibrium requirements applied to a differ-

ential element of the continuum, what we will call a 

“micro-equilibrium” consideration, will reduce the 

number of independent stress components at a point 

from nine to six. We will find that the shear stress 

component σxy acting on the x face must equal its 

neighbor around the corner σyx acting on the y face 

and that σ  = σ  and σxz = σzx accordingly. 

Fortunately too, in most of the engineering structures you will encounter, diag-

nose or design, only two or three of these now six components will matter, that is, 

will be significant. Often variations of the stress components in one, or more, of 

the three coordinate directions may be uniform. But perhaps the most important 

simplification is a simplification in modeling, made at the outset of our encounter. 

One particularly useful model, applicable to many structural elements is called 

Plane Stress and, as you might infer from the label alone, it restricts our attention 

to variations of stress in two dimensions. 

zy yz

Plane Stress 

If we assume our continuum has the form of a thin plate of uniform thickness but 

of arbitrary closed contour in the x-y plane, our previous arbitrarily loaded, arbi-

trarily constrained continuum (we don’t show these again) takes the planar form 

below. 

h

A point
 x

y 

σx 

σxy 

σy 
σyx 

no stresses here 
on this z face 

A point 

σx 

σy 

σy 

σxy 

σyx 

σxy 

σyx 

L

 z 

σx 

Because the plate is thin in the z direction, (h/L << 1 ) we will assume that 

variations of the stress components with z is uniform or, in other words, our stress 

components will be at most functions of x and y. We also take it that the z bound-
ary planes are unloaded, stress-free. These two assumptions together imply that
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σ

the set of three “z” stress components that act upon any arbitrarily located z plane 

within the interior must also vanish. We will also take advantage of the micro-

equilibrium consequences, yet to be explored but noted previously, and set σyz and 

xz to zero. Our state of stress at a point is then as it is shown on the exploded view 

of the point - the block in the middle of the figure - and again from the point of 

view of looking normal to a z plane at the far right. This special model is called 

Plane Stress. 

A Word about Sign Convention: 

σ

The figure at the far right seems to include 

more stress components than necessary; 

after all, if, in modeling, we eliminate the 

stress components acting on a z face and 

yz and σxz as well, that should leave, at 

most, four components acting on the x and 

y faces. Yet there appear to be eight in the 

figure. No, there are only at most four 

components; we must learn to read the fig-

ure. 

σx 
σxy 

AA 

A

A 

σx σxy 

σy 
σyx 

σσyx 

A x
 y 

y To do so, we make use of another sketch of 

A point

y stress at a point, the point A. The figure at 

σ

σ
σ

yx the top is meant to indicated that we are 

xy 

looking at four faces or planes simulta-
σx neously. When we look at the x face from 

the right we are looking at theσx σxy 

stress components on a positive x face — it  

yx σ has its outward normal in the positive xσ
y 

direction — and a positive normal stress, 

by convention, is directed in the positive x direction. A  positive shear stress com-
ponent, acting in plane, also acts, by convention, in a positive coordinate direc-
tion - in this case the positive y direction. 

On the positive y face, we follow the same convention; a positive σy acts on a 
positive y face in the positive y coordinate direction; a positive σyx acts on a posi-
tive y face in the positive x coordinate direction. 

We emphasize that we are looking at a point, point A, in these figures. More 

precisely we are looking at two mutually perpendicular planes intersecting at the 

point and from two vantage points in each case. We draw these two views of the 

two planes as four planes in order to more clearly illustrate our sign convention. 

But you ought to imagine the square having zero height and width: the σx acting to 

the left, in the  negative x direction, upon the negative x face at the left, with its 

outward normal pointing in the negative x direction is a positive component at the 

point, the equal and opposite reaction to the σx acting to the right, in the positive 
x direction, upon the positive x face at the right, with its outward normal pointing 
in the positive x direction. Both are positive as shown; both are the same quan-
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tity. So too the shear stress component σxy shown acting down, in the negative y 
direction, on the negative x face is the equal and opposite internal reaction to σxy 

shown acting up, in the positive y direction, on the positive x fac 
A general statement of our sign convention, which holds for all nine compo-

nents of stress, even in 3D, is as follows: 

A positive component of stress acts on a positive face in a positive coordi-
nate direction or on a negative face in a negative coordinate direction. 

Transformation of Components of Stress 

Before constructing the equations which fix how the components of stress 

transform in general, we consider a simple example of a bar suspended vertically 

and illustrate how components change when we change our reference frame at a 

point. In this example, we take the weight of the bar to be negligible relative to 

the weight suspended at its free end and explore how the normal and shear stress 

components at a point vary as we change the orientation of a plane. 

Exercise 4.1 

The solid column of rectangular cross section measuring a × b supports a 
weight W. Show that both a normal stress and a shear stress must act on any 
inclined interior face. Determine their respective values assuming that both 
are uniformly distributed over the area of the inclined face. Express your 
estimates in terms of the ratio (W/ab) and the angle φ. 

For equilibrium of the isolation of a section of 

b a 

Fn 

Ft 

φ 

φ 

φ 

the column shown at the right, a force equal to 

the suspended weight (we neglect the weight of 

the column itself) must act upward. We show an 

equivalent force system — or, if you like, its 

A
components consisting of two perpendicular 

φ forces, one directed normal to the inclined 

plane, the other with its line of action in the 

plane inclined at the angle φ. We have 

F = W ⋅ cos φ and Ft = W ⋅ sin φn 

Now if we assume these are distributed uni-

W W formly over the section, we can construct an 

estimate of the normal stress and the shear stress 

acting on the inclined face. But first we must establish the area of the inclined 

face Aφ. From the geometry of the figure we see that the length of the inclined 

plane is b/cosφ so the area is Aϕ = (ab) ⁄ ( cos φ) 

With this we write the normal and shear stress components as 
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W 2	 W 
n n   	 ------ sinσ = F ⁄ Aφ =   ⋅ cos φ and σt = Ft ⁄ Aφ =   ⋅ cos φ  φ  

ab	  ab 

These results clearly illustrate how the values for the normal and shear stress 

components of a force distributed over a plane inside of an object depends upon 

how you look at the point inside the object in the sense that the values of the shear 
and normal stresses at a point within a continuum depend upon the orientation 
of the plane you have chosen to view. 

Why would anyone want to look at some arbitrarily oriented plane in an object, 

seeking the normal and shear stresses acting on the plane? Why do we ask you to 

learn how to figure out what the stress components on such a plane might be? 

The answer goes as follows: One of our main concerns as a designer of struc-

tures is failure —fracture or excessive deformation of what we propose be built 

and fabricated. Now many kinds of failures initiate at a local, microscopic level. 

A minute imperfection at a point in a beam where the local stress is very high ini-

tiates fracture or plastic deformation, for example. Our quest then is to figure out 

where, at what points in a structural element, the normal and shear stress compo-

nents achieve their maximum values. But we have just seen how these values 

depend upon the way we look at a point, that is, upon the orientation of the plane 

we choose to inspect. To ensure we have found the maximum normal stress at a 

point for example, we would then have to inspect every possible orientation of a 

plane passing through the point.2 

This seems a formidable task. But before taking it on, we pose a prior ques-

tion: 

Exercise 4.2 

What do you need to know in order to determine the normal and shear 
stress components acting upon an arbitrarily oriented plane at a point in a 
fully three dimensional object? 

The answer is what we might anticipate from our original definition of six 

stress components for if we know these six scalar quantities3, the three normal 

stress components σx, σy, and σz, and the three shear stress components σxy, σyz, 

and σxz, then we can find the normal and shear stress components acting upon an 

arbitrarily oriented plane at the point. That is the answer to our need to know 

question. 

To show this, we derive a set of equations that will enable you to do this. But 

note: we take the six stress components relative to the three orthogonal, let’s call 

2.	 Much as we have done in the preceding exercise. Our analysis shows that the maximum normal stress acts on 

the horizontal plane, defined by φ =0. The maximum shear stress, on the other hand acts on a plane oriented 

at 45o to the horizontal. The factor cosφ sin φ has a maximum at φ = 45o. 

xz, zy3.	 We take advantage of moment equilibrium and take σ yx = σ xy, σzx = σ and σ = σyz. 
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them, x,y,z planes as given, as known quantities. Furthermore, again we restrict 

our attention to two dimensions - the case of Plane Stress. That is we say that the 

components of stress acting on one of the planes at the point - we take the z planes 

- are zero. This is a good approximation for certain objects — those which are thin 
in the z direction relative to structural element’s dimensions in the x-y plane. It 

also, makes our derivation a bit less tedious, though there is nothing conceptual 

complex about carrying it through for three dimensions, once we have it for two. 

In two dimensions we can draw a simpler picture of the state of stress at a 
point. We are not talking differential element here but of stress at a point. The fig-

ure below shows an arbitrarily oriented plane, defined by its normal, the x’ axis, 

inclined at an angle φ to the horizontal. In this two dimensional state of stress we 

y 
σy 

σxy 

σx 

y 
σxy 

φ A φσ

 . 

σ

A point 

xy Ax 

xyσx x’ 

y' 

φσxy 

σx 
σ’ x 

σ’ xy 

σxy 

σ

σ
σx


xy
 xA
σxy σy σy y 

have but three scalar components to specify to fully define the state of stress at a 

point: σx, σy and σyx = σxy. Knowing these three numbers, we can determine the 

normal and shear stress components acting on any plane defined by the orientation 

φ as follows. 

Consider equilibrium of the shaded wedge shown. Here we let Aφ designate the 

area of the inclined face at a point, A and A the areas of the x face with its out-
x y 

ward normal pointing in the -x direction and of the y face with its outward normal 

pointing in the -y direction respectively. In this we take a unit depth into the paper. 

We have 

A = Aϕ ⋅ cos φ and Ay = Aφ ⋅ sin φx 

That takes care of the relative areas. Now for force equilibrium, in the x and y 
directions we must have: 

– σ ⋅ A – σ ⋅ A + (σ' ⋅ cos φ – σ' xy ⋅ sin φ) ⋅ Aφ = 0x x xy y x 

and 

- – σ ⋅ A – σ ⋅ A + (σ' ⋅ sin φ + σ' xy ⋅ cos φ) ⋅ Aφ = 0xy x y y x 

If we multiply the first by cosφ, the second by sinφ and add the two we can eliminate σ’ . 
We obtain 

xy 

σ' Aφ–σ cos φA – σxy cos φA – σ sin φA –σ sin φA = 0x x x y xy x y y 
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which, upon expressing the areas of the x,y faces in terms of the area of the inclined face, 
can be written (noting Aφ becomes a common factor). 

2σ' = σ cos φ2 + σ sin φ + 2σ sin φcos φx x y xy 

In much the same way, multiplying the first equilibrium equation by sinφ, the second by 
cosφ but subtracting rather than adding you will obtain eventually 

2σ' = (σy –σ ) sin φcos φ + σxy( cos φ2 – sin φ )xy x 

We deduce the normal stress component acting on the y’ face of this rotated 

frame by replacing φ in our equation for σ’ by φ  + π/2. We obtain in this way: 
x 

2σ' = σ cos φ2 + σ sin φ –2σ sin φcos φy y x xy 

The three transformation equations for the three components of stress at a 

point can be expressed, using the double angle formula for the cosine and the sine, 

as 

σ' x 

σx σy+( ) 
2 

-
σx σy –( ) 

2 
- 2φcos⋅ σ xy 2φsin+ += 

σ' y 

σx σy+( ) 
2 

-
σx σy –( ) 

2 
- 2φcos⋅– σxy – 2φsin= 

σ' xy 

σx σy –( ) 
2 

-– 2φsin⋅ σ xy 2φcos+= 

Here we have the equations to do what we said we could do. Think of the set as 

a machine: You input the three components of stress at a point defined relative to 

an x-y coordinate frame, then give me the angle φ, and I will crank out -- not only 

the normal and shear stress components acting on the face with its outward normal 

inclined at the angle φ with respect to the x axis, but the normal stress on the y’ 
face as well. In fact I could draw a square tilted at an angle φ to the horizontal 

and show the stress components  σ’ x,  σ’ y and σ’xyacting on the x’ and y’ faces. 

To show the utility of these relationships consider the following scenario: 

Exercise 4.3 

An solid circular cylinder made of some brittle material is subject to pure 
torsion —a torque Mt. If we assume that a shear stress τ(r) acts within the 
cylinder, distributed over any cross section, varying with r according to 

τ( )  = c rn r ⋅ 
where n is a positive integer, then the maximum value of τ, will occur at the 
outer radius of the shaft. 
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But is this the maximum value? That is, while certainly rn is maximum at the 

outermost radius, r=R, it may very well be that the maximum shear stress acts on 

some other plane at that point in the cylinder. 

Show that the maximum shear stress is indeed that which acts on a plane nor-

mal to the axis of the cylinder at a point on the surface of the shaft. 

Show too, that the maximum normal stress in the cylinder acts 

•  at a point on the surface of the cylinder 

•  on a plane whose normal is inclined 45o to the x axis and its value is 
σ' = τ R( )x max 

We put to use our machinery for 

Mt 

y 

x 

x’
φ 

φ 
σxy 

σ’ xy 

τ(r=R) 

A point 

σ’ x 

σxy =τ(R) 

y’ 

y 

x 

computing the stress components 

acting upon an arbitrarily oriented 

plane at a point. Our initial set of 

stress components for this particu-

lar state of stress is 

σ = 0x 

σ = 0y 

and


σ = τ R
( )xy 

defined relative to the x-y coordinate 
frame shown top right. Our equations 
defining the transformation of compo
nents of stress at the point take the sim
pler form 

σ' = τ ⋅ sin 2φx 

σ' = –τ ⋅ sin 2φ Mt y 

σ' = τ ⋅ cos 2φxy 

To find the maximum value for the shear stress component with respect to the 

plane defined by φ, we set the derivative of σ’ to zero. Since there are no “bound-
xy 

aries” on  φ  to worry about, this ought to suffice. 

So, for a maximum, we must have 

dσ' xy = –2τ ⋅ sin 2φ = 0
dφ 
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Now there are many values of φ which satisfy this requirement, φ=0, φ=π/2, ...... But all 
of these roots just give the orientation of the of our initial two mutually perpendicular, x-y 
planes. Hence the maximum shear stress within the shaft is just τ at r=R. 

To find the extreme, including maximum, values for the normal stress, σ’ we 
x 

proceed in much the same way; differentiating our expression above for σ’ withx 

respect to φ yields 

dσ' x = 2τ ⋅ cos 2φ = 0 (EQ 1)
dφ 

Again there is a string of values of φ, each of which satisfies this requirement. 

We have 2φ = π/2, 3π/2 ....... or φ  = π/4, 3π/4 

At φ = π/4 (= 45o), the value of the normal stress is σ’ = +  τ sin2φ =  τ.  So 
x 

the maximum normal stress acting at the point on the surface is equal in magni-

tude to the maximum shear stress component. 

Note too that our transformation relations y 
say that the normal stress component acting σxy 

original
     state of stress 

on the y’ plane, with φ=π/4 is negative and 

equal in magnitude to τ. Finally we find that σ
σthe shear stress acting on the x’-y’ planes is 

xy 

xy=+τ(R) 

zero! We illustrate the state of stress at the 

point relative to the x’-y’ planes below right. x
σxy

Backing out of the woods in order to see 

the trees, we claim that if our cylinder is σ’ xy = 0 
made of a brittle material, it will fracture σ’ x = +τ (R)y 

φ 

x’ 

σ’ =  −τ (R) 
across the plane upon which the maximum 

tensile stress acts. If you go now and take a 

piece of chalk and subject it to a torque until = 45o 

it breaks, you should see a fracture plane in 
xthe form of a helical surface inclined at 45 

degrees to the axis of the cylinder. Check it 

out. 

Of course it’s not enough to know the orientation of the fracture plane when 

designing brittle shafts to carry torsion. We need to know the magnitude of the 
torque which will cause fracture. In other words we need to know how the shear 

stress does in fact vary throughout the cylinder. 

This remains an unanswered question. So too for the beam: How do the nor-

mal stress (and shear stress) components vary over a cross section of the beam? In 

a subsequent section, we explore how far we can go with equilibrium consider-

ation in responding. But, in the end, we will find that the problem remains stati-

cally indeterminate; we will have to go beyond the concept of stress and consider 

the deformation and displacement of points in the continuum. But first, a special 

technique for doing the transformation of components of stress at a point. “Mohr’s 
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Circle” is a graphical technique which, while offering no new information, does 

provide a different and useful perspective on our subject. 

Studying Mohr’s Circle is customarily the final act in this first stage of indoc-

trination into concept of stress. Your uninitiated colleagues may be able to master 

the idea of a truss member in tension or compression, a beam in bending, a shaft in 

torsion using their common sense knowledge of the world around them, but 

Mohr’s Circle will appear as a complete mystery, an unfathomable ritual of signs, 

circles, and greek symbols. Although it does not tell us anything new, over and 

above all that we have done up to this point in the chapter, once you’ve mastered 

the technique it will set you apart from the crowd and shape your very well being. 

It may also provide you with a useful aid to understanding the transformation of 

stress and strain at a point on occasion. 

Mohr’s Circle 

Our working up of the transformation relations for stress and our exploration 

of their implications for determining extreme values has required considerable 

mathematical manipulation. We turn now to a graphical rendering of these rela-

tionships. I will set out the rules for constructing the circle for a particular state of 

stress, show how to read the pattern, then comment about its legitimacy. I first 

repeat the transformation equations for a two-dimensional state of stress. 

σ' x 

σx σy+( ) 
2 

-
σx σy –( ) 

2 
- 2φcos⋅ σ xy 2φsin+ += 

σ' y 

σx σy+( ) 
2 

-
σx σy –( ) 

2 
- 2φcos⋅– σxy – 2φsin= 

σ' xy 

σx σy –( ) 
2 

-– 2φsin⋅ σ xy 2φcos+= 

σ
To construct Mohr’s Circle, given the state of stress σ x = 7,  σ xy= 4,  and 

y = 1 we proceed as follows: Note that I have dropped all pretense of reality in this 

choice of values for the components of stress. As we shall see, it is their relative magni-

tudes that is important to this geometric construction. Everything will scale by any com-

mon factor you please to apply. You could think of these as σx =7x103 KN/m2...etc., if you 

like. 
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•	 Lay out a horizontal axis and label it σ positive to the right. 

σ 

• Lay out an axis perpendicular to the above and label it σ  positive down 
xy

and σ  positive up4. 
yx

σ 

σyx 

σxy 

•	 Plot a point associated with the stress components acting on an x face at 
the coordinates (σ ,σ )=(7,4

down
). Label it x

face
, or x if you are cramped 

for space. 
x xy

σ 

σyx 

σxy 
x 

y 

σx 

σxy 

x 

4. WARNING:  Different authors and engineers use different conventions in constructing the Mohr’s circle. 
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•	 Plot a second point associated with the stress components acting on an y 
face at the coordinates (σ ,σ )= (1,4 ). Label it y

face
, or y if you are

y yx up
cramped for space. Connect the two points with a straight line. Note the 
order of the subscripts on the shear stress. 

σyx 

σxy 
x 

y 

σx 

σxy 

y 

4 

4 

σ 

x 

σy 

•	 Chanting “similar triangles”, note that the center of the line must neces
sarily lie on the horizontal, σ axis since σ =σ , 4=4. Draw a circle with 
the line as a diagonal. 

xy yx

σyx 

σxy 
x 

y 

σx 

σxy 

y 

4 

4 

σ 

(σx,σxy) 

(σy,σyx)σy 

2•	 Note that the radius of this circle is RMohr s = (σxy )2 + [(σ – σ ) ⁄ 2]x y 
which for the numbers we are using is just R = 5, and its center lies 

Mohr’s C  
at (σ +σ )/2 = 4.

x y

•	 To find the stress components acting on a plane whose normal is inclined 
at an angle of φ degrees, positive counterclockwise, to the x axis in the 
physical plane, rotate the diagonal 2φ in the Mohr’s Circle plane. We 
illustrate this for φ = 40o. Note that the shear stress on the new x’ face is 
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negative according to the convention we have chosen for our Mohr’s Cir-
cle.5 

σyx (σy,σyx) 

σxy 
x 

y 

y 

4 

4 

σ 

(σx,σxy) 

(σx ’,τxy’) 

(σy ’,σyx’) 
80o 

σx ’σxy ’ 

40o = φ 

•	 The stress components acting on the y’ face, at φ + π/2= 130o around in the 
physical plane are 2φ + π = 240o around in the Mohr’s Circle plane, just 
2φ around from the y face in the Mohr’s Circle plane. 

We establish the legitimacy of this graphical representation of the transforma-

tion equations for stress making the following observations: 

•	 The extreme values of the normal stress lie at the two intersections of the 
circle with the σ axis. The angle of rotation from the x

face
 to the principal 

plane I on the Mohr’s Circle is related to the stress components by the 
equation previously derived:

 tan2φ =2σ /(σ 
x 
-σ ).

xy y

σxy 
x 

y 

σ 
σIσII 

(σx +σy)/2 

R+(σx +σy)/2 

- R+(σx +σy)/2 
y 

σII 

σI 

φmax 2φmax 

5. WARNING, again: Other texts use other conventions. 
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•	  Note that on the principal planes the shear stress vanishes. 

•	  The values of the two principal stresses can be written in terms of the 
radius of the circle. 

2σI II  = [(σ + σy) ⁄ 2] ± (σ xy)2 + [(σ – σ ) ⁄ 2], x	 x y 

•	  The orientation of the planes upon which an extreme value for the shear 
stress acts is obtained from a rotation of 90o around from the σ axis on the 
Mohr’s Circle. The corresponding rotation in the physical plane is 45o . 

•	 The sum σ +σ  is an invariant of the transformation. The center of the 
x y

Mohr’s Circle does not move. This result too can be obtained from the 
equations derived simply by adding the expression for σ ’ to that obtained 

x 
for σ ’. 

y 

•	 So too the radius of the Mohr’s Circle is an invariant. This takes a little 
more effort to prove. 

Enough. Now onto the second topic of the chapter - the variation of stress com-

ponents as we move throughout the continuum. This is prerequisite if we seek to 

find extreme values of stress. 

4.2 The Variation of Stress (Components) in a 
Continuum 

To begin, we re-examine the case of a bar suspended vertically but now con-

sider the state of stress at each and every point in the continuum engendered by its 

own weight. (Note, I have changed the orientation of the reference axes). We will 

x 

y 

z 

F(y) + ∆F σ(y) + ∆σ 

∆y ∆y 

y ∆w(y) = γ A∆y σ(y) 
F(y) 

construct a differential equation which governs how the axial stress varies as we 

move up and down the bar. We will solve this differential equation, not forgetting 

to apply an appropriate boundary condition and determine the axial stress field. 

We see that for equilibrium of the differential element of the bar, of planar 

cross-sectional area A and of weight density  γ, we have 
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F + ∆F – γ A⋅ ⋅ ∆y – F = 0 

If we assume the tensile force is uniformly distributed over the cross-sectional area, and 
dividing by the area (which does not change with the independent spatial coordinate y) we 
can write 

+ – ⋅ ⁄σ ∆σ γ ∆y – σ = 0 where σ ≡ F A

Chanting “...going to the limit, letting ∆y go to zero”, we obtain a differential equation fix
ing how σ(y), a function of y, varies throughout our continuum, namely 

dσ – γ = 0
y d 

We solve this ordinary differential equation easily, integrating once and obtain 

σ y =( )  γ ⋅ y + Cons t tan 

The Constant is fixed by a prescribed condition at some y surface; If the end of the bar is 
stress free, we indicate this writing 

at y = 0 σ = 0 

so 

σ y =( )  γ ⋅ y 

If, on another occasion, a weight of magnitude P0 is suspended from the free end, we 
would have 

at y = 0 σ = P0 ⁄ A 

and 

σ y =( )  γ ⋅ y + P0 ⁄ A 

Here then are two stress fields for two different loading conditions6. Each 

stress field describes how the normal stress σ(x,y,z) varies throughout the contin-

uum at every point in the continuum. I show the stress as a function of x and z as 

well as y to emphasize that we can evaluate its value at every point in the contin-

uum, although it only varies with y. That the stress does not vary with x and z was 

implied when we stipulated or assumed that the internal force, F, acting upon any 

y plane was uniformly distributed over that plane. This example is a special case 

in another way; not only is it one-dimensional in its dependence upon spatial posi-

tion, but it is the simplest example of stress at a point in that it is described fully 

by a single component of stress, the normal stress acting on a plane perpendicular 

to the y axis. 

6. A third loading condition is obtained by setting the weight density γ to zero; our bar then is assumed weight-
less relative to the end-load P0. 
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Stress Fields & “Micro” Equilibrium 

In our analysis of how the normal stress varied throughout the vertically sus-

pended bar, we considered a differential element of the bar and constructed a dif-

ferential equation which described how the normal stress component varied in one 

direction, in one spatial dimension. We can call this picture of equilibrium 

“micro” in nature and distinguish it from the “macro” equilibrium considerations 

of the last chapter. There we isolated large chunks of structure e.g., when we cut 

through the beam to see how the shear force and bending moment varied with dis-

tance along the beam. 

Now we look with finer resolution and attempt to determine how the normal 

and shear stress components vary at the micro level throughout the beam. The 

question may be put this way: Knowing the shear force and bending moment at 

any section along the beam, how do the normal and shear stress components vary 

over the section? 

To proceed, we make some appropriate assumptions about the nature of the 

beam and build upon the conjectures we made in the last chapter about how the 

stress components might vary. 
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We model the end-loaded cantile-

ver with relatively thin rectangular 

cross-section as a plane stress problem. 

In this, b is the “thin” dimension, i.e., 

b/L <1. 

If we assume a normal stress distri-

bution over an x face is proportional to 

some odd power of y, as we did in 

Chapter 3, our state of stress at a point 

might look like that shown in figure 

(c). In this, σ would have the form x 

, ( , ,  (σ (x y) = C  n b h) ⋅ W L  – x)yn 
x 

where C(n,b,h) is a constant which depends 
upon the cross-sectional dimensions of the 
beam and the odd exponent n. The factor 
W(L-x) is the magnitude of the internal 
bending moment at the location x mea
sured from the root. See figure (b). 

h 

W 

L 

x 

y 

z 

(a)

 point A 

σx(x,y) 

point A b

(c) 

σx(x,y) 

W 

W(L-x) 

x 

W 

point A 
(b) 

x 

y 

But this is only one component of 

our stress field. What are the other 

components of stress at point A? 
(d) 

point A 
σxyOur plane stress model allows us to σx 

claim that the three z face components 

are zero and if we take σyz and σxz to be σx 
zero, that still leaves σxy,and σ in addi- σxy 

tion to σx. 

To continue our estimation process, 

we make the most of what we already know: For example, we know that a shear 

force of magnitude W acts at any x section. For the end-loaded cantilever, neglect-

ing the weight of the beam itself, it does not vary with x. We might assume, then, 

that the shear force is uniformly distributed over the cross-section and set 

y 

σ = –W ⁄ (bh) Our stress at a point at point A would then look like xy 
figure (d). 

We could, of course, posit other shear stress distributions at any x station, 

e.g., some function like σxy = Cons tant ⋅ ym 
where m is an integer and the con-

stant is determined from the requirement that the resultant force due to this shear 

stress distribution over the cross section must be W. 

The component σy - how it varies with x and y - remains a complete 

unknown. We will argue that it is small, relative to the normal and shear stress 

components, moved by the observation that the normal stress on the top and the 
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bottom surfaces of the beam is zero; we say the top and bottom surfaces are 

“stress free”. Continuing, if σy vanishes there at the bounary, then it probably 

will not grow to be significant in the interior. This indeed can be shown to be the 

case if h/L << 1, as it is for a beam. So we estimate σy=0. 

But there is something more 

we can do. We can look at equilibrium 

of a differerential element within the 

beam and, as we did in the case of a 

bar hung vertically, construct a differ-

ential equation whose solution (sup-

plemented with suitable boundary 

conditions) defines how the normal 

and shear stress components vary 

thoughout the plane, with x and y. 

Actually we construct more than a sin-

gle differential equation: We obtain 

two, coupled, first-order, partial differ-

ential equations for the normal and 

h 

W

L

y

z 

(a) 
point A b 

σy+ ∆σy 

σxy + ∆σxy

 elementσyx σy

xx

y 

σxy 

σx

y + ∆y 

y 

x + ∆x

σx + ∆σx 

σyx + ∆σyx 

By 

A differential

Bx
shear stress components. 

Think now, of a differential element 

in 2D at any point withinthe cantilever 

beam: We show such on the right. Note 

now we are no longer focused on two 

intersecting, perpendicular planes at a 

point but on a differential element of 

the continuum. Now we see that the stress components may very well be different 

on the two x faces and on the two y faces. 

We allow the x face components, and those on the two y faces to change as we 

move from x to x+∆x (holding y constant) and from y to y+∆y (holding x con-

stant). 

We show two other arrows on the figure, Bx and By. These are meant to repre-

sent the x and y components of what is called a body force. A body force is any 

externally applied force acting on each element of volume of the continuum. It is 

thus a force per unit volume. For example, if we need consider the weight of the 

beam, By would be just 

B = –γ where γ = the weight densityy 

where the negative sign is necessary because we take a positive component of the body 
force vector to be in a positive coordinate direction. 

Bx would be taken as zero. 

We now consider force and moment equilibrium for this differential element, 

our micro isolation. We sum forces in the x direction which will include the shear 

stress component σyx, acting on the y face in the x direction as well as the normal 

x 
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stress component σx acting on the x faces. But note that these components are not 

forces; to figure their contribution to the equilibrium requirement, we must factor 

in the areas upon which they act. 

I present just the results of the limiting process which, we note, since all com-

ponents may be functions of both x and y, brings partial derivatives into the pic-

ture. 

Forces in the x direction →∑ x∂ 
∂σx 

y∂ 
∂σyx Bx+ + 0= 

Forces in the y direction →∑ x∂ 
∂σxy 

y∂ 
∂σy By+ + 0= 

Moments about the center of the element →∑ σyx σxy = 

For example, the change in the stress component ∆σx may be written 

∂σx∆σ = ⋅ ∆xx ∂x 

and the force due to this “unbalanced” component in the x direction is 

∂σx ⋅ ∆x ⋅ (∆y∆z)∂x 

where the product, ∆y  ∆ z, is just the differential area of the x face. 

The contribution of the body force (per unit volume) to the sum of force com-

ponents in the x direction will be Bx(∆x∆y∆z) where the product of deltas is just 

the differential volume of the element. We see that this product will be a common 

factor in all terms entering into the equations of force equilibrium in the x and y 

directions. 

The last equation of moment equilibrium shows that, as we forecast, the shear 

stress component on the y face must equal the shear stress component acting on 

the x face. The differential changes in the shear stress components are of lower 

order and drop out of consideration in the limiting process, as we take ∆x and ∆y 

to zero. 

We might now try to solve this system of differential equations for σxy,and σy 

and σx but, in fact, we are doomed from the start. Even with the simplification 

afforded by moment equilibrium we are left with two coupled, linear, first-order 
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partial differential equations for these three unknowns. The problem is statically 

indeterminate so we are not going to be able to construct a unique solution to the 

equilibrium requirements. 

To answer these questions we must go beyond the concepts and principles of 

static equilibrium. We have to consider the requirements of continuity of displace-

ment and compatibility of deformation. This we do in the next chapter, looking 

first at simple indeterminate systems, then on to the indeterminate truss, the beam 

in bending and the torsion of shafts. 
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4.3 Problems 

4.1 A fluid can be defined as a continuum which - unlike a solid body - is 

unable to support a shear stress and remain at rest . The state of stress at any 

point, within a fluid column for example, we label “hydrostatic”; the normal 

stress components are equal to the negative of the static pressure at the point and 

the shear stress components are all zero. σx = σy = σz = -p and σxy = σxz = σyz =0. 

Using the two dimensional transformation relations (the existence of σz does 

not affect their validity) show that the shear stress on any arbitrarily oriented 

plane is zero and the normal stress is again -p. 

4.2 Estimate the compressive stress at the base of the Washington Monument 

- the one on the Mall in Washington, DC. 

4.3 The stress at a point in the plane of a thin plate is shown. Only the shear 

stress component is not zero relative to the x-y axis. From equilibrium of a section 

cut at the angle φ, deduce expressions for the normal and shear stress components 

acting on the inclined face of area A. NB: stress is a force per unit area so the 

areas of the faces the stress components act upon must enter into your equilibrium 

considerations. 

x 

y 

y

 x 

σxy 

σxy
y 

x 

y 

x’ 

y’ 

φ 

Area = A 

σ’ xy σ’ x 

σxy 

σxy 
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4.4 Construct Mohr’s circle for the state of stress of exercise 4.3, above.  Determine 

the "principle stresses"and the orientation of the planes upon which they act relative to the 

xy frame. 

4.5Given the components of stress relative 

σy = -1 to an x-y frame at a point in plane stress are: 

σ
σx = 4,  σ xy = 2  σ  = -1 

xy = 2 What are the components with respect to an 

axis system rotated 30 deg. counter clock-

y

wise at the point?
σx = 4 Determine the orientation of axis which 

x yields maximum and minimum normal 

stress components. What are their values? 

y 

4.6 A thin walled glass tube of radius R = 1 inch, and wall thickness t= 0.010 

inches, is closed at both ends and contains a fluid under pressure, p = 100 psi. A 

torque, Mt , of 300 inch-lbs, is applied about the axis of the tube. 

Compute the stress components relative to a coordinate frame with its x axis in 

the direction of the tube’s axis, its y axis circumferentially directed and tangent to 

the surface. 

Determine the maximum tensile stress and the orientation of the plane upon 

which it acts. 

4.7 What if we change our sign convention on stress components so that a 

normal, compressive stress is taken as a positive quantity (a tensile stress would 

then be negative).  What becomes of the transformation relations? How would 

you alter the rules for constructing and using a Mohr’s circle to find the stress 

components on an arbitrarily oriented plane? 

What if you changed your sign convention on shear stress as well; how would 

things change? 

4.8  Given the components of stress 
σy = -1

relative to an x-y frame at a point in plane 

stress are: σxy = 2
σx = 4,  σ xy = 2  σ y = -1 

What are the components with respect to y 
an axis system rotated 30 deg. counter σx = 4 

clockwise at the point? x 
Determine the orientation of axis which 

yields maximum and minimum normal 

stress components. What are their values? 

4.9 Estimate the “hoop stress” within an un-opened can of soda. 
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Strain 

The study of the elastic behavior of statically determinate or indeterminate truss 

structures serves as a paradigm for the modeling and analysis of all structures in 

so far as it illustrates 

•	 the isolation of a region of the structure prerequisite to imagining internal 
forces; 

•	 the application of the equilibrium requirements relating the internal 
forces to one another and to the applied forces; 

•	  the need to consider the displacements and deformations if the structure 
is redundant; 1 

•	 and how, if displacements and deformations are introduced, then the con
stitution of the material(s) out of which the structure is made must be 
known so that the internal forces can be related to the deformations. 

We are going to move on, with these items in mind, to study the elastic behav-

ior of shafts in torsion and of beams in bending with the aim of completing the 

task we started in an earlier chapter – among other objectives, to determine when 

they might fail. To prepare for this, we step back and dig in a bit deeper to develop 

more complete measures of deformation, ones that are capable of taking us 

beyond uniaxial extension or contraction. We then must relate these measures of 

deformation, the components of strain at a point to the components of stress at a 
point through some stress-strain equations. We address that task in the next chap-

ter. 

We will proceed without reference to truss members, beams, shafts in torsion, 

shells, membranes or whatever structural element might come to mind. We con-

sider an arbitrarily shaped body, a continuous solid body, a solid continuum. We  

put on another special pair of eyeglasses, a pair that enables us to imagine what 

transpires at a point in a solid subjected to a load which causes it to deform and 

engenders strain along with some internal forces - the stresses of chapter 4. In our 

derivations that follow, we limit our attention to two dimensions: We first con-

struct a set of strain measures in terms of the x,y (and z) components of displace-

ment at a point. We then develop a set of stress/strain equations for a linear, 
isotropic, homogenous, elastic solid. 

1.	 We of course must consider the deformations even of a determinate structure if we wish to estimate the dis-
placements of points in the structure when loaded. 
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6.1 Strain: The Creature and its Components. 

When a body displaces as a rigid body, points etched on the body will move 

through space but any arbitrarily chosen point will maintain the same distance 

from any other point–just as the stars in the sky maintain their position relative to 

other all other stars, night after night, as the heavens rotate about the earth Except, 

of course, for certain “wandering stars” which do not maintain fixed distances among 

themselves or from the others. 

But when a body deforms, points move 

relative to one another and distances between 

points change. For example, when the bar 

shown below is pulled with an end load P 
along its axis we know that a point at the end 

will displace to the right, say a distance uL, 

relative to a point at the fixed, left end of the 

P 

L 

L 

uL 

Pbar. 

Assuming the bar is homogenous, that is, 

its constitution does not change as we move 

in from the end of the bar, we anticipate that 

the displacement relative to the fixed end will decrease. At the wall it must be 

zero; at the mid point we might anticipate it will be uL/2. Indeed, this was the 

essence of our story about the behavior of an elastic rod in a uniaxial tension test. 

There we had P = ( AE  ⁄ L)  δ  ⋅ = k δ ⋅ 
The stiffness k is inversely proportional to the length of the rod so that, if the 

same end load is applied to bars of different length, the displacement of the ends 

will be proportional to their lengths, and the ratio of δ to L will be constant. 

In our mind, then, we can imagine the horizontal rod shown above cut through 

at its midpoint. As far as the remaining, left portion is concerned, it is fixed at its 

left end and sees an a load P at its right end. Now since it has but half the length, 

its end will displace to the right but uL/2. 

We can continue this thought experiment from now to eternity; each time we 

make a cut we will obtain a midpoint displacement which is one-half the displace-

ment at the right end of the previously imagined section. This of course assumes 

the bar is uniform in its cross-sectional area and material properties —that is, the 

bar is homogeneous. We summarize this result neatly by writing 

u x( )  = ( uL ⁄ L) ⋅ x 

where the factor, (uL/L), is a measure of the extensional strain of the bar, defined as the 
ratio of the change in length of the bar to its original length. 

This brief thought experiment gives us a way to define a measure of exten-

sional strain at a point. We say, at any point in the bar, that is, at any x, 

ε = lim (∆ u ⁄ ∆ x) ⇒ ε = ∂ u 
x 

∆ x → 0 
x ∂ x 
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For the homogenous bar under end load P we see that ε is a constant; it does 
x 

not vary with x. We might claim that the end displacement, uL is uniformly dis-
tributed over the length; that is, the relative displacement of any two points, equi-

distant apart in the undeformed state, is a constant; but this is not the usual way of 

speaking nor, other than for a truss element, is it usually the case. 

The partial derivative implies that, u, the displacement component in the x 
direction, can be a function of spatial dimensions other than x alone; that is, for an 

arbitrary solid, with things changing as one moves in any of the three coordinate 

directions, we would have u= u(x,y,z). We turn to this more general situation now. 

Exercise 6.1 

What do I need to know about the displacements of points in a solid in order 
to compute the extensional strain at the point P, arbitrarily taken, in the 
direction of to, also arbitrarily chosen, as the body deforms from the state 

indicated at the left to that at the right? 

y 

z 

x 

φ 

Q 

P 
After Deformation 

φ 

Q' 

P' 

to 

Q 

P 

P 

Q 

Before Deformation  

We designate the extensional strain at P in the direction of t0 by ε
PQ

. Our task 

is to see what we need to know in order to evaluate the limit 

εPQ = lim (P'Q' – PQ) ⁄ (PQ)
PQ → 0 

To do this, we draw another picture of the 

t undeformed and deformed differential line ele-
Q' 

ment, PQ. together with the displacements of 

its endpoints. Point P’s displacement to P’ is 

After

y 

φ 
P 

P' Q 

u + ∆u

Lo

L 

Before

to shown as the vector, u, while the displacement of 

point Q, some small distance away, is designated by 

u+∆u. 

This now looks very much like the representa-
u tion used in the last chapter to illustrate and 

construct an expression for the extension of a 

truss member as a function of the horizontal 

x and vertical components of displacement at its 

two ends. That’s why I have introduced the 

vectors L , and L for the directed line segments PQ, P’Q’ respectively though 
o
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they are in fact meant to be small, differential lengths. Proceeding in the same 

way as we did in our study of the truss, we write, as a consequence of vector addi-

tion, 

+ +u L = u + ∆u L0 

which yields an expression for ∆ u in terms of the vector difference of the two directed 
line segments, namely ∆u = L – L0 

We now introduce a most significant constraint, We assume, as we did with the 

truss, that displacements and rotations are small – displacements relative to some 

characteristic length of the solid, rotations relative to a radian. This should not to 

be read as implying our analysis is of limited use. Most structures behave, i.e., 

deform, according to this constraint and, as we have seen in our study of a truss 

structure, it is entirely consistent with our writing the equilibrium equations with 
respect to the undeformed configuration. In fact not to do so would be erroneous. 

Explicitly this means we will take 

t t≈ 0 so that L =	 t • L ≈ t0 • L 

With this we can claim that the change in length of the directed line segment, 

PQ, in moving to P’Q’, is given by the projection of ∆u upon PQ that is, since 

P'Q' – PQ = L – L0 

we have 

–P'Q' – PQ = t0 • L – t 0 • L 0 = t0 • ( L L0) = t0 • ∆ u 

where to is, as before, a unit vector in the direction of PQ. 

t = cos φ ⋅ i + sin φ ⋅ jo 
From here on in, constructing an expression for ε

PQ 
requires the machine-like 

evaluation of the scalar product, t0 *  ∆u, the introduction of the partial derivatives 

of the scalar components of the displacement taken with respect to position, and 

the manipulation of all of this into a form which reveals what’s needed in order to 

compute the relative change in length of the arbitrarily oriented, differential line 

segment, PQ. We work with respect to a rectangular cartesian coordinate frame, 

x,y, and define the horizontal and vertical components of the displacement vector 

u to be u,v respectively2. That is, we set 

( (u = u x, y) ⋅ i + v x, y) j 

where the coordinates x,y label the position of the point P. The differential change in the 
displacement vector in moving from P to Q, a small distance which in the limit will go to 
zero, may then be written 

2.	 In the following be careful to distinguish between the scalar u and the vector u; the former is the x compo-

nent of the latter. 
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( (∆u = ∆u x, y) ⋅ i + ∆v x, y) ⋅ j 

Carrying out the scalar product, we obtain for the change in length of PQ: 

P'Q' – PQ = t0 • ∆ u = (∆u) ⋅ cos φ+ (∆v) ⋅ sin φ 
We next approximate the small changes in the horizontal and vertical, scalar 

components of displacement by the products of their slopes at P taken with the 

appropriate differential lengths along the x and y axes as we move to point Q. That 

∂u ∂u	 ∂v ∂v
is3 ∆u x, y) ≈   ∆x +   ∆y and ∆v x, y) ≈   ∆x +   ∆y(      (    ∂x ∂y	 ∂x ∂y 

We have then 

∂u ∂u ∂v ∂v(P'Q' – PQ) ⁄ (PQ) ≈   ∆x +   ∆y (cos φ ⁄L ) +   ∆x +   ∆y ( sin φ ⁄L )o o          ∂x ∂y ∂x ∂y 

where I have introduced L for the original length PQ. 
o

This is an approximate relationship because the changes in the horizontal and 

vertical components of displacement are only approximately represented by the 

first partial derivatives. In the limit, however, as the distance PQ, and hence as ∆x, 
∆y approaches zero, the approximation may be made as accurate as we like. Note 

also, that the ratios ∆ x/L , ∆ y/L approach cosφ and sinφ respectively. 
o o

We obtain, finally, letting PQ go to zero, the following expression for the 

extensional strain at the point P in the direction PQ: 

∂u	 ∂v
sinεPQ =   cos2 φ+  ∂u ∂v cos φ  φ  +   sin2 φ    ∂y 

+ 
∂x  ∂x	 ∂y 

It appears that in order to compute ε
PQ 

in the direction φ we need to know the 

four first partial derivatives of the scalar components of the displacement at the 

point P. In fact, however, we do not need to know all four partial derivatives since 

it is enough to know the three bracketed terms appearing above Think of comput-

ing ε
PQ 

for different values of φ; knowing the values for the three bracketed terms 

will enable you to do this. 

The relationship above is a very important piece of machinery. It tells us how 

to compute the extensional strain in any direction, defined by φ, at any point, 

defined by x,y, in a body. In what follows, we call the three quantities within the 

brackets  the three scalar components of strain at a point.  But first observe: 

• If we set φ equal to zero in the above, which is equivalent to setting PQ 
out along the x axis, we obtain, as we would expect, that ε

PQ 
= ε , the

x
extensional strain at P in the x direction, i.e.,


∂u
ε =    
x  ∂x 

3.	 It is easy to be confused in the midst of all these partial derivatives. It’s worth taking five minutes to try to sort 
them out. 
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•   Our machinery is thus consistent with our previous definition of ε for 
x

uniaxial loading of a bar fixed at one end and lying along the x axis. 

•	 If, in the same way, we set φequal to a right angle, we obtain 
∂v =εPQ  ∂y 

which can be read as the extensional strain at P in the direction of a line seg
ment along the y axis. We call this ε . That is 

y 
∂vε =    

y  ∂y 

∂u ∂v 
•	 The meaning of the term ∂y 

+ 
∂x is best extracted from a sketch; below 

we show how the term ∂v can be interpreted as the angle of rotation,∂x 
about the z axis, of a line segment PQ along the x axis. For small rotations 
we can claim ∂v  ∆x ∂xα ∼ tan α = ------------------

∆x 

Similarly, the term δ u/δ y can Q'
be interpreted as the angle of rota-

tion of a line segment along the y 
(δv/δx)∆x

axis, but now, if positive, about α = (δv/δx) ∆u y
the negative z axis. The figure 

x
below shows the meaning of both P ∆x Q (δu/δx)∆x 
terms. 

R' The sum of the two terms is the change in 

y the right angle, PQR at point P. If it is a pos-
R itive quantity, the right angle of the first x

Q' quadrant has decreased. We define this sum 

(δu/δy) to be a shear strain component at point P 
(δv/δx) and label it with the symbol γ . 

P,P' ∆x Q	
xy 

•	 Building on the last figure, we define a rotation at the point P as the aver
age of the rotations of the two, x,y, line segments. That is we define 

ωxy 1 2⁄( )
x∂ 

∂v 
 
 

y∂ 
∂u 

 
–= 

Note the negative sign to account for the different directions of the two line segment rota
tions. If, for example, δ v/δ x is positive, and δ u/δ y = - δ v/δ x then there is no shear 
strain, no change in the right angle, but there is a rotation, of magnitude δ v/δ x positive 
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about the z axis at the point P. These three quantities ε ,γ ,ε are the three components of 
strain at a point. 

x xy y 

εx x∂ 
∂u γxy x∂ 

∂v 
 
 

y∂ 
∂u 

 
 εy y∂ 

∂v≡+≡≡ 

If we know the way ε (x,y), γ (x,y), and ε (x,y) vary, we say we know the state 
x xy y

of strain at any point in the body. We can then write our equation for computing 

the extensional strain in any arbitrary direction in terms of these three strain com-

ponents associated with the x,y frame at a point as: 

sinεPQ = ε ⋅ cos φ2 + γ ⋅ cos φ φ  + ε ⋅ sin φ2 
x xy y 

Finally, note that if we are given the displacement components as continuous 

functions x and y we can, by taking the appropriate partial derivatives, compute a 

set of strain functions, also continuous in x,y. On the other hand, going the other 

way, given the three strain components, ε , γ , ε as continuous functions of posi-
x xy y 

tion, we cannot be assured that we can determine unique, continuous functions for 

the two displacement components from an integration of the strain-displacement 

relations. We say that the strains represent a compatible state of deformation only 

if we can do so, that is, only if we can construct a continuous displacement field 
from the strain components. 

Exercise 6.2

 For the planar displacement field defined by 
y 

+1
( (u x, y) = –κ ⋅ xy v x, y) = κ ⋅ x 2 ⁄ 2 

-1 0 

where κ = 0.25, sketch the locus of the edges of a 2x2 +1 

square, centered at the origin, after deformation and 
-1construct expressions for the strain components ε , ε ,

x y


and γ

xy 

We start by evaluating the components of strain; we obtain 
∂u κ ∂vεx ≡ ∂

∂u
x 

= –κy = – x + κx = 0 ε ≡ = 0γxy ≡ 

∂
∂v

x 
+ ∂y y ∂y 

We see that the only non zero strain is the extensional strain in the x direction 

at every point in the plane. In particular, right angles formed by the intersection of 

a line segment in the x direction with another in the y direction remain right angles 

since the shear strain vanishes. The average rotation of these intersecting line seg-

ments at each and every point is found to be 

x 
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ω = (1 2) ∂v 
– ∂y = κxxy ⁄  ∂x 

∂u 

We sketch the locus of selected points and line segments below: 

y y 

+1 

0 

+1 

x x 
-1 -1 

+1 +1 

-1	 -1 

Focus first, on the figure at the left above which shows the deformed position 

of the points that originally lay along the x axis, at y=0. The vertical component of 

displacement v describes a parabola in the deformed state. Furthermore, the points 

along the x axis experience no horizontal displacement. 

On the other hand, the points off the x or the y axis all have a horizontal com-

ponent of displacement - as well as vertical. Consider now the figure above right. 

For example the point (1,1) moves to the left a distance 0.25 while moving up a 

distance 0.125. Below the x axis, however, the point originally at (1,-1) moves to 

the right 0.25 while it still displaces upward the same 0.125. The shaded lines are 

meant to indicate the u at each point. 

Observe 

•	  The state of strain does not vary with x, but does so with y. 

•	  Right angles formed by x-y line segments remain right angles, that is the 
shear strain is zero. 

•   The average rotations of these right angles does vary with x but not with 
y. Note too that we have seemingly violated the assumption of small rota
tions. We did so in order to better illustrate the deformed pattern. 

6.2 Transformation of Components of Strain 

The axial stress in a truss member is related to the extensional strain in the mem-

ber through an equation that looks very much like that which relates the force in a 

spring to its deflection. We shall relate all stress and strain components through 

some more general constitutive relations — equations which bring the specific 

properties of the material into the picture. But stress and strain are “relations” in 

another sense, in a more abstract, mathematical way: They are both the same kind 
of mathematical entity. The criterion and basis for this claim is the following: 

The components of stress and strain at a point transform according to the 
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same equations. By transform we mean change; by change we mean change due 

to a rotation of our reference axis at the point. 

Our study of how the components of strain and stress transform is motivated as 

much by the usefulness of this knowledge in engineering practice as by visions of 

mathematical elegance and sophistication4. For, although this section could have 

been labeled the transformation of symmetric, second-order tensors, we have  

already seen an example, back in our study of stress, an example suggesting the 

potential utility of the component transformation machinery. We do an exercise 

very similar to that we tackled before to refresh our memory. 

Exercise 6.3 

Three strain gages, attached to the surface of a solid shaft in torsion in the 
directions x, y, and x’ measure the three extensional strains

˙ε	 = 0 εy = 0 and εx' = 0.00032x 

 Estimate the shear strain γxy. 

45

x

x’	y 
Mt

Let’s work backwards. No one 

says you have to work forward 

from the “givens” straight through 

to the answer5. 

We are given the values of three extensional strains measured at a point on the 

surface of the shaft6. The task is to determine the shear strain at the point from 

the three, measured extensional strains. 

From the previous section we know that the extensional strain in the x’ direc-

tion - thinking of that direction as "PQ" - can be expressed as 

εPQ = ε ⋅ cos φ2 + γ ⋅ cos φsin φ + εy ⋅ sin φ2 
,x xy 

which tells me how to compute the extensional strain in some arbitrarily oriented direction 
at a point, as defined by the angle φ, given the state of strain at the point as defined by the 
three components of strain with respect to an x,y axis. 

Working backwards, I will use this to compute the shear strain γxy given knowl-

edge of the extensional strain εPQ where PQ is read as the direction of the gage x’ 

4.	 Katie: See Reid...I told you so! 

5.	 This is characteristic of most work, not only in engineering but in science as well. The desired end state – the 
answer to the problem, the basic form of a design, the theorem to be proven, the character of the data to be 
collected – is usually known at the outset. There are really very few surprises in science or engineering in this 
respect. What is surprising, and exciting, and rewarding is that you can manage to construct things to come 
out right and they work according to your expectations. 

6.	 It’s not really a point but a region about the size of a small coin. 
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oriented at 45
o 

to the axis of the shaft and pasted to its surface. Now both εx and 

ε  are zero7 so this equation gives 

⁄ 
y

0.000032 = γ ⋅ (1 2) or  γxy = 0.00064xy 

Observe: 

•  If the strains ε and ε  were different from zero we would still use this 
x y

relationship to obtain an estimate of the shear strain. The former would 
provide us with direct estimates of any axial or hoop strain. 

•	  I can graphically interpret this equation for determining the shear strain 
by constructing a compatible (continuous) displacement field from the 
strain components εx, εy, and γxy. Note this is not the only displacement 
field I might generate that is consistent with these strain components but it 
will serve to illustrate the relationship. 

∆x0 
x 

y 

45 
45 

b 

t 
t = (1/√ 2) i + (1/√ 2) j 

∆v(√

c 

∆v 

∆v 

a 

∆v 

 2/2)=change in length of ob 

With the shaft oriented horizontally and twisted as shown, I take the displace-

ment component, u(x,y) to be zero and v(x,y) to be proportional to x but indepen-

dent of y. Then the points a and b both displace vertically a distance ∆v with 

respect to points 0 and c. The extension of the diagonal 0b is, for small displace-

ments and rotations, the projection of ∆v at b upon the diagonal itself. So the 

change in length is given by ∆v ⁄ ( 2) . Its original length is 2 ⋅ ∆x so we can 

(∆v ⁄ ∆x)
write εx' = εob = ----------------------

2 
But, again for small rotations, ∆v/∆x = γxy the decrease in the right angle, the 

shear strain. Thus, as before, 

εx' = γxy ⋅ (1 2)⁄ 

7.	  More realistic values would be some small, insignificant numbers due to noise or slight imbalance in the 
apparatus used to measure, condition, and amplify the signal produced by the strain gage. Even so, if the 
shaft was subject to forms of loading other than, and in addition to the torque we seek to estimate, and these 
engendered significant strains in the a and c directions we would still make use of this relationship in estimat-
ing the shear strain. 
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This exercise illustrates an application of the 

rules governing the transformation of the compo- y' y 
nents of strain at a point. That’s now the way we 

read the equation we in the previous section – as a 

way to obtain the extensional strain along one 

axis of an arbitrarily oriented coordinate frame at 

a point in terms of the strain components known 

with respect to some reference coordinate frame. 

x'
For example, if I let the arbitrarily oriented frame be φ 
labeled x’-y’, then the extensional strain components 
relative to this new axis system can be written in terms of the strain components associated 
with the original, x-y frame as 

ε' = ε ⋅ cos φ2 + γ ⋅ cos φsin φ + ε ⋅ sin φ2 
x x xy y 

ε' = ε ⋅ cos φ2 – γ ⋅ cos φsin φ + ε ⋅ sin φ2 
y x xy y 

In obtaining the expression for the extensional strain in the y’ direction, I substituted φ+ π/ 
2 for φ in the first equation. 

But there is more to the story. I must construct an equation that allows me to 

compute the shear strain, γ'xy relative to the arbitrarily oriented frame, x’y’. To 

do so I make use of the same graphical methods of the previous section. 

The figure below left shows the orientation of my reference x-y axis and the 

orientation of an arbitrarily oriented frame x’-y’. PQ is a differential line element 

in the undeformed state lying along the x’ axis. t is a unit vector along PQ; e is a 

unit vector perpendicular to PQ in the sense shown. ∆x, ∆y are the horizontal and 

vertical coordinates of Q relative to the origin of the reference frame. 

y
y' y' y

R


α

β 

Q' 

x 

φ 
∆y
Q x’

R∆uR 

R’ 

j' = - sinφ i + cosφ j 

φ Q 
x'

∆y x ∆uQP 
∆xj P,P' 

∆x 
i Before  After 

On the right we show the position of PQ in the deformed state as P'Q'. The dis-

placement of point Q relative to P is shown as ∆ uQ. The angle α is the (small) 

rotation of the line element PQ. This is what we seek to express in terms of the 

strain components ε , ε and γ at the point. We will also determine the rotation 
x y xy 

of a line element along the y’ axis. Knowing these we can compute the change in 

x 
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the right angle QPR , the shear strain component with respect to the x’-y’ system 

which we will mark with a “prime”, γ ’. 
xy 

The angle α is given approximately by α = ∆u j' ⁄ (PQ) where j’ is per-• 
pendicular to PQ. 

The displacement vector we write as ∆u = ∆u ⋅ i + ∆v ⋅ j which, to first order 

may be written in terms of the partial derivatives of the scalar components of the 

relative displacement of Q. 

∂v∆u =  ∆x 
∂u 

+ ∆y 
∂u i +  ∆x 

∂v 
+ ∆y∂y j ∂x ∂y  ∂x 

and the unit vector is j' = – sin φ ⋅ i+ cos φ ⋅ j 

Carrying out the scalar, dot product, noting that 

⁄ ⁄∆y PQ  = cos φ and ∆y PQ  = sin φ 

we obtain 

∂u ∂v ∂vα ≈ – sin φ
 cos φ∂u 

+ sin φ∂y + cos φ cos φ + sin φ∂x  ∂x ∂y 

Or collecting terms 

∂v ∂uα ≈ sin φcos φ ∂v – ∂u + cos2 φ – sin2 φ ∂y ∂x ∂x ∂y 

I obtain the angle β the rotation of a line segment PR originally oriented along 

the y’ axis most simply by letting φ go to φ +π/2 in the above equation for the 

angle α . Thus 

∂v ∂uβ ≈ – sin φcos φ ∂v – ∂u + sin2 φ – cos2 φ ∂y ∂x ∂x ∂y 

the diminution in the right angle QPR is just α - β so I obtain: 

∂uγ' ≈ 2 sin φcos φ

∂
∂ 
v
y 

– ∂
∂ 
u
x 

 + (cos2 φ– sin2 φ) ∂v 

– xy  ∂x ∂y 

which, in terms of the strain components associated with the x,y axes becomes 
2γ' = 2(εy – ε ) ⋅ sin φcos φ+ γxy ⋅ (cos φ2 – sin φ )xy x 

With this I have all the machinery I need to compute the components of strain 

with respect to one orientation of axes at a point given their values with respect to 

another. I summarize below, making use of the double angle identities for the cosφ 
and the sinφ, namely, cos 2φ =cos2φ - sin2φ and sin2φ =2sinφcosφ. 
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ε' x 

εx εy+( ) 
2 

-
εx εy –( ) 

2 
- 2φcos⋅ γxy 2⁄( ) 2φsin+ += 

ε' y 

εx εy+( ) 
2 

-
εx εy –( ) 

2 
- 2φcos⋅– γxy 2⁄( )– 2φsin= 

γ' xy 2⁄( ) 
εx εy –( ) 

2 
-– 2φsin⋅ γxy 2⁄( ) 2φcos+= 

I have introduced a common factor of (1/2) in the equation for the shear strain 

for the following reasons: If you compare these transformation relationships with 

those we derived for the components of stress, back in chapter 4, you will see they 

are identical in form if we identify the normal strain components with their corre-

sponding normal stress components but we must identify τxy with γxy/2. 

One additional relationship about deformation follows from our analysis: If I 

average the angular rotations of the two orthogonal line segments PQ and PR, I  

obtain an expression for what we define as the rotation of the x’-y’ axes at the 

point. This produces 

1 1 
--- + ---ω' =   (α β) =    ∂v – ∂u = ωxyxy       ∂x ∂y2 2 

This, we note, is identical to ω which is what justifies labeling this measure 
xy 

of deformation a rigid body rotation. It is also invariant of the transformation; 

regardless of the orientation of the coordinate frame at the point, you will always 

get the same number for this measure of rotation. 

Exercise 6.4 

A “bug” in my graphics software distorts the image appearing on my moni-
tor. Horizontal lines are stretched 1%; vertical lines are compressed 5% 
and there is a distortion of the right angles formed by the intersection of 

horizontal and vertical lines of approximately 3o – a decrease in right 
angle in the first quadrant. Estimate the maximum extensional distortion I 
can anticipate for an arbitrarily oriented line drawn by my software. What 
is the orientation of this particular line relative to the horizontal? 

I seek a maximum value for the extensional strain at a point — the extensional 

strain of an arbitrarily oriented line segment which is maximum. Any point on the 

screen will serve; we are working with a homogeneous state of strain, one which 

does not vary with position. I also of course want to know the direction of this line 

segment. The equation above for ε ’ shows the extensional strain as a function of 
x 
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φ; we differentiate with respect to φ seeking the value for the angle which will 

give a maximum (or minimum) extensional strain. I have: 

dε' x =	 –(εy – ε )sin 2φ γxy ⋅ cos 2φ = 0+xdφ 

which I manipulate to 

tan 2φ = γ ⁄ (εy – ε )xy x 

Now the three x,y components of strain are ε =0.01, ε = -0.05, and γ = 3/
x y xy 

57.3 = 0.052. The above relationship, because of the behavior of the tangent func-

tion, will give me two roots within the range 0 < φ < 360
o
, hence two values of φ. 

I obtain two possibilities for the angle of orientation of maximum (or mini-

mum) extensional strain, φ = 20.6
o and φ = 20.6 + 90

o
= 110.6

o 
One of these will 

correspond to a maximum extensional strain, the other to a minimum. Note that 

we can read the second root as an extensional strain in a direction perpendicular to 

that associated with the first root. In other words, if we evaluate both ε ’ and 
x 

ε ’for a rotation of φ = 20.6
o 

we will find one a maximum the other a minimum. 
y 

This we do now. 

Taking then, φ= 20.6
o
 I obtain for the extensional strain in that direction, 

ε	  = 0.0197
I

about two percent extension. The extensional strain at right angles to this I obtain from the 
equation for ε ’, a strain along an axis 110.6o around from the horizontal, ε

II
 = - 0.0597,

y

about six percent contraction. This latter is the maximum 
yextensional distortion, a contraction of 5.97%. We illus- II 

trate the situation below. 

Observe 

20.6o 

I 
sional strain at a point, one a maximum, the 

•	  We call this pair of extreme values of exten

x 
other a minimum, the principal strains; the 
axes they are associated with are called the 
principal axes. 

•	  The shear strain associated with the principal axes is zero, always. 
This follows from comparing the equation we derived by setting the deriv
ative of the arbitrarily oriented extensional strain with respect to angle of 
rotation, namely

 tan(2φ) = γ /(ε 
x
 - ε )

xy y

with the equation for the transformed component γ ’. If the former is satis
fied then the shearmust vanish.	 xy 



--------------------- ---------------------

--------------------- ---------------------

---------------------

------------------- -------------------

------------------- -------------------

-------------------

195 Chapter 6 

6.3 Mohr’s Circle 

Our working up of the transformation relations for stress and for strain and our 

exploration of their meaning in terms of extreme values has required considerable 

mathematical manipulation. We turn again to our graphical rendering of these 

relationships called Mohr’s Circle. I have set out the rules for constructing the cir-

cle for a particular state of stress. What I seek now is to show the “sameness” of 

the transformation relations for strain components. 

First, I repeat the transformation equations for a two-dimensional state of 

stress. 

σ' x 

σx σy+( ) 
2 

-
σx σy –( ) 

2 
- 2φcos⋅ σxy 2φsin+ += 

σ' y 

σx σy+( ) 
2 

-
σx σy –( ) 

2 
- 2φcos⋅– σxy – 2φsin= 

σ' xy 

σx σy –( ) 
2 

-– 2φsin⋅ σxy 2φcos+= 

and now the transformation equations for a two-dimensional state of strain:


ε' x 

εx εy+( ) 
2 

-
εx εy –( ) 

2 
- 2φcos⋅ γxy 2⁄( ) 2φsin+ += 

ε' y 

εx εy+( ) 
2 

-
εx εy –( ) 

2 
- 2φcos⋅– γxy 2⁄( )– 2φsin= 

γ' xy 2⁄( ) 
εx εy –( ) 

2 
-– 2φsin⋅ γxy 2⁄( ) 2φcos+= 

Comparing the two sets, we see they are the same if we compare half the 
shear strain with the corresponding shear stress. This means we can use the 

same Mohr’s Circle as for stress when doing strain transformation problems. All 

we need do is think of the vertical axis as being a measure of γ/2. 
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6.4 Problems 

6.1 Show that for the thin circular hoop subject to 

an axi-symmetric, radial extension ur, that the 

circumferential extensional strain, can be expressed as 

εθ = (L - Lo)/Lo = ur/ro 

where Lo is the original, undeformed circumference. 

ro 

ur 

6.2  Three strain gages are mounted in the 

directions shown on the surface of a thin plate. 
εc  = 1.0e-05 The values of the extensional strain each measures 

y εb  = 0 is also shown in the figure. 

i) Determine the shear strain component γxy at the 

x point with respect to the xy axes shown. 

0 εa = 1.0e-05
ii) What orientation of axes gives extreme values 

for the extensional strain components at the point. 

iii) What are these values. 

60o 

6.3 Three strain gages measure the extensional strain b

in the three directions 0a, 0b and 0c at “the point 0”.

Using the relationship we derived in class a
 c 

εPQ = ε cos2 φ+ γ cos φsin φ + ε sin2 φx xy y 
y

45 45 

find the components of strain with respect to the xy axis in 
terms of εa, εb and εc 0 x 

6.4  A strain gage rosette, fixed to a flat, thin 
εc εb plate, measures the following extensional 

strains 
120o 

εa  = 1. E-04 
60o εa εb  = 1. E-04 

εc  = 2. E-04 
y 

Determine the state of strain at the point,x 
expressed in terms of components relative to 

the xy coordinate frame shown. 
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6.5 A two dimensional displacement field is defined by 

( –α ( α 
u x, y) = ------- ⋅ y and v x, y) = --- ⋅ x

2 2 

Sketch the position of the 
ypoints originally lying along 

the x axis, the line y = 0, due to 
this displacement field. 
Assume α is very much less 
than 1.0. 

x 
Likewise, on the same sketch, 
show the position of the points 
originally lying along the y 
axis, the line x = 0, due to this 
displacement field. 

Likewise, on the same sketch, show the position of the points originally lying along the 
line y=x, due to this displacement field. 

Calculate the state of strain at the origin; at the point, x,y. 

( α( αRespond again but now with u x, y) = --- ⋅ y and v x, y) = --- ⋅ x
2 2 
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Material Properties and Failure Phenomena

Up until now we have not said much about the way structures behave in the so-

called “real world”. Our focus has been on abstract concepts and pictures, with

generous use made of mathematics in the formulation and solution of problems.

There have been exceptions: We have talked about the properties of a rod, how we

could measure the stress at which it would yield. We have talked about linear

force/deflection relations and how we could measure the rod’s stiffness, k. But our

elaboration and application of the principles of equilibrium and compatibility of

deformation have not required any reference to the things of the material world:

Compatibility of deformation is a matter of the displacement of points, their abso-

lute and relative displacement (when we talk about strain). Equilibrium of force

and of moment concerns concepts that are just as abstract as displacements of

points and rotations of infinitessimal line segments - if not more so. Constructing

a free body diagram is an abstract, intellectual activity. No one goes out and actu-

ally cuts through the truss to determine the forces within its members.

In this chapter, we confront the world of different structural materials and their

actual behavior. We want to know how the stiffness, k, depends upon the actual

material constitution of our beam, or truss member, or concrete mix. We want to

know how great a weight we can distribute over the beam or hang from the nodes

of a truss before failure. We summarize our interests with two bullets:

• What properties characterize the behavior of a linear, elastic structural ele-
ment? What is the general form of the stress/strain relations for an isotro-
pic continuum?

• What conditions can lead to failure of a structure?

We begin with our elaboration of the constitutive relations for a continuum.

7.1  Stress/Strain Relations

We want to develop a set of stress/strain relations for a continuous body, equations

which apply at each and every point throughout the continuum. In this we will

restrict our attention, at least in this chapter, to certain type of materials namely

homogeneous, linear, elastic, isotropic bodies.

• Homogeneous means that the properties of the body do not vary from one
point in the body to another.
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• Linear means that the equations relating stress and strain are linear;
changes in stress are directly proportional to changes in strain (and the
other way around, too).

• Elastic means that the body returns to its original, undeformed configura-
tion when the applied forces and/or moments are removed.

• Isotropic means that the stress strain relations do not change with direction
at a point. This means that a laminated material, a material with a pre-
ferred orientation of “grains” at the microscopic level, are outside our field
of view, at least for the moment.

We have talked about stress at a point. We drew a

figure like the one at the right to help us visualize the

nature of the normal and shear components of stress at

a point. We say the state of stress is fully specified by

the normal components, σx, σy σz and the shear com-

ponents σxy=σyx, σyz=σzy σxz=σzx.

With these restrictions and a heavy dose of symme-

try, we will be able to construct a set of stress/strain

equations that will apply to many structural materials.

This we do now, performing a sequence of thought experiments in which we apply

to an element of stuff at a point each stress component in turn and imagine what

strains will be engendered, which ones will not. Again, symmetry will be crucial

to our constructions. We start by applying the normal stress component σ
x
 alone.

We expect to see some extensional strain εx. This we take as proportional to the

normal stress we apply, in accord with the second bullet above; that is we set

In this we have made use of another bit of real exper-

imental evidence in designating the constant of pro-

portionality in the relationship between the

extensional strain in the direction of the applied nor-

mal stress to be the elastic, or Young’s modulus, E.

We might not anticipate normal strains in the other

two coordinate directions but there is nothing to rule

them out, so we posit an εy and an εz.

Now εy and εz, because of the indifference of the material to the orientation of

the y and the z axis,– that is, from symmetry– must be equal. We can say nothing

more on the basis of our symmetrical thoughts alone.

At this point we introduce another real piece of experimental data, namely that

the material contracts in the y and z directions as it extends in the x direction due

to the applied σx. We write then, for the strains due to a σx:

The ratio of the lateral contraction in the y and z directions to the extension in

the x direction, the so called Poisson’s ratio is designated by the symbol ν. We

x

y

z

σx

σz

σxy

σxz

σzy

σzx

σy

σyz

σyx

εx σx E⁄=

σx

σx

σx

σx

εy εz υεx υ σx E⁄⋅–=–= =
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have encountered the magnitude of the elastic modulus E for 1020, cold rolled

steel in the previous chapter. Poisson’s ratio, ν is new; it takes on values on the

order of one-quarter to one-half, the latter value characterizing an1 incompressible

material.

But what about the shear strains? Does σx engender any shear strains? The

answer is no and here symmetry is all that we need to reach this conclusion. The

sketch below shows two possible configurations for the shear strain γxy. Both are

equally possible to an unbiased observer. But which one will follow the applica-

tion of σx?

There is no reason why one or the other should occur.2 Indeed they are in con-

tradiction to one another; that is, if you say the one at the left occurs, I, by running

around to the other side of the page, or more easily, by imagining the bit on the

left rotated 180
o

about a vertical axis, can obtain the configuration at the right.

But this is impossible. These two dramatically different configurations cannot

exist at the same time. Hence, neither of them is a possibility; a normal stress σx

will not induce a γxy, or for that matter, a γxz shear strain.

By similar symmetry arguments, not provided here, we can rule out the possi-

bility of a γyz.We conclude, then, that under the action of the stress component σx

alone, we obtain only the extensional strains written out above.

Our next step is to apply a stress component σy alone. Now since the body is

isotropic, it does not differentiate between the x and y directions. Hence our task

is easy; we simply replace x by y (and y by x) in the above relationships and we

have that, under the action of the stress component σy alone, we obtain the exten-

sional strains

1. In fact, Poisson proved that, for an isotropic body, Poisson’s ratio should be exactly one-quarter. We claim
today that he was working with a faulty model of the continuum. For some relevant history on early nine-
teenth century developments in the continuum theories see Bucciarelli and Dworsky, SOPHIE GERMAIN, an
Essay in the Development of the Theory of Elasticity

2.  Think of the icon at the top as Buridan’s ass, the two below as bales of hay.

180

σx

σx σx

σx

σxσx

εy σy E⁄= εx εz υ σy E⁄( )–= =
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The same argument applies when we apply the normal stress σz alone.

Now if we apply all three components of normal stress together, we will gen-

erate the extensional strains, and only the extensional strain.

One possibility remains: What if we apply a shear stress? Will this produce an

extensional strain component in any of the three coordinate directions? The

answer is no, and symmetry again rules. For example, say we apply a shear

stress, σxy. The figure below shows two possible, shortly to be shown impossible,

geometries of deformation which include extensional straining.

Now I imagine rotating the one on the left about an axis inclined at 45
o

as indi-

cated. I produce the configuration on the right. Try this with a piece of rectangular paper, a 3 by

5 card, or the like. But this is an impossible situation. The two configurations are

mutually contradictory. A like cause, in this case a positive shear stress at the

point, should produce a like effect. This is not the case. Hence, neither the defor-

mation of B nor of C is possible.

There remains one further possibility: that a σxy generates an extensional strain

in the x direction equal to that in the y direction. But this too can be ruled out by

symmetry3. We conclude then that the shear strain σxy, or σyz or σxz for that matter,

produces no extensional strains.

The expressions for the extensional strains above are not quite complete. We

take the opportunity at this point to introduce another quite distinct cause of the

3. This is left as an exercies for the reader.

εx 1 E⁄( ) σx ν σy σz+( )–[ ]⋅=

εy 1 E⁄( ) σy ν σx σz+( )–[ ]⋅=

and

εz 1 E⁄( ) σz ν σx σy+( )–[ ]⋅=

σxy

σxy

rotate 180o

45o

A

CB
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deformation of solids, namely a temperature change. The effect of a temperature

change- say ∆T - is to produce an extensional strain proportional to the change.

That is, for an isotropic body,

The coefficient of thermal expansion, α , has units of 1/
oC or 1/

oF and for most

structural materials is a positive quantity on the order of 10
-6

. Materials with a

negative coefficient of expansion deserve to be labeled exotic. They are few and

far between.

The equations for the extensional components of strain in terms of stress and

temperature change then can be written

In the above, we ruled out the possibility of a shear stress producing an exten-

sional strain. A shear stress produces, as you might expect, a shear strain. We state

without demonstration that a shear stress produces only the corresponding shear

strain. Furthermore, a temperature change induces no shear strain at a point. The

remaining three equations relating the components of stress at a point in a linear,

elastic, isotropic body are then.

Recall that σxy= σyx. In these, G, the shear modulus is apparently a third elastic

constant but we shall show in time that G can be expressed in terms of the elastic

modulus and Poisson’s ratio according to:

εx or y or z α∆T=

εx 1 E⁄( ) σx ν σy σz+( )–[ ] α∆ T+⋅=

εy 1 E⁄( ) σy ν σx σz+( )–[ ] α∆ T+⋅=

and

εz 1 E⁄( ) σz ν σx σy+( )–[ ] α∆ T+⋅=

γxy σxy G⁄=

γxz σxz G⁄=

and

γyz σyz G⁄=

G
E

2 1 υ+( )
---------------------=
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To proceed, we consider a special instance of a case of plane stress, i.e., one in

which the “z components” of stress at a point are zero. The special instance is

shown in the figure, at the left.

We then consider the stress components acting upon a plane inclined at 45o. We

relate the shear stress, σ’xy, on the inclined plane to the normal stress σx through

the appropriate transformation relation, namely:

With φ = 45o this gives

Doing the same for the strain component, γxy’,

gives        Now we apply the stress strain relations

to this last relationship and obtain

But from the transformation relationship between the stress components above,

we know that . For these last two relationships to be consistent, we

must have

y

x

     σx

x’

y'

σ’x

σ’xy

                     φ=45o

σx

σx

y

x

σ'xy

σx σy–( )
2

----------------------– 2φsin⋅ σxy 2φcos+=

σ'xy

σx

2
-----–=

γ'xy

2
--------

εx εy–( )
2

-------------------- 2φsin–
γxy

2
------- 2φcos+=

γ'xy

2
--------

εx εy–( )
2

--------------------–=

εx 1 E⁄( ) σx⋅=

εy 1 E⁄( ) νσx–[ ]⋅=

and

γ'xy σ'xy G⁄=

σ'xy

2G
---------

1 υ+( )
2E

-----------------σx–=

σ'xy

σx

2
-----–=

G
E

2 1 υ+( )
---------------------=
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7.2 Properties of Ordinary Structural Materials

Contrary to my introductory remarks at the outset of this chapter, it seems we have

proceeded abstractly in our exploration of the constitution of structural materials.

The reason for this is that thinking things through is relatively cheap and inexpen-

sive work compared to doing actual experiments in the real world. If we can figure

out some ways in which our materials might, or must, behave by thinking

abstractly about continuity and symmetry, about stress and strain, about rotation

of axes - all the while making sure our analysis is logical and coherent - we have

established a solid basis for fixing the behavior of real materials in the real world.

This as long as our materials fit the assumptions of our model as set out in the bul-

lets at the outset of this chapter4. Still, it doesn’t give us the full picture, the full

story; eventually we have to go into the lab to pull apart the actual stuff. To get

our hands dirty, we explore how a bar in tension behaves.

Force/Deformation - Uniaxial Tension.

We have already said a few words about the failure of a truss member in ten-

sion – how a material like aluminum or steel will begin to yield or a more brittle

material fracture when the tensile stress in the member becomes too large in mag-

nitude. We want to say more now; in particular, we want to attend to the deforma-

tions that occur in a bar under uniaxial tension and look more closely at the

mechanisms responsible for either brittle fracture or the onset of yield.

The tension test5 is a standard test for

characterizing the behavior of bars under

uniaxial load. The test consists of pulling

on a circular shaft, nominally a centimeter

in diameter, and measuring the applied

force and the relative displacement of two

points on the surface of the shaft in-line

with its axis. As the load P increases from

zero on up until the specimen breaks, the

relative distance between the two points

increases from L
0

to some final length just

before separation. The graph at the right

indicates the trace of data points one might

obtain for load P versus ∆L where

4. Recall how difficulties arise if there is a misfit - if our model is not appropriate as was the case concerning the
behavior of the student in a chair on top of a table tilted up.

5. Standard tests for material properties, for failure stress levels, and the like are well documented in the Amer-
ican Society for Testing Materials, ASTM, publications. Go there for the description of how to conduct a ten-
sile test.

Lo L

P

P

A

∆L

P

∆L L Lo–=
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Now, If we were to double the cross-sectional area, A, we would expect to have
to double the load to obtain the same change in length of the two points on the surface.
That indeed is the case, as Galileo was aware. Thus, we can extend our results obtained
from a single test on a specimen of cross sectional area A and length L

0
to another speci-

men of the same length but different area if we plot the ratio of load to area, the tensile
stress, in place of P.

Similarly, if, instead of plotting the change in length, ∆L, of the two points, we
plot the stress against the ratio of the change in length to the original length between the
two points our results will be applicable to specimens of varying length. The ratio of
change in length to original length is just the extensional strain.

We, as customary, designate the tensile stress by σ and the extensional strain by
ε; We assume that the load P is uniformly distributed over the cross sectional area A and
that the relative displacement is “uniformly distributed” over the length L

0
. Both stress and

strain are rigorously defined as the limits of these ratios as either the area or the original
length between the two points approaches zero. Alternatively, we could speak of an aver-
age stress over the section as defined by

and an average strain as defined by

The figure below left shows the results of a test of 1020, Cold Rolled Steel.
Stress, σ is plotted versus strain ε. The figure below right shows an abstract representation
of the stress-strain behavior as elastic, perfectly plastic material.

Observe:

• The plot shows a region where the stress is proportional to the strain. The
linear relation which holds within this region is usually written

σ P A⁄≡

ε ∆L( ) Lo⁄≡

ε = ∆L/Lo

σ = P/A

0.002

 600MN/m2

ε

σ
σY

E

σ E ε⋅=
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where E is the coefficient of elasticity of 1020CR steel - 30 x 106 lb/in2.

• The behavior of the bar in this region is called elastic. Elastic means that
when the load is removed, the bar returns to its original, undeformed
configuration. That is L returns to L

0
. There is no permanent set6.

• The relative displacements of points — the strains in the elastic region —
are very small, generally insensible without instruments to amplify their
magnitude. To “see” a relative displacement of two points originally 100
mm apart when the stress is on the order of 400 Mega Newtons/m2 your
eyes would have to be capable of resolving a relative displacement of the
two points of 0.2 mm! Strains in most structural materials are on the order
of tenths of a percent at most.

• At some stress level, the bar does not return to its undeformed shape after
removing the load. This stress level is called the yield strength. The yield
strength defines the limit of elastic behavior; beyond the yield point the
material behaves plastically. In most materials definition of a nominal
value for the yield strength is a matter of convention. Whether or not the
material has returned to its original shape upon removal of the load
depends upon the resolution of the instrument used to measure relative
displacement. The convention of using an offset relies upon the gross
behavior of the material but this is generally all we need in engineering
practice. In the graphs above, we show the yield strength defined at a 2%
offset, that is, as the intersection of the experimentally obtained stress-
strain curve with a straight line of slope E intersecting the strain axis at a
strain of 0.002. Its value is approximately 600 MN/m2.

• Loading of the bar beyond the yield strength engenders very large relative
displacements for relatively small further increments in the stress, σ. Note
that the stress is defined as the ratio of the load to the original area; once
we enter the region of plastic deformation, of plastic flow, the bar will
begin to neck down and the cross sectional area at some point along the
length will diminish. The true stress at this section will be greater than σ
plotted here.

•  For some purposes, it is useful to idealize the behavior of the material in
tension as elastic, perfectly plastic; that is, the yield strength fixes the
maximum load the material can support. This fantasy would have the
material stretch out to infinite lengths once the yield strength was reached.
For most engineering work, a knowledge of yield strength is all we need.
We design to make sure that our structures never leave the elastic region.7

6. Note that linear behavior and elastic behavior are independent traits; one does not necessarily imply the
other. A rubber band is an example of an elastic, non-linear material and you can design macro structures that
are non-linear and elastic. Linear, inelastic materials are a bit rarer to find or construct.

7.  On the other hand, if you are designing energy absorbing barriers, machine presses for cold rolling or form-
ing materials and the like, plastic behavior will become important to you.



208           Chapter  7

Exercise 7.1

A steel bolt, of 1/2 inch diameter, is surrounded by an aluminum cylindrical
sleeve of 3/4" diameter and wall thickness, t= 0.10 in. The bolt has 32

threads/inch and when the material is at a temperature of 40oC the nut is
tightened one-quarter turn. Show that the uniaxial stresses acting in the
bolt and in the sleeve at this temperature are σbolt = 79 MN/m2, and
σsleeve = - 63 MN/m2where the negative sign indicates the aluminum sleeve
is in compression. What if the bolt and nut are cooled; at what temperature
might the bolt become loose in the sleeve?

Compatibility of Deformation

Compatibility of Deformation is best assured by playing

out a thought experiment about how the bolt and sleeve

go from their initial unstressed, undeformed state to the

final state. Think of the bolt and nut being separate from

the sleeve. Think then of turning down the nut one quarter

turn.

We show this state at the left, belo. ∆ is the distance trav-

eled in one quarter turn which, at 1/32 inch/turn is

∆ = 1/128 in

Next think of stretching the bolt out until we can once again fit the nut-bolt

over the aluminum sleeve, the latter still in its undeformed state. This is shown in

the middle figure below. Now, while stretching out the bolt in this way, replace the

aluminum sleeve8 then let go. The bolt will strive to return to its undeformed

length – the behavior is assumed to be elastic – while the aluminum sleeve will

resist contraction. The final state is shown at the right. The net result is that the

steel bolt has extended from its undeformed state a distance dbwhile the alumi-

num sleeve has contracted a distance ds. We see from the geometry of these three

8. Since this is a thought experiment we don’t have to worry about the details of this physically impossible
move.

1/2"

3/4"

L=6"

db

LL - ∆

∆

L - ∆

∆
ds

Turn nut down                                                              Stretch bolt - fit sleeve                             Release
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figures that we must have, for compatibility of deformation, which is

one equation in two unknowns.

Equilibrium

The figure at the right shows an isolation made by cutting
through the bolt and the sleeve at some arbitrary section
along the axis.

Note in this I have violated my usual convention.
I have taken the force in the aluminum as positive in
compression.

We let Fs be the resultant compressive force in the

sleeve, the sum of the distributed loading around the

circumference. Fb is the tensile force in the bolt. Like

the carton-tie-down exercise, these two internal forces are self equilibrating; there

are no external applied forces in the final state. We have

The normal stresses in the sleeve and the bolt are found assuming the resultant

forces of tension and compression are uniformly distributed over their respective

areas. Equilibrium then can be expressed as where the A’s are

the cross sectional areas of the bolt and of the sleeve.

 Constitutive Relations

Theconstitutive relationsare, foruniaxial loading,which is thecasewehaveonhand,

We have then a total of four equations for four unknowns – the two displace-

ments, the two stresses. Substituting the expressions for the stresses in terms of

displacements into the equilibrium allows me to write

which tells me the relative deformation as a function of the relative stiffness of the two
material. If the sleeve is “softer”, the bolt deforms less... etc.

With this, compatibility gives me a way to solve for the displacements in terms of ∆. I
obtain, letting

Values for the stresses are found to be σb = 79 MN/m2 and σs = 63 MN/m2
.

(Note: compressive)

ds db+ ∆=

db

ds

Fb Fs

Fb Fs– 0=

σb Ab⋅ σs As⋅=

σs Es ds L⁄( )⋅= and σb Eb db L⁄( )⋅=

db ds AsEs AbEb⁄( )⋅=

β AsEs AbEb⁄( )=

we have

ds ∆ 1
1 β+( )

-----------------= and db ∆ β
1 β+( )

-----------------=
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In computing these values, the elastic modulus for steel and aluminum were

taken as 200 GN/m2 and 70 GN/m2 respectively. Observe that, though the steel

experiences less strain, its stress level is greater in magnitude than that seen in the

aluminum.

7.3 Table of Material Properties

The tension test is the standard test for determine E, the elastic or Young’s

modulus. Test that load a cylindrical specimen in torsion are used to measure the

shear modulus G. Knowing E and G, Poisson’s ratio may be obtained from the

relationship we derived in the previous section.

What follows is a table giving the elastic properties and failure stresses in ten-

sion (and/or compression) for common structural materials. “Failure” means that

ordinarily you want to design your structure such that you do not come close to

this value under anticipated loading conditions.

The variety of materials included is meant to give the reader some idea of the

range of property values of different kinds of structural materials. The values

themselves are only meant to indicate orders of magnitude. In some cases, where

the range of property values for a material is so large due to differences in compo-

sition or quality of its fabrication, a range has been shown. And certainly the table

is not meant to be complete, nor should the values be used in detailed design

work.

     Material Specific Elastic Modulus    Failure Stress      α
 Gravity 106  psi 109 N/m2 103 psi 106 N/m2 10-6 /oC

Al  2024-T3 2.7 10 70 60 400 23

Al  6061-T6 2.6 10 70 40 280 23

Al 7075-T6 2.7 10 70 80 550 23

Concrete 2.3 3 20 3 - 6a 20 - 40 7-12

    High Strength 2.3 3 - 5 20 - 35 5-12 35 - 80 7-12

Copper 9 15 100 5 35 16

Glass Fiber 2.7 10 65 2000 15000 8

Iron (cast) 7 15 100 20-40 150-300 10

Steel High Strength 8 30 200 50-150 300-1000 14

Steel Structural 8 30 200 40-100 250-700 12

  e.g.,   AISI C1020 8 30 200 85 600 12

Titanium 5 15 100 100 700 9

Wood (pine) 0.5 1.4 10 1 7
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In all of this, failure stress is no unique number; in contrast to the elastic mod-

ulus, E, which is safe to take as a single value across different varieties and com-

positions of a material9, the failure stress will vary all over the lot depending upon

composition, care and means of fabrication. Compare the yield stress of cold

rolled versus hot-rolled 1020 steel. Note too that one does not design to the failure

stress but to a level significantly less than the numbers in the table. A factor of
safety is always introduced to ensure that internal loads in the structure stay well

below the failure level.

7.4 Failure Phenomena

Failure comes in different guises, in different sizes, colors, shapes, and with dif-

ferent labels. We have talked about yielding, the onset of plastic flow of ductile
materials - materials which show relatively large, even sensible, deformations for

relatively small increases in load once the material is loaded beyond its yield
strength. If the excessive load is removed before complete collapse, the structure

will not wholly return to its original, undeformed configuration.

Although it is the tension test that is used to fix the limit of elastic behavior

and to define a yield strength, the mechanism for yielding is a shearing action of

the material on a microscopic level. We have seen how a tensile stress in a bar can

produce a shear stress on a plane inclined to the axis of the bar.

The figure shows the Mohr’s

Circle for a bar subjected to uniax-

ial tension. The maximum shear

stress occurs on planes oriented at

45o to the axis of the bar. Its value

is one-half the applied tensile

stress. This then can be taken as a

criterion for the onset of yield of a

ductile material: Whenever the

maximum shear stress at any point

within any element of a structure

exceeds one-half the applied tensile

stress at the yield point in a tension

test, the element will yield10

a. In Compression

9. Concrete is an exception. Indeed it is difficult to find a linear portion of the stress/strain data taken from a
specimen in compression.

10. In a general state of stress, the maximum shear stress is given by one-half the maximum difference of the
(three) principle stresses. In the uniaxial tension test, this is just one-half the tensile stress as shown in the fig-
ure.

σ'x
σ'xy

φ

W

σx

W    σyx

σxy

     σ

(σx,0)

(0,0)

σ'xy = σx/2

φ=45o

2φ



212           Chapter  7

Not all materials behave as steel or aluminum or ductile plastics. Some materi-

als are brittle. Load glass, cast iron, a brittle plastic, a carbon fiber, or concrete in

a tension test and they will break with very little extension. They show insensible

deformation all the way up to the fracture load. Recall the exercise in chapter 4

where we subjected a piece of chalk to torsion and how this generated a maximum

tensile stress on a plane inclined at 45o to a generator on the surface of the chalk.

Metals generally carry a tensile or compressive load equally well. Concrete

can not. Concrete generally can carry but one-tenth its allowable compressive load

when subject to tension. A different sort of test is required to measure the tensile

strength of concrete. (See the insert).

Values for the compressive and tensile failure stress levels depend upon the

quality and uniformity of the composition of the material. Recall how we assumed

our material was homogeneous. If this is not the case, then other features of the

In an indirect tension test of concrete,
a cylinder is loaded with
a distributed load along

σx = 2P/(πLD)

A compressive stress on planes orthogonal to A-A’
is also engendered at each point. This can be
shown to be equal to

r

D-r

Tension

P

   P

A

A’

σx

σy

diametrically opposed, sides
of the cylinder. These line
loads engender a uniform tensile
stress distributed within the
cylinder over the plane section
A-A', bisecting the cylinder -
except within the vicinity of the
circumference. This tensile stress
can be shown to be

where L is the length (into the page)
of the cylinder along which the
load P is distributed, and D is the
cylinder diameter.

σx = 2P/(πLD)[          - 1]D2

r (D - r)
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material must be taken into account. For example, in a composite material or

structural element - a member made up of two different materials11- careful atten-

tion must be paid to the interface of the different materials out of which the mem-

ber is made. We will consider some examples of composite structural elements in

our chapter on the behavior of beams.

Another violation of homogeneity can prove disastrous: If the material, sup-

posed continuous and uniform, contains an imperfection e.g., a microscopic crack,

unseen by the naked eye even if on the surface, then all bets are off. (Rather all

bets are on)! A crack can be the occasion for the magnification of stress levels in

its immediate neighborhood.

This is one good reason why you see fillets at

corners within a machined part. For example,

one would never make a tensile test specimen

in the shape shown at the top of the figure. The

sharp corners where the two cylinders of dif-

fering diameters meet would engender a stress

level at that junction significantly greater than

the tensile stress found at the middle of the

specimen, away from the junction.

A classic example of how a discontinuity within the interior of a material can

act as a stress raiser is the solution obtained from the theory of elasticity for the

stress field around a hole in a thin plate.

The figure at the right shows the effect of a

circular hole on the stress component σx engen-

dered in a thin plate subjected to a uniform tensile

stress in the x direction. We show only the normal

stress component σx acting on an x face which is a

continuation of the vertical diameter of the hole.

The hole gives rise to a stress concentration three

times the magnitude of the uniformly applied ten-

sile stress12.

So far in our discussion we have been con-

cerned with static loading conditions, i.e., we

determine the internal stresses and static dis-

placements due to loading - such as a dead weight. But some failure phenomena

take time to develop. Even if there is no perceptible dynamic displacement or

motion, materials age - like you and me - with the passage of time. Material prop-

erties and modes of failure also may depend upon temperature. What may be duc-

tile at room temperature will be brittle at low temperatures. At high temperatures,

11. Think of fiber reinforced skies, poles for pole vaulting, frames of tennis racquets and steel reinforced con-
crete slabs or beams.

12. Reference: Timoshenko and Goodier, Theory of Elasticity, McGraw-Hill, N.Y  Third Edition 1970.

R

X
sharp corner

fillet of radius R

x
3σ

σ

σ
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still well below the melting point, materials will creep – they will continuously

deform at a constant load.

A material can fail in fatigue: Under continual cycling through tension then

compression, a material will fail well below the yield strength or fracture stress

witnessed in a tension test. Here the number of cycles may be large, on the order

of thousands. But dynamic excitation of a structure can lead to failure in but a few

cycles if the excitation drives a resonant mode of the system. Think of the Tacoma

Narrows Bridge where aerodynamic excitation at the resonant frequency of a tor-

sional mode of the structure led to ever increasing amplitude of vibration and the

eventual spectacular collapse of the span. Before this failure event, aerodynamics

and structures were the concerns of two different worlds13.

Failure often occurs where you are not looking for it. If you spend all of your

time doing models of structures made up of a large number of elements and focus

solely on stress levels within the elements and pay little attention to the way the

members are joined together and/or fixed to ground you are headed for trouble, for

failure often occurs at joints. The Hyatt Regency walkway collapse is an unfortu-

nate example.

Some failure phenomena are “macro”; they require more than the consideration

of the state of stress at a point. Buckling is of this nature. We will study the buck-

ling of beam-columns in the last chapter.

When we address the possibility of failure, inspection and testing become a

necessity. Here we move from the abstract world of the theory of elasticity to the

world of empirical data, manufacturers’ specifications, of codes and traditional

ways of fabrication and assembly. The problem is that in the design of the new and

innovative structure, there is always the possibility that the codes and regulations

and traditional ways of ensuring structural integrity do not exactly apply; some-

thing differs from the norm. If after a careful reading of existing code, any ques-

tion remains, a full test program might be called for.

13. Except within the world of aerospace engineering where the coupling of aerodynamics and structural behav-
ior were well attended to in the design of airfoils.
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Design Exercise 7.1

A solid circular steel shaft of diameter 40 mm is to be fitted with a thin-walled

circular cylindrical sleeve, also made of steel. In service the system is to serve as

a stop, halting the motion of another fitted, but freely moving cylindrical tube

whose inner radius is slightly larger than the outer radius of the solid shaft. The

stopping sleeve is to remain in fixed location on the solid shaft for all axial loads

less than some critical value of the force F shown in the figure. That is, for F<
50kN. If F exceeds this limit the sleeve is to frictionally break free and allow the

sliding cylinder to continue moving. along the shaft.

It is proposed to fasten the sleeve to the shaft by means of a shrink fit. The ini-

tial inner radius of the sleeve is to be made slightly less than the initial outer

radius of the shaft. The sleeve is then heated to a temperature not to exceed

∆Tmax = 250oC so that its heat-treatment is not affected. The hot sleeve is then

slipped over the shaft and positioned as desired. When the sleeve cools down, the

radial misfit between the shaft outer radius and the sleeve’s unstressed inner

radius will generate sufficient mechanical interaction between the two so that the

stopping and break-away functions can be fulfilled.

Size the sleeve.

40mm Fsteel



216           Chapter  7

7.5 Problems

7.1 Hoop #1 is enclosed within hoop #2. The two are made of different

materials, have different thicknesses but the same width (into the page). They are

shown in their unstressed state, just touching. Show that after tightening the bolt

at the top of the assembly and closing the gap, ∆, to zero, the stress in the outer

hoop is tensile and has magnitude F/(bt1) while the stress in the inner hoop is

compressive and has magnitude F/(bt2). In these t1 and t2 are the thicknesses,

   F = k1k2∆/(k1+k2)

where

      k1 = (bt1)E1/L1        and           k2 = (bt2)E2/L2

What if an internal pressure is applied to the inner hoop? When will the stress

in the inner hoop diminish to zero? What will be the hoop stress in the outer hoop

at this internal pressure?

7.2 The thin plate is a composite of two materials. A quarter inch thick, steel,

plate is clad on both sides with a thin (tal = 0.005 in), uniform, layer of aluminum.

The structure is stress-free at room temperature. Show that the stresses generated

in the two materials, when the temperature changes an amount ∆T, may be

approximated by

σal  = (α st - αal)Eal ∆T/(1-ν)    and σst = -(2tal/tst)(α st-αal)Eal∆T/(1-ν)

At what temperature will the clad plate begin to plastically deform? Where?

R

∆

#1

#2



Material Properties and Failure Phenomena                                                   217

7.3  Two cylindrical rods,

of two different materials are

rigidly restrained at the ends

where they meet the side

walls. The system is subject to

a temperature increase ∆T

How must their properties be

related if the point at which

they meet is not to move left

or right?

If material #1 is steel and #2 is aluminum, what more specifically can you say?

E1 = 200 GPa    steel

E2 = 70 GPa      aluminum α1 = 15 e-06  /oC α2 = 23 e-06  /oC

A1, E1, L1α1

A2, E2, L2α2
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Stresses/Deflections Shafts in Torsion


8.1 An Introductory Exercise 

We return to the problem of torsion of circular shafts. We want to develop meth-

ods to determine the shear stress distribution over the cross-section of the torque-
bearing structural element and the rotation of any cross-section relative to 

another. Although we limit our attention to circular cross-sections, this ought not 

to be taken to imply that only circular shafts are available to carry torsional loads. 

For example: 

Exercise 8.1 

A single bay of a truss structure, typical of the boom of a construction 
crane, is shown below. Show that the torsional stiffness of the section 1-2-
3-4 relative to the other, fixed section, is given by 

MT = KT φ ⋅ where KT = 2( AEa) ⋅ ( cosα) 3 
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2In this, cosα = a/√ (a +l2) and φ is the rotation of the section 1-2-3-4. 

To determine a stiffness we must necessarily consider displacements of the 

structure at the four, unconstrained nodes. But since we are only interested in the 

torsional stiffness, that is, the relation between a torque applied at the free end 

section and the rotation of that same section, our task is lighter. 

Our method of analysis will be a displacement formulation. That is, we will 

impose a displacement field of a particular kind, namely a rigid body rotation of 
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the plane section 1-2-3-4 about the z axis of the structure and determine what 

forces are required to be applied at the nodes to maintain the displaced configura-

tion. Rigid here means that none of the truss members lying in the plane of this 

section experience any change in length; their end nodes retain their same relative 
positions - the square section remains a square. 

The figure shows the imposed rotation about the z 
axis; the rotation φ is understood to be small in the sense = φ a⋅ ⋅ ( 2) ⁄ 2u1 

that the magnitude of the displacements of the nodes can 

be taken as the product of the half-diagonal of the section 
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and the angle. Vector expressions for the displacements 

are then: 

u1 = (a ⁄ 2)φi + (a ⁄ 2)φj u2 = (a ⁄ 2)φi–(a ⁄ 2)φ j


u3 = –(a ⁄ 2)φi–(a ⁄ 2)φj u4 = –(a ⁄ 2)φi + (a ⁄ 2)φj


Now if the truss members lying in the plane of the section do not deform, they 

do not offer any resistance to rotation. But then what members do resist this par-

ticular displacement field and provide the torsional stiffness? 

We inspect them all. Consider member 1-5: If we do not allow a z displace-

ment, its change in length will be zero. It is zero because, even though node #1 

displaces relative to node #5, the displacement vector of #1 is perpendicular to the 

member; the projection of the displacement upon the member is zero. The same 

can be said about members 2-6, 3-7, and 4-8. 

The same cannot be said of member 1-6, or any of the other diagonal mem-

bers. The displacement of node #1 does have a non-zero projection upon the mem-

ber 1-6, a projection tending to decrease its length when φ is positive as shown. To 

determine the magnitude of the contraction (as well as certifying that indeed the 

member does contract) we proceed formally, constructing a unit vector along the 

member in the direction outward from node #1, then determine the projection by 

taking the scalar product of the displacement and this unit vector. The unit vector 

is t16 = – cos α ⋅ i + sin α ⋅ k . The change in length of the member is then 

δ16 = t16 • u1 = –(a ⁄ 2)φcos α 
Less formally, we can try to visualize how the displacement does produce a 
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contraction. We show a top view: 

We note that, of the two scalar components of u
1
, the y component, (a/2)φ j - j 

out of paper - will be perpendicular to the member and hence it will not change 
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the member’s length in any way. The same cannot be said for the other component, 

the x component (a/2)φ i. 
Hopefully it is clear that the projection of this component along the member is 

just (a/2)φ cosα as obtained from the dot product. Note that it acts to shorten mem-

ber 1-6. Similarly, the other diagonal members, 2-7, 3-8, and 4-5 will also contract 

and by the same amount. 

Using a similar argument, we can show that members 2-5, 3-6, 4-7 and 1-8 will 

extend the same amount. 

Compressive and tensile forces will then be engendered in the diagonals by 

this particular displacement field and it is these which resist the applied torque. 

5 6 To see how, we make an isolation of the 

sections and require moment equilib-

rium about the z axis. 

First note that force equilibrium in the 

three coordinate directions x, y, and z is 

satisfied: Since all eight diagonal mem-

bers experience the same magnitude of 

7 extension or contraction the tensile or 

compressive force each will experience 

will be of the same magnitude. So at 
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each node, the z component of one in 
4 a 3 

tension will just balance the z compo-

nent of the another in compression. 

We denote the value of the tensile load by f. Assuming a linear, elastic force-

deformation relationship for all diagonal members of cross-sectional area A and 

elastic modulus E, we can write: 

f = ( AE  ⁄ L)  δ  ⋅ 

The magnitude of the extension or contraction of each diagonal is the same

δ δ  16= ( a ⁄ 2 ) ⋅ ⋅  cos α= φ 

-------- -------- φso f =  AE δ ⋅ =  AE ⋅ ( a ⁄ 2 ) ⋅ φ ⋅ cos α = ( AE ⁄ 2 ) ⋅ ⋅  cos α 2 

 L   L  

awhere we have used the fact that L = ------------
cos α 

Now each of the diagonal members produces a moment about the z axis. More 

precisely, the horizontal components of the member forces in the top and bottom 

diagonals and the vertical components of the member forces in the diagonals 

along the sides each contributes a moment of magnitude f cosα (a/2). All eight 

together then provide a torque resisting the imposed rotation φ of 

MT = 4af ⋅ cos α = 2aAE( cos α) 3 φ ⋅ 
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Here, then, is a structure capable of resisting torsion about its axis. 

Observe that: 

•	 The units check. AE has the units of force since E the elastic modulus, has 
the units of stress or force per unit area: a has the dimensions of length so 
the right-hand side has the dimensions of the left, that of force times 
length, that of a moment or torque. 

•	 As we increase the length of the bay relative to the length of the side of the 
square cross-section, the angle α increases, cosα decreases, and the tor
sional stiffness decreases - and dramatically since it goes as the cube of 
the cosine. 

•	 The relationship between torque and rotation φ is linear because we 
assumed small displacements and rotations. 

•	 Imagine a structure built up of many of these bays fastened together. If this 
structure includes ten bays aligned along the z axis, then the torsional stiff
ness would be one-tenth the value obtained for one bay alone since the 
over-all rotation would be the sum of ten relative rotations of the same 
magnitude. The torque acting on each bay is the same. We might say the 
total angular rotation is uniformly distributed over the full string of ten 
bays. 

•	 We can go back and determine the forces and/or normal stresses in the 
diagonal members given an applied torque M . We have: 

T

MT = 4af ⋅ cos α so f = MT ⁄ (4acos α) 

•	 Finally, the structure is redundant. We could remove some members and 
still carry the load. But note that if we remove one of diagonal members 
from each of the four sides of the bay our equilibrium requirement in the z 
direction would not be satisfied by the force system posed. We would have 
to apply a force in the z direction at each node in order to maintain our pre
scribed displacement field. Without this additional constraint, the nodes 
would displace in the z direction and in an un-rotationally symmetric fash
ion. Our analysis would not go through. 

In analyzing the torsion of a circular shaft we will proceed much the same way 

as above. We will first consider deformations due to a relative rotation of two sec-

tions of the shaft and, on the basis of symmetry, construct a compatible strain 

state. The stress-strain equations give a corresponding stress distribution— one 

which consists solely of a shear stress acting in the plane of the cross-section. 

Equilibrium, repeating the maneuvers of a previous chapter, then brings the 

applied torque into the picture and we end with an equation relating the applied 

torque to the rotation of the shaft, a stiffness relation in form like the one derived 

above for the truss bay. 
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8.2 Compatibility of Deformation 

The cross-sections of a circular shaft in torsion rotate as if they were rigid in-

plane. That is, there is no relative displacement of any two, arbitrarily chosen 

points of a cross section when the shaft is subjected to a torque about its longitu-

dinal, z, axis. We prove this assertion relying on rotational symmetry and upon the 

constancy of the internal torque as we move down the axis of the shaft. 

We first show that radial lines must remain straight by posing that they deform, 

then show a contradiction results if we do so. 

Mt 

Mt 

Let the points along a radius take the shape of a curve in plane in the deformed 

state: Now consider the same set of points but from the perspective of someone 

who has the portion and the shaft to the right to observe. He or she would neces-

sarily see the deformed locus as shown if the same moment is to have the same 

effect. Now, however, the two cannot be put back together without leaving a hole 

within the interior. The two displacement fields are incompatible. 

The only displacement pattern that will fit back together is if the locus is again 

a straight line. 

It is still possible that, while radial lines remain radial, there could be some 

sort of accordion effect as we march around the axis of the shaft – some radial 

lines coming closer together, others widening the angle between them. But no, this 

is not possible since we have complete rotational symmetry. Whatever happens at 

one angular position must happen at every other angular position. 

There remains the possibility of out of plane bulging-out and/or dishing-in. 

While these would not violate rotational symmetry, we rule them out using the fol-

lowing argument based upon the fact that the torque does not vary as we move 

along the axis of the shaft. 

We posit a bulging-out on a section of shaft when we apply a clock-wise 

moment. Running around to the other end of the section, we would claim a bulg-

ing-out there too, since the moment is again directed along the axis of the section 

in the same sense. But now consider the portion of the shaft to either side of the 

cut section. To be consistent, their cross-sections will bulge out. This is clearly an 

incompatible state of deformation. On the other hand, if it dished-in, then we 

would have a torque, the same torque producing two dramatically different effects. 
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This argument also rules out a uniform extension or contraction of the cross-sec-

tion. 

Thus, no bulging-out, no dishing-in, radial lines remain radial - a cross-section 

rotates as a rigid plane. 

One further fact follows from the uniformity of torque at each section, namely, 

the relative rotation of two cross-sections is the same for any two sections sep-
arated by the same distance along the axis of the shaft. 

If we let φ be the rotation of any section, then this is equivalent to saying

 dφ/dz is a constant 
Consider now the strains due to 

the rotation of one section relative 

to another. 

The figure shows the rotation 

of a section located along the axis 

at z+∆ z relative to a section at z 
just below it. Of course the section 

at z has rotated too, most likely. 

But it is the relative rotation of the 

two sections which gives rise to a 

strain, a shear strain. γ, which 

measures the decrease in right 

angle, originally formed by two line segments, one circumferential, the other axi-

ally directed as shown. From the geometry we can state: 

r 

∆φ 

φ 

z 

∆z 
z 

z +∆z 

γ 

γ(r) 

⁄γ = lim (r∆φ ∆z ) = r
dφ 

∆z → 0 z d 
Note that this relationship shows that the shear strain is a linear function of 

radius - zero at the axis, maximum at the shaft’s outer radius. Note too that, with 

dφ/dz a constant, the shear strain does not vary with z with position along the axis 

of the shaft. 

There are no other strains! With no deformation in plane and no bulging-out or 

dishing in, there are no other strains. If there existed some asymmetry like that of 

the truss bay structure with one diagonal number removed from each bay, then we 

would not be able to rule out a contraction (or extension) in the z direction. 

8.3 Constitutive Relations 

Because we have but one strain component, this will be a very short section. The 

corresponding stress is the shear stress τ and is related to the shear strain accord-

ing to: 

τ Gγ G r  
dφ 

   
 ⋅= = 

z d 
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8.4 The Torque-Rotation Stiffness Equation 

Back in Chapter 3, we obtained an expression for resultant torque about the axis 

of a circular shaft due to a shear stress distribution τ(r), an arbitrary function of r. 
R 

We obtained. MT = 2π τ r( )r2 rd ∫ 
0 

Now, with our linear function of r, we can carry out the integration. Doing so 

we obtain a relationship between the applied torque M and the rate of rotation 
T 

R 

dφ/dz, a  stiffness relation. MT = 2π∫G
dϕ 

r 
3

rd or, since dφ/dz and G are constants, 
z d 

0 

we are left with the integral of r 3 and can write 

MT GJ 
dφ 

   
 = 

z d 

where J is a function only of the geometry of the cross-section - its radius R. You may 
have encountered it as the polar moment of inertia J = r 

2
Area d For the solid circu-∫ 

lar shaft J = π R4/2.	 Area 

This stiffness equation is analogous to the stiffness relationship derived for one 

bay of the truss structure considered at the outset of the chapter. For a shaft of 

length L, the rotation of one end relative to the other is just the integral of the con-
stant rate of rotation over the length, that is, just the product of the two. We 

obtain then: MT GJ L⁄( ) φ⋅= 

This is our major result. Observe 

•	 We can obtain the shear stress and strain distribution in terms of the 
applied moment by substitution. We obtain 

τ r( )  r MT J⁄( )⋅= 

γ r( )  r MT GJ( )⁄⋅= 

•	 Our analysis is identical for a hollow shaft. All of the symmetry arguments 
apply. Only the expression for J changes: It becomes

4J	 = ∫ r 
2

A d = (π ⁄ 2)(R4 – Ri )o 
Area 

where R  is the outer radius and R  the inner radius of the shaft.
0	 i
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•	 If we do anything to destroy the rotational symmetry, all bets are off. In 
particular if we slit a hollow tube lengthwise we dramatically decrease the 
torsional stiffness of the tube. 

If we have a composite shaft of two concentric 
shafts, or more, the analysis will go through as fol-

lows: 

The symmetry arguments still apply; the strain as 

a function of radius remains linear and proportional 

to the rate of twist γ = rdφ/dz 
But now our shear stress distribution is no longer 

the same. Within region 1, the core shaft we have

1 2
 z 

dφ	 dφ 
= G1 ⋅ ⋅  and τ2 = G2 ⋅ ⋅   within region 2, the concentric outer shaft. r	 rτ1 z d	 z d 

The equivalent moment is then MT = ∫ rτ1dA1 + ∫ rτ2dA2 which yields 

A1 A2 

dφ dφ
MT = [G1J1 + G J2 ]  = (GJ )   

    z d z d 

The shear strain distribution is then γ = rMT (GJ ) with the shear stress dis-

tribution within each region is given by 

τ1 = [G1 ⁄ (GJ )]rMT τ2 = [G2 ⁄ (GJ )]rMT 

Note that, although R > R
1 

the maximum shear stress might occur at the outer-
2 

most radius of the inner shaft if G >G .
1 2

Exercise 8.2 

A torque MT of 20 Nm is applied to the steel shafts geared together as 
shown. Now show that 

•	 The internal force acting between the gear teeth is 800. N. 

•	 The maximum shear stress due to torsion is 204MN/m 2 and occurs in the 
smaller diameter shaft at its outer radius. 
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•	 The torsional stiffness, Kφ, at the end where MT is applied is 44.35 Nm/ 
radian.. 

Ø150 mm 

Ø 10 mm 

Ø25 mm 
1 m 

x 

z 
y 

Mt 

0.67 m 

R.25 mm 

shaft #2 

shaft #1 

Reid: Hey Katie, you do the first part and I’ll do the second, ok? 

Katie: Well, I don’t know; usually when the author puts out a sequence of 
questions like this it’s best to go through step by step. 

Reid: That’s only for the do-do’s who need their hand held. See, I got the 
second question wired. It goes like this: the torque is the same in both, right? 
And the radius of the shaft that’s fixed to the wall is biggest and because the 
maximum shear stress in a shaft is at the biggest radius, I just plug into the 
formula for shear stress and I’ve got it. 

Katie: I think you’re wrong Reid, I think we should go slower, take things 
step by step. 

Reid: You’re just jealous because you girls can’t see things as quick as us 
guys. 

Katie: It appears that you’re so quick you didn’t even need to read the prob
lem ..... it says right there that the maximum shear stress occurs in the 
smaller diameter shaft! 

Reid: Maybe the answer given is wrong. Stuff in these books are wrong lots 
of time. I mean look at that equation for shear stress

 τ  = rM /J.
T

See that little old radius there up top? Now when that r maxes out so does τ. 

Katie: But Reid, that little old J depends on r too. In fact, for a solid shaft it 
goes as the fourth power to the radius so it predominates. 

Reid: Predominates.... You’re saying the smaller radius shaft has maximum 
shear stress for the same moment? 



228 Chapter 8 

Katie: Hold on, hold on. The maximum shear stress depends upon the 
moment in the shaft as well.. that “little old” M

T 
right there. So we have got 

to first see which shaft carries the largest torque, and then... 

Reid: But the torques are the same in both shafts! 

Katie: ...same in both shafts. Where do you get that from? 

Reid: I dunno...conservation of torque, I guess...it just feels right. 

Katie: You men are all alike. What have feelings have to do with it? Watch 
me: I isolate the shaft carrying the torque M

T
, just like the author did with 

that interesting historical example of a human powered, well-water lift. See, 
I draw this figure: 

Mt 

R 1 

Bearing Reaction 

Bearing Reaction 

F Tooth 

Now moment equilibrium about the axis of the shaft gives me that force on 
the tooth is going to be 

F  = M /R  where R
1
 is the radius of the small gear. 

Tooth T 1


Reid: So.....


Katie: Well, then I turn to the other shaft and find that the torque is M  = 
/R

1
)M

T
, which, my friend, is not equal to, but three times theR

2
F

Tooth
= (R

2
2

applied torque, M
T
. So, Reid, you see how your feelings can lead you 

astray? 

**** 
Katie is correct, as is the book. The torque in the shaft fixed to the wall is three 

times the torque carried by the free-ended shaft. Even so, because the shear stress 

is more sensitive to changes in the radius of a shaft than to torque, it is the smaller 

shaft that sees the largest shear stress. If both the shafts had the same radius, the 

one fixed to the wall would indeed show the largest shear but that is not the case 

here. I could make up another story about how, with less of a radius, the smaller 

cross-section must experience a greater stress at each and every position r in order 

to sum to the same moment.

 The work follows: 

The maximum stress in shaft #2 is τ
2
|
max 

= r
2
M 

2
/J

2 
which, with J=π r 4

/2 gives 
2 
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τ 
2
|
max

 = 39.2 MN/m 2 

while for shaft #1 we obtain  τ |  = 204 MN/m 2 

1 max

The torsional stiffness at the end where the movement is applied is obtained by 

summing up the relative angular deflections of the two shafts being careful to 

assure compatibility of deformation at the section where the gears mesh. Working 

from the wall out, the angular rotation of the geared end of shaft #2 relative to its 

(fixed) end is  φ
2
(L

2
)= (M

2
L

2
)/(GJ

2
) 

Now, compatibility of deformation, 

no-slip at the gear teeth requires that

 φ  
2
(L

2
)R  = φ

1
(0)R

2 1 

where the directions of the angular rotations 
are indicated in the figure. So we have 

φ
1
(0)=(R /R

1
)(M

2
L

2
)/(GJ

2
)

2


Now the relative rotation of the free


φ2 

R2 

φ1 

R1 

φ2 R2 = φ1 R1end of the small shaft to which the 

torque is applied is given by 

φ
1
(L

1
) - φ

1
(0) =(M

1
L

1
)/(GJ

1
) 

So 

φ
1
(L

1
) = (M

1
L

1
)/(GJ

1
) + (R /R

1
)(M

2
L

2
)/(GJ

2
)

2


Substituting for M
1
, M  we can write


2

 φ 
1
(L

1
)=(M

1
L

1
)/(GJ

1
)[1 + (R /R

1
)
2
(L /L

1
)(J /J

2
)]

2 2 1

So Kφ =(GJ /L
1
)/[1 + (R /R

1
)2(L /L

1
)(J /J

2
)]. which gives Kφ= 44.35 NM/radian 

1 2 2 1

Observe: 

•	 Although only numerical results were required to be verified, I worked 
through the problem symbolically refraining from plugging-in until the 
end. This is highly recommended practice for it allows me to keep a check 
on my work by inspecting the dimensions of the results I obtain. 

•	 Note, too, how I can readily extend my results to other configurations 
changing the relative length of the shafts, their radii, and the material out 
of which they are made. 

•	 The maximum shear stress is quite large relative to the yield stress of steel. 
We shall see that yielding becomes a possibility when the maximum shear 
stress is one-half the yield strength in a tension test. 
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8.5 Torsion of other than circular shafts 

We have already stated how, if a shaft does not exhibit symmetry, our analysis of 

deformation does not apply. A slit hollow tube, for example, behaves dramatically 

different from a continuous hollow tube. 

Considerable effort has been 

expended by applied mathematicians 

over a century or two in developing solu-

tions for the torsion of shafts of other 

than circular cross section. The results 

for a shaft sporting a rectangular cross 

section are well documented1. The figure 

at the right is a classic. 

The distorted shape – note the warp-
ing of the originally plane cross section – 

is due, in part, to the fact that the shear stresses at the corners must vanish. 

Other results say that the maximum shear stress occurs in the middle of the 

longest side of length b. Its magnitude and that of the torsional stiffness are neatly 

summarized below.  τ  | = M /[k
2
(2a)

2
(2b)]max t

is the maximum shear stress. And  M = K φ/L where K = k G(2a)3(2b)
t t t 1

is the torsional stiffness. Note: a and b are the dimensions of the cross-section. Values for 
the constants k and k

2 
as functions of the ratio of the lengths of the sides of the cross sec

1 
tion are given in the table below, again taken from Timoshenko and Goodier. 

1. The results presented here are drawn from the classic text about stress and strain – Timoshenko and Goodier, 
THEORY OF ELASTICIY, Third Edition, McGraw-Hill, 1970. 
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Design Exercise 8.1 

A hollow aluminum shaft, two meters long, must transmit a torque of 20 KNm. 

The total angle of twist over the full length of the shaft is not to exceed 2.0
o
, and 

of course, we do not want the shaft to yield. Size the outside and inside diameters 

of the shaft. 



232 Chapter 8 

8.6 Problems – Torsion of Circular Shafts 

8.1 What if a solid circular shaft is replaced by a square shaft whose diagonal 
is equal to the diameter of the original circular shaft; How does the torsional 

stiffness change; For the same torque, how does the maximum shear stress 

change? 

What if the solid circular shaft is replaced by a square shaft whose side is equal 

to the diameter of the original circular shaft; How do these change? 

8.2 Estimate the maximum 

shear stress in the square, 

center-post shaft of the drive 

transmission system shown 

below when the horse is 

delivering α horsepower where 

α < 1.0. (1 horsepower = 746 

Watts = 550 ft-lb/sec) Estimate 

the maximum stress due to 

bending in the sweep arm. 

Estimate the tension in the belt 

(not shown) that would be 

placed over the driving pulley. 

This style of horse power is very convenient and popular, because, owing to its construction, it has 

many advantages not found in down powers. It is especially adapted for use in a barn where several 

horses are kept, or in small livery stables. The power can be bolted to the timbers above the driveway 

and machines can be set on the floor either above or below the power. When not in use the center post 

can be lifted from its socket and put out of the way, leaving the floor clear for other purposes. Then 

when power is to used again all that is necessary is to set the post in place, hitch the horse to the sweep 

and go ahead. The center post which we furnish is made of 6-inch by 6-inch timber and is 12 feet long. 

It is amply strong and can be cut to any desired length. The 1 1/8-inch driving shaft, to which the pul-

ley is attached, is regularly made so that the measurement from center of master wheel to center of pul-

ley face is 3 feet 3 inches, but additional shafting can be coupled to this shaft so as to change position 

of pulley or allow the use of other pulleys. The driving pulley is 18 inches in diameter with 3-inch face 

and makes 37 1/3 revolutions to one round of the horse, or about 135 revolutions per minute. Addi-

tional shafting or change in size of pulley is extra. Length of sweep from center post to eye-bolt is 7 

feet 6 inches. For driving small feed cutters, corn shellers, feed grinders, wood saws, etc., this power 

cannot be excelled. Weight, 450 pounds. Shipped direct from factory in Southeastern Wiscon-

sin. No. 32R1823 

..............................................................................................................$18.452
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8.3 A thin Aluminum tube, whose wall thickness is 1 mm, carries a torque 

80% of the torque required for the onset of yield. The radius of the tube is 20 mm. 

Show that an estimation of shear stress, based upon the assumption that it is 

uniformly distributed over the thickness of the tube (and using an estimate of J 
that is linear in the wall thickness), gives a value within 10% of that computed 

using the full expressions for shear stress and polar moment of inertia. 

8.4  A solid aluminum, circular shaft has length 0.25 m and diameter 5 mm. 
How much does one end rotate relative to the other if a torque about the shaft axis 

of 10 N-m is applied? 

8.5 A relatively thin walled 

tube and a solid circular shaft 

R

t 
have the same cross-sectional 

area. You are to compare the 

torsional stiffness of one to the 

other. r 
4a) What does the phrase “tor-

~ 
sional stiffness” mean? 2πRt = A = πr2 

4b) What is the ratio of the 

torsional stiffness of the tube to 

that of the solid shaft? 

8.6 A composite, cylindrical shaft has a 

core of one material, #1, bonding firmly to an 

outer, concentric, hollow shaft of another 

material, #2. It can be shown that the shear 

strain at any radial distance r from the center of 

the shaft is still given by 

1 

2 
Mt 

d φγ = r ⋅ 
z d 

ie., as if it were a solid, homogeneous shaft. 

Let R1 be the radius of the core, R2 that of the hollow shaft, take G2 = G and 

G1 = 2G respectively be the shear modulus of the two materials, construct an 

expression for the shear stress distribution as a function of r in terms of the 

applied torque and other relevant properties. 

2. 1902 Edition of The Sears, Roebuck Catalogue. 
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Stresses: Beams in Bending


The organization of this chapter mimics that of the last chapter on torsion of cir-

cular shafts but the story about stresses in beams is longer, covers more territory, 

and is a bit more complex. In torsion of a circular shaft, the action was all shear; 

contiguous cross sections sheared over one another in their rotation about the axis 

of the shaft. Here, the major stresses induced due to bending are normal stresses 

of tension and compression. But the state of stress within the beam includes shear 
stresses due to the shear force in addition to the major normal stresses due to 
bending although the former are generally of smaller order when compared to the 

latter. Still, in some contexts shear components of stress must be considered if 

failure is to be avoided. 

Our study of the deflections of a shaft in torsion produced a relationship 

between the applied torque and the angular rotation of one end of the shaft about 

its longitudinal axis relative to the other end of the shaft. This had the form of a 

stiffness equation for a linear spring, or truss member loaded in tension, i.e., 

MT = ( GJ ⁄ L)  φ  ⋅ is like F = ( AE  ⁄ L)  δ  ⋅ 
Similarly, the rate of rotation of circular cross sections was a constant along 

the shaft just as the rate of displacement if you like, ∂ u , the extensional strain 

∂ x 

was constant along the truss member loaded solely at its ends. 

We will construct a similar relationship between the moment and the radius of 

curvature of the beam in bending as a step along the path to fixing the normal 

stress distribution. We must go further if we wish to determine the transverse dis-

placement and slope of the beam’s longitudinal axis. The deflected shape will gen-

erally vary as we move along the axis of the beam, and how it varies will depend 

upon how the loading is distributed over the span Note that we could have consid-

ered a torque per unit length distributed over the shaft in torsion and made our life 

more complex – the rate of rotation, the dφ /dz would then not be constant along 

the shaft. 

In subsequent chapters, we derive and solve a differential equation for the 

transverse displacement as a function of position along the beam. Our exploration 

of the behavior of beams will include a look at how they might buckle. Buckling is 

a mode of failure that can occur when member loads are well below the yield or 

fracture strength. Our prediction of critical buckling loads will again come from a 

study of the deflections of the beam, but now we must consider the possibility of 

relatively large deflections. 
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In this chapter we construct relations for the normal and shear stress compo-

nents at any point within the the beam’s cross-section. To do so, to resolve the 

indeterminacy we confronted back in chapter 3, we must first consider the defor-

mation of the beam. 

9.1 Compatibility of Deformation 

We consider first the deformations and displacements of a beam in pure bending. 

Pure bending is said to take place over a finite portion of a span when the 
bending moment is a constant over that portion. Alternatively, a portion of a 

beam is said to be in a state of pure bending when the shear force over that portion 

is zero. The equivalence of these two statements is embodied in the differential 

equilibrium relationship 

dMb = –V
x d 

Using symmetry arguments, we will be able to construct a displacement field 

from which we deduce a compatible state of strain at every point within the beam. 

The constitutive relations then give us a corresponding stress state. With this in 

hand we pick up where we left off in section 3.2 and relate the displacement field 

to the (constant) bending moment requiring that the stress distribution over a cross 

section be equivalent to the bending moment. This produces a moment-curvature 
relationship, a stiffness relationship which, when we move to the more general 

case of varying bending moment, can be read as a differential equation for the 

transverse displacement. 

P 

x 

y 

P 

P 

x 

V 
Mb 

P 

V 

y 

P

x

 Mb 

  Pa beam in pure bending, plane cross sections 
remain plane and perpendicular to the lon-

x

We have already worked up a pure bending 
problem; the four point bending of the simply 

supported beam in an earlier chapter. Over the 

midspan, L/4 < x < 3L/4, the bending moment 

is constant, the shear force is zero, the beam 

is in pure bending. 

We cut out a section of the beam and consider 

how it might deform. In this, we take it as 

given that we have a beam showing a cross 

section symmetric with respect to the plane 

defined by z=0 and whose shape does not 

change as we move along the span. We will 

claim, on the basis of symmetry that for a 
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gitudinal axis. For example, postulate that the cross section CD on the right does 

not remain plane but bulges out. 

MbMb 

A 

B D 

C 

Mb Mb 

Now run around to the other side of the page and look at the section AB. The 

moment looks the same so section AB too must bulge out. Now come back and 

consider the portion of the beam to the right of section CD; its cross section too 

would be bulged out. But then we could not put the section back without gaps 

along the beam. This is an incompatible state of deformation. 

Any other deformation out of plane, for example, if the top half of the section 

dished in while the bottom half bulged out, can be shown to be incompatible with 

our requirement that the beam remain all together in one continuous piece. Plane 
cross sections must remain plane. 

That cross sections remain perpendicular to the longitudinal axis of the beam 

follows again from symmetry – demanding that the same cause produces the same 

effect. 

180 

Mb 

MbMb 
Mb 

Mb 

Mb 

A 

B D 

C 

The two alternative deformation patterns shown above are equally plausible – 

there is no reason why one should occur rather than the other. But rotating either 

about the vertical axis shown by 180 degrees produces a contradiction. Hence they 

are both impossible. Plane cross sections remain perpendicular to the longitu-
dinal axis of the beam. 
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The deformation pattern of a 

differential element of a beam in 

pure bending below is the one that 

prevails. 

Here we show the plane cross 

sections remaining plane and per-

pendicular to the longitudinal axis. 

We show the longitudinal differen-

tial elements near the top of the 

beam in compression, the ones 

x

ρ 

A' 

∆φ 

B' ∆s 
y 

∆x

A
C

DB 

y
After            Before  

C' 
near the bottom in tension – the 

anticipated effect of a positive 

bending moment M
b
, the kind D' 

shown. We expect then that there 

is some longitudinal axis which is 

neither compressed nor extended, 

an axis1 which experiences no change in length. We call this particular longitudi-

nal axis the neutral axis. We have positioned our x,y reference coordinate frame 

with the x axis coincident with this neutral axis. 

We first define a radius of curvature of the deformed beam in pure bending. 

Because plane cross sections remain plane and perpendicular to the longitudi-

nal axes of the beam, the latter deform into arcs of concentric circles. We let the 

radius of the circle taken up by the neutral axis be ρ and since the differential ele-

ment of its length, BD has not changed, that is BD = B’D’, we have 

ρ ∆φ  = ∆s = ∆x⋅ 

where ∆φ is the angle subtended by the arc B’D’, ∆s is a differential element along the 
deformed arc, and ∆x, the corresponding differential length along the undeformed neutral 
axis. In the limit, as ∆x or ∆s goes to zero we have, what is strictly a matter of geometry 

dφ 1 ρ⁄= 
s d 

where ρ is the radius of curvature of the neutral axis. 

Now we turn to the extension and contraction of a longitudinal differential line 

element lying off the neutral axis, say the element AC. Its extensional strain is 

ydefined by ε ( )  = lim (A' C' – AC ) ⁄ ACx ∆s → 0 

1.  We should say “plane”, or better yet, “surface” rather than “axis” since the beam has a depth, into the page. 
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Now AC, the length of the differential line element in its undeformed state, is 

the same as the length BD, namely AC = BD = ∆x = ∆s while its length in the 

deformed state is A'C' = (ρ – y) ⋅ ∆φ  

where y is the vertical distance from the neutral axis. 

We have then using the fact that  ρ∆φ = ∆ s

(ρ – y) ⋅ ∆φ  – ∆s ⁄
we obtain ε ( )  = lim ---------------------------------------- = lim –(y∆φ ∆s)yx ∆s → 0 ∆s ∆s → 0 

or, finally, 

εx y( )  y– 
dφ 

   
 ⋅ y ρ⁄( )–= = 

s d 

We see that the strain varies linearly with y; the elements at the top of the beam 

are in compression, those below the neutral axis in extension. Again, this assumes 

a positive bending moment M . It also assumes that there is no other cause that 
b

might engender an extension or contraction of longitudinal elements such as an 

axial force within the beam. If the latter were present, we would superimpose a 

uniform extension or contraction on each longitudinal element. 

The extensional strain of the longitudinal elements of the beam is the most 

important strain component in pure bending. The shear strain γ we have shown 
xy 

to be zero; right angles formed by the intersection of cross sectional planes with 

longitudinal elements remain right angles. This too is an important result. Symme-

try arguments can also be constructed to show that the shear strain component γ 
xz 

is zero for our span in pure bending, of uniform cross section which is symmetric 

with respect to the plane defined by the locus of all points z=0. 

In our discussion of strain-displacement 

relationships, you will find a displacement y 
field defined by u(x,y) = -κ xy; v(x,y)= κ x 2/2 

0 

+1which yields a strain state consistent in most 

respects with the above. In our analysis of 

pure bending we have not ruled out an exten- -1 

sional strain in the y direction which this dis-
+1placement field does. In the figure we show 

the deformed configuration of, what we can 

now interpret as, a short segment of span of the 
-1

beam. 

If the κ is interpreted as the reciprocal of 

the radius of curvature of the neutral axis, the 

expression for the extensional strain ε derived in an earlier chapter is totally in 
x 

x 
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accord with what we have constructed here. κ is called the curvature while, again, 

ρ is called the radius of curvature. 

Summarizing, we have, for pure bending — the case when the bending moment 

is constant over the whole or some section of a beam — that plane cross-sections 

remain plane and perpendicular to the neutral axis, (or surface), that the neutral 

axis deforms into the arc of a circle of radius of curvature, ρ, and longitudinal ele-

ments experience an extensional strain ε where: 

dφ 1 ρ⁄= 

and 

εx y( )  y ρ⁄( )–= 

s d 

9.2 Constitutive Relations 

The stress-strain relations take the form 

(ε = (1 ⁄ E) ⋅ [σ – ν σy + σ )] 0 = σ ⁄ Gx x z xy 

(ε = (1 ⁄ E) ⋅ [σ y – ν σ + σ )] 0 = σ ⁄ Gy x z xz 

(ε = (1 ⁄ E) ⋅ [σ – ν σ + σy)] γ = σ ⁄ Gz z x yz yz 

We now assume that the stress components σ and σ (hence γyz), can be 
z yz 

neglected, taken as zero, arguing that for beams whose cross section dimensions 

are small relative to the length of the span2, these stresses can not build to any 

appreciable magnitude if they vanish on the surface of the beam. This is the ordi-

nary plane stress assumption. 

But we also take σ ,to be insignificant, as zero. This is a bit harder to justify, 
y

especially for a beam carrying a distributed load. In the latter case, the stress at 

the top, load-bearing surface cannot possibly be zero but must be proportional to 

the load itself. On the other hand, on the surface below, (we assume the load is 

distributed along the top of the beam), is stress free so σ , must vanish there. For 
y

the moment we make the assumption that it is negligible. When we are through we 

will compare its possible magnitude to the magnitude of the other stress compo-

nents which exist within, and vary throughout the beam. 

2. Indeed, this may be taken as a geometric attribute of what we allow to be called a beam in the first place. 
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With this, our stress-strain relations reduce to three equations for the normal 

strain components in terms of the only significant stress component σ . The one 
x 

involving the extension and contraction of the longitudinal fibers may be written 

σx y( )  E εx ⋅ y E  ρ⁄( )⋅–= =

The other two may be taken as machinery to compute the extensional strains in 

the y,z directions, once we have found σ . 
x 

9.3 The Moment/Curvature Relation 

The figure below shows the stress component σ (y) distributed over the cross-sec-
x 

tion. It is a linear distribution of the same form as that considered back in an ear-

lier chapter where we toyed with possible stress distributions which would be 

equivalent to a system of zero resultant force and a couple. 

But now we know for sure, for compatible 

deformation in pure bending, the exact form of 

how the normal stress must vary over the 

cross section. According to derived expression 

for the strain, εx, σx must be a linear distri-
bution in y. 

How this normal stress due to bending var-

ies with x, the position along the span of the 

beam, depends upon how the curvature, 1/ρ, 
varies as we move along the beam. For the 

case of pure bending, out analysis of compatible deformations tells us that the cur-

vature is constant so that σ (x,y) does not vary with x and we can write σ (x,y) = 

x 
σ 

x
(x,y) = - y E/ρ 

y 

x x

σ (y), a (linear) function of y alone. This is what we would expect since the bend-
x

ing moment is obtained by integration of the stress distribution over the cross sec-

tion: if the bending moment is constant with x, then σx should be too. We show 

this in what follows. 

To relate the bending moment to the curvature, and hence to the stress σx, we  

repeat what we did in an earlier exploration of possible stress distributions within 

beams, first determining the consequences of our requirement that the resultant 
force in the axial direction be zero, i.e.,

σ ⋅ A d = –(E ⁄ ρ) ⋅ y ⋅ A  d = 0 so∫ x ∫ 
Area Area 

y ⋅ 
Area 
∫ 0=A  d 

But what does that tell us? It tells us that the neutral axis, the longitudinal 
axis that experiences no extension or contraction, passes through the centroid 
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of the cross section of the beam. Without this requirement we would be left float-

ing in space, not knowing from whence to measure y. The centroid of the cross 

section is indicated on the figure. 

That this is so, that is, the requirement 

requires that our reference axis pass through 

the centroid of the cross section, follows from 

the definition of the location of the centroid, 

namely 

y ⋅ A  d ∫

Ay ≡ -----------------

A 

y 
y 

If y is measured relative to the axis passing thru 

the centroid, then y is zero, our requirement is sat-

isfied.A1  A2 

A3

 y1

 y2

 y3 

?

 y 

ref. 

If our cross section can be viewed as a com-

posite, made up of segments whose centroids 

are easily determined, then we can use the def-

inition of the centroid of a single area to 

obtain the location of the centroid of the com-

posite as follows. 

Consider a more general collection of segments whose centroid locations are 

known relative to some reference: From the definition of the location of the cen-

troid we can write 

y ⋅ dA 1 + ∫ y ⋅ dA 2 + ∫ y ⋅ dA 3∫ 
A 1 A 2 A 3 

y 1 ⋅ A 1 + y 2 ⋅ A 2 + y 3 ⋅ A 3 y = -----------------------------------------------------------------------------= ------------------------------------------------------------
A 1 + + A 3 AA 2 

where A is the sum of the areas of the segments. We use this in an exercise, to wit: 

Exercise 9.1 

Determine the location of the neutral axis for the “T" cross-section shown. 

b1 

t 

h 
b2 h/2 

h+t/2 

y 

A 1 

A 2

 A 
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We seek the centroid of the cross-section. Now, because the cross-section is 

symmetric with respect to a vertical plane perpendicular to the page and bisecting 

the top and the bottom rectangles, the centroid must lie in this plane or, since this 

plane appears as a line, it must lie along the vertical line, AA’. To find where 

along this vertical line the centroid is located, we first set a reference axis for 

measuring vertical distances. This could be chosen anywhere; I choose to set it at 

the base of the section. 

I let y be the distance from this reference to the centroid, yet unknown. From 

the definition of the location of the centroid and its expression at the top of this 

page in terms of the centroids of the two segments, we have 

⋅ +y A = (h ⁄ 2) ⋅ A2 + (h t  ⁄ 2) ⋅ A1 

where 

A = h ⋅ b2 + t b1, A2 = h b2 and A1 = t b1 

This is readily solved for y given the dimensions of the cross-section; the cen-

troid is indicated on the figure at the far right. 

Taking stock at this point, we see that, for the case of “pure bending”, we have 

that the normal strain and normal stress vary linearly over the cross-section. If we 

measure y from the centroid of the section we have 

σx y( )  E εx ⋅ y E  ρ⁄( )⋅–= = 

In this case, the resultant force due to σ is zero.x 

The resultant moment due to σx must equal the bending moment. In fact, we 

have: 

–Mb = ∫ y ⋅ [σ x A d ] 
Area 

This relationship ties the bending moment to the curvature. 

Within the integrand, the term within the brackets is a differential element of force due to 
the stress distributed over the differential element of area b(y)dy. The negative sign in front 
of M

b 
is necessary because, if σ were positive at y positive, on a positive x face, then the 

x 
differential element of force σ dA would produce a moment about the negative z axis, 

x 
which, according to our convention for bending moment, would be a negative bending 
moment. Now substituting our known linear distribution  for the stress σ , we obtain

x

Mb = (E ⁄ ρ) ⋅ ∫ y 2 ⋅ A d 
Area 

The integral is again just a function of the geometry of the cross section. It is 

often called the moment of inertia about the z axis. We will label it I. That is3 
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I y 2 Ad⋅ 
Area 
∫= 

Our Moment/Curvature relationship is then:


Mb EI( )  1 
ρ ⋅= 

where the curvature is also defined by 

κ 1 
ρ sd 

dφ = = 

Here is a most significant result, very much of the same form of the stiffness 

relation between the torque applied to a shaft and the rate of twist — but with a 

quite different φ 

MT = (GJ ) ⋅ dφ 
zd 

and of the same form of the stiffness relation for a rod in tension 

F = (AE) ⋅ du 
xd 

This moment-curvature relationship tells us the radius of curvature of an ini-

tially straight, uniform beam of symmetric cross-section, when a bending moment 

M
b 

is applied. And, in a fashion analogous to our work a circular shaft in torsion, 

we can go back and construct, using the moment curvature relation, an expression 

for the normal stress in terms of the applied bending moment. We obtain. 

σx y( )  
Mb x( ) y⋅ 

I 
-–= 

Note again the similarity of form with the result obtain for the shaft in torsion, τ = M r/J,
T 

(but note here the negative sign in front) and observe that the maximum stress is going to 
occur either at the top or bottom of the beam, whichever is further off the neutral axis (just 
as the maximum shear stress in torsion occurs at the outermost radius of the shaft). 

Here we have revised Galileo. We have answered the question he originally 

posed. While we have done so strictly only for the case of “pure bending”, this is 

no serious limitation. In fact, we take the above relationships to be accurate 

3. Often subscripts are added to I, e.g., I or I ; both are equally acceptable and/or confusing. The first indi-
yy z

2
cates the integral is over y and y appears in the integrand; the second indicates that the moment of inertia is 
“about the z axis”, as if the plane area were rotating (and had inertia). 
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enough for the design and analysis of most beam structures even when the loading 

is not pure bending, even when there is a shear force present. 

It remains to develop some machinery for 

the calculation of the moment of inertia, I, 
when the section can be viewed as a composite 

of segments whose "local" moments of inertia 

are known. That is, we need a parallel axis 
theorem for evaluating the moment of inertia 

of a cross-section. 

A1  A2 

A3 

d1 d2 

d3 

We use the same composite section as above and seek the total moment of 

inertia of all segments with respect to the centroid of the composite. We first 

write I as the sum of the I’s 

∫ 2 ∫ 2I = ∫ y 2 ⋅ A d = y ⋅ dA1 + y 2 ⋅ dA2 + y ⋅ dA3∫ 
Area A1 A2 A3 

then, for each segment, express y in terms of d and a local variable of integration, η 

That is, we let y = d1 + η1 etc. and so obtain; 

∫ 2I = ∫ (d1 + η1 )
2 ⋅ dA1 + etc.= (d1

2 + 2d1η1 + η1 ) ⋅ dA1 

A1 A1 

2 = d1 A1 + 2d1η1 ⋅ dA1 + η1
2 ⋅ dA1 + etc.∫ ∫ 

A1 A1 

Now the middle term in the sum on the right vanishes since 

2d1η1 ⋅ dA1 = 2d1 η1 ⋅ dA1 and η1 is measured from the local centroid. Fur-∫ ∫ 
A1 A1 

thermore, the last term in the sum on the right is just the local moment of inertia. 

The end result is the parallel axis theorem (employed three times as indicated by 

the "etc".) 

I = d1
2 A1 + I1 + etc. 

The bottom line is this: Knowing the local moment of inertia (with respect to 

the centroid of a segment) we can find the moment of inertia with respect to any 

axis parallel to that passing through the centroid of the segment by adding a term 

equal to the product of the area and the square of the distance from the centroid to 

the arbitrarily located, parallel axis. Note that the moment of inertia is a mini-

mum when taken with respect  to the centroid of the segment. 
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Exercise 9.2 

The uniformly loaded “I” beam is simply supported at its left end and at a 
distance L/5 in from its right end. 

Construct the shear-force and bending-moment diagrams, noting in partic-
ular the location of the maximum bending moment. Then develop an esti-
mate of the maximum stress due to bending. 

wo = Force per unit length 

RB
4/5 L 

t 

t 

b 

h 

L 

RA 

An isolation of the entire span and requiring equilibrium gives the two vertical 

reactions, 

⁄ ⁄RA = (3 8)w L and RB = (5 8)w Lo o 

A section of the beam cut between the two sup-y V 
Mb ports will enable the evaluation of the shear force 

y 
x and bending moment within this region. We have 

wo 
indicated our positive sign convention as the 

V usual. Force equilibrium gives the shear force 

V x ⁄ +( ) = –(3 8)w L w xo o 
Mb 

which, we note, passes through zero at x = (3/8)L and, 
as we approach the right support, approaches the 

x value (17/40)w L. At this point, the shear force suffers 
oRA = (3woL/8) a discontinuity, a jump equal in magnitude to the reac

tion at B. Its value just to the right of the right sup
port is then -(1/5)w L. Finally, it moves to zero at the end of the beam at the same rate, w

0
,

o 
as required by the differential equilibrium relation 

dV = wox d 
We could, if we wish, at this point use the same free body diagram above to 

obtain an expression for the bending moment distribution. I will not do this. 

Rather I will construct the bending moment distribution using insights gained 

from evaluating M
b 

at certain critical points and reading out the implications of 

the other differential, equilibrium relationship, 

dMb = –V x( )
x d 
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One interesting point is at the left end of the beam. Here the bending moment 

must be zero since the roller will not support a couple. Another critical point is at 

x=(3/8)L where the shear force passes through zero. Here the slope of the bending 

moment must vanish. We can also infer from this differential, equilibrium rela-

tionship that the slope of the bending moment distribution is positive to the left of 

this point, negative to the right. Hence at this point the bending moment shows a 

local maximum. We cannot claim that it is the maximum over the whole span until 

we check all boundary points and points of shear discontinuity. 

Furthermore, since the shear 

x

wo

4/5 L

 h 

y 
force is a linear function of x, the 

bending moment must be quadratic 

in this region, symmetric about t 
x=(3/8)L. Now since the distance 

from the locus of the local maxi-

mum to the roller support at the t
right is greater than the distance to 

the left end, the bending moment 

will diminish to less than zero at 
RB = 5 woL/8the right support. We can evaluate RA = 3woL/8 

its magnitude by constructing an 

isolation that includes the portion 

of the beam to the right of the sup-

port. 

We find, in this way that, at 

x=4L/5, M  = - w L2
/50.

b o


At the right support there is a


V (x)

 -woL/5 

7woL/40 

x 

- 3woL/8
discontinuity in the slope of the 

bending moment equal to the dis-

continuity in the value of the shear 

force. The jump is just equal to the 

reaction force R
B

. In fact the slope 

of the bending moment must switch 

from negative to positive at this 

point because the shear force has 

changed sign. The character of the 

bending moment distribution from the right support point out to the right end of 

the beam is fully revealed noting that, first, the bending moment must go to zero at 

the right end, and, second, that since the shear force goes to zero there, so must 

the slope of the bending moment. 

Mb(x) 
Mb|max = 9woL/128

 3L/8 

x 

All of this enables sketching the shear force and bending moment distributions 

shown. We can now state definitively that the maximum bending moment occurs 

at x= 3L/8. Its value is Mb = (9 ⁄ 128)w Lomax 
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The maximum stress due to this maximum bending moment is obtained from 

y Mb ⋅ ( )
maxσ = –-----------------------------x max I 

It will occur at the top and bottom of the beam where y = ± h/2, measured from 

the neutral, centroidal axis, attains its maximum magnitude. At the top, the stress 

will be compressive while at the bottom it will be tensile since the maximum 

bending moment is a positive quantity. 

We must still evaluate the moment of inertia I. Here we will estimate this 

quantity assuming that t < h, and/or b, that is, the web of the I beam is thin, or has 

negligible area relative to the flanges at the top and bottom. Our estimate is then 

I ≈ 2 ⋅ [(h ⁄ 2)2 ] ⋅ [ t b]⋅ 
The last bracketed factor is the area of one flange. The first bracketed factor is 

the square of the distance from the y origin on the neutral axis to the centroid of 

the flange, or an estimate thereof. The factor of two out front is there because the 

two flanges contribute equally to the moment of inertia. How good an estimate 

this is remains to be tested. With all of this, our estimate of the maximum stress 

due to bending is 

L2 woσ ≈ (9 ⁄ 128) ⋅ -------------x max (thb) 

9.4 Shear Stresses in Beams 

In this last exercise we went right ahead and used an equation for the normal 

stress due to bending constructed on the assumption of a particular kind of load-

ing, namely, pure bending, a loading which produces no shear force within the 

beam. Clearly we are not justified in this assumption when a distributed load acts 

over the span. No problem. The effect of the shear force on the normal stress dis-

tribution we have obtained is negligible. Furthermore, the effect of a shear force 

on the deflection of the beam is also small. All of this can be shown to be accurate 

enough for most engineering work, at least for a true beam, that is when its length 

is much greater than any of its cross-section’s dimensions.We will first show that 

the shear stresses due to a shear force are small with respect to the normal stresses 

due to bending. 

Reconsider Galileo’s end loaded, can-

x 

P 

x = L 

A
h

b 

σ 
xy

(y)=? 
y V=P 

tilever beam. At any section, x, a shear 

force, equal to the end load, which we 

now call P, acts in accord with the 

requirement of static equilibrium. I have 

shown the end load as acting up. The shear 

force is then a positive quantity according to 

our convention. 
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We postulate that this shear force is distributed over the plane cross section at x 
in the form of a shear stress σ . Of course there is a normal stress σ distributed 

xy	 x 

over this section too, with a resultant moment equal to the bending moment at the 

section. But we do not show that on our picture just yet. 

What can we say about the shear stress distribution σ (y)? For starters we can 
xy

claim that it is only a function of y, not of z as we have indicated (nor of x in this 

case since V(x) is constant). The truth of this claim depends upon the shape of the 

contour of the cross-section as we shall see. For a rectangular cross section it’s a 

valid claim. 

We can also claim with more assurance that the shear stress must vanish at the 

top and bottom of the beam because we know from chapter 4 that at every point 

we have σ = σ ; but at the top and bottom surfaces σ vanishes (there is no 
xy yx yx 

applied force in the horizontal direction) so σ  must vanish at y=± h/2.
xy

We expect the shear stress to grow continuously to some finite value at some 

point in the interior. We expect, for a continuous, homogeneous material, that it 

will vary smoothly with y. Its maximum value, if this is the case, ought not to be 

too different from its mean value defined by 

V Pσ ≈ ---- = -----------xy mean A (bh) 
Now compare this with the maximum of the normal stress due to bending. 

Recalling that the maximum bending moment is PL at x=0, at the wall, and using 

our equation for pure bending, we find that 

Mb ⋅ y PL h ⁄ 2)(σ = -------------- = ----------------------x max I I 

I now evaluate the moment of inertia of the cross-section, I have 

∫ 2I = ∫ y 2 ⋅ A d = y ⋅ A d 
Area –h ⁄ 2 

This yields, with careful attention to the limits of integration, 

bh3 

I = --------
12 

which is one of the few equations worth memorizing in this course.4 

The maximum normal stress due to bending is then 
PL 

= 6-------------σx max (bh2 ) 

4.	  Most practitioners say this as “bee h cubed over twelve”. Like “sigma is equal to em y over eye” it has a cer-
tain ring to it. 
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We observe: 

•	 The units check; the right hand side has dimensions of stress, F/L2. This is 
true also for our expression for the average shear stress. 

•	 The ratio of the maximum shear stress to the maximum normal stress due 
to bending is on the order of 

σ ⁄ σ =	 Order (h/L)xy x max max 

which if the beam is truly a beam, is on the order of 0.1 or 0.01 — as Gali
leo anticipated! 

•	 While the shear stress is small relative to the normal stress due to bending, 
it does not necessarily follow that we can neglect it even when the ratio of 
a dimension of the cross section to the length is small. In particular, in 
built up, or composite beams excessive shear can be a cause for failure. 

σ 
yx

(b∆x) 

σ 
x 
(x+∆x,y)dAy 

Ay 

σ 
x 
(x+∆x,y)dAy 

Ay 

y 

P 
x 

b∆x 

We next develop a more 

accurate, more detailed, pic-

ture of the shear stress dis-

tribution making use of an 

ingeneous free-body dia-

gram. Look left. 

We show the forces acting 

on a differential element of 

the cantilever, of length ∆x 

cut from the beam at some y 

station which is arbitrary. 

(We do not show the shear 

stress σxy acting on the two 

"x faces" of the element as these will not enter into our analysis of force equilib-

rium in the x direction. 

For force equilibrium in the x direction, we must have 

, x y) A d = σyx y∫ σx(x + ∆x y) A d – ∫ σx( , ( )b∆x 
A Ay	 y 

∫ 
This can be written


σ (x + ∆x y) – σ ( ,
, x y)x x 
-------------------------------------------------------- ⋅ A d = bσyx y∆x	

( )  

Ay 

Which, as ∆x approaches zero, yields ∫ ∂
∂
x 
σ ( , ( )x y) ⋅ A d = bσyx yx 

Ay 
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Now, our engineering beam theory says 
xMb( ) ⋅ y 

x , 
I

xσ (x y) = – ----------------------- and we have from before 
d 

Mb( ) = –V 
xd 

so our equilibrium of forces in the direction of the longitudinal axis of the beam, on an 
oddly chosen, section of the beam (of length ∆x and running from y up to the top of the 
beam). gives us the following expression for the shear stress σyx  and thus σxy  namely: 

( )  = σxy y
Vσyx y ( )  = ----- ⋅ y ⋅ Ad
bI ∫ 

Ay 

h 

P 

b 

y 
x 

σxy 

For a rectangular section, the element of 
area can be written 

Ad = b ⋅ dη

where we introduce eta as our "y" vari
able of integration so that we do not con
fuse it with the "y" that appears in the 
lower limit of integration. 

σxy y
V
I ∫

h

y 

⁄ 2
We have then, noting that the b’s cancel: ( )  = ---- η η⋅ d 

V
which, when integrated gives σxy y

  2 

( )  = ----- ⋅ ---
h 

– y 2 i.e.,a parabolic distribution
2I  2with maximum at y=0. 

3 P
( )  ------The maximum value is , once putting I= bh3 /12 , σxy y =

2 
--- ⋅ 

bh 
where we 

have assumed an end-loaded cantilever as in the figure. 

This is to be compared with the average value obtained in our order of magnitude analysis. 
The order of magnitude remains essentially less than the maximum normal stress due to 
bending by a factor of (h/L). 

9.5 Stresses within a Composite Beam 

A composite beam is composed of two or more elemental structural forms, or dif-

ferent materials, bonded, knitted, or otherwise joined together. Composite materi-
als or forms include such heavy handed stuff as concrete (one material) reinforced 

with steel bars (another material); high-tech developments such as tubes built up 

of graphite fibers embedded in an epoxy matrix; sports structures like laminated 
skis, the poles for vaulting, even a golf ball can be viewed as a filament wound 
structure encased within another material. Honeycomb is another example of a 

composite – a core material, generally light-weight and relatively flimsy, main-

tains the distance between two face sheets, which are relatively sturdy with 

respect to in-plane extension and contraction. 
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To determine the moment/curvature relation, the normal stresses due to bend-

ing, and the shear stresses within a composite beam, we proceed through the pure 
bending analysis all over again, making careful note of when we must alter our 

constructions due to the inhomogeneity of the material. 

Compatibility of Deformation 

Our analysis of deformation of a 

beam in pure bending included no 

reference to the material properties 

Material #2

y 

or how they varied throughout the Material #1 

beam. We did insist that the cross-

section be symmetric with respect to 

the z=0 plane and that the beam be z 
uniform, that is, no variation of 

geometry or properties as we move in x 
the longitudinal direction. A com-

posite structure of the kind shown 

below would satisfy these conditions.

 Constitutive Relations 

We have two materials so we must necessarily contend with two sets of mate-

rial properties. We still retain the assumptions regarding the smallness of the 

stress components σ , σ and τ in writing out the relations for each material. For 
y z yz 

material #1 we have σ = –E1 ⋅ (y ⁄ ρ) while for material #2 σ = –E2 ⋅ (y ⁄ ρ)x x 

Equilibrium 

Equivalence of this normal stress distribution sketched 

below to zero resultant force and a couple equal to the bend-

#1

#2 

x

y σx(y) 

ing moment at any station along the span proceeds as fol-

lows: 

For zero resultant force we must have 

∫ σx ⋅ dA1 + ∫ σx ⋅ dA2 = 0 
Area1 Area2 

Upon substituting our strain-compatible variation of stress as a function of y 
into this we obtain, noting that the radius of curvature, ρ is a common factor, 

E1 y ⋅ dA1 + E2 y ⋅ dA2 = 0∫ ∫ 
Area1 Area2 
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What does this mean? Think of it as a machine for 
h h 

E1 
E2 

computing the location of the unstrained, neutral 
h/2h/2 

axis, y = 0. However, in this case it is located, not at 

the centroid of the cross-sectional area, but at the 

centroid of area weighted by the elastic moduli. The 

meaning of this is best exposed via a short thought 

experiment. Turn the composite section over on its 

side. For ease of visualization of the special effect I 

want to induce I consider a composite cross section 

of two rectangular subsections of equal area as shown below. Now think of the 

elastic modulus as a weight density, and assume E  > E
2
, say E  = 4 E . 

dE 

1 1 2

This last equation is then synonymous with the requirement that the location of 

the neutral axis is at the center of gravity of the elastic-modulus-as-weight-density 

configuration shown.5 Taking moments about the left end of the tipped over cross 

section we must have 

[ AE1 + AE2 ] ⋅ dE	 = (AE1 ) ⋅ (h ⁄ 2) + (AE2 ) ⋅ (3h ⁄ 2) 

⁄With E = 4  E
2 

this gives dE = (7 10  ) ⋅ h for the location of the E-weighted
1 

centroid 
Note that if the elastic moduli were the same the centroid would be at h, at the 

mid point. On the other hand, if the elastic modulus of material #2 were greater 

than that of material #1 the centroid would shift to the right of the interface 

between the two. 

Now that we have a way to locate our neutral axis, we can proceed to develop a 

moment curvature relationship for the composite beam in pure bending. We 

require for equivalence 

–Mb = ∫ y ⋅ σx A d 

Mb 

y 

Area 

as before, but now, when we replace σ with its variation 
x 

with y we must distinguish between integrations over the 
two material, cross-sectional areas. We have then, breaking 
up the area integrals into A over one material’s cross sec

1 
tion and A , the other material’s cross section6 

2

∫	 2Mb = (E1 ⁄ ρ) ⋅ y 2 ⋅ dA1 + (E2 ⁄ ρ) ⋅ y ⋅ dA2∫ 
A1	 A2 

5.	 I have assumed in this sketch that material #1 is stiffer, its elastic modulus E
1 

is greater than material #2 with 

elastic modulus E .
2

6.	 Note that we can have the area of either one or both of the materials distributed in any manner over the cross 
section in several non-contiguous pieces. Steel reinforced concrete is a good example of this situation. We 
still, however, insist upon symmetry of the cross section with respect to the x-y plane. 

x 
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The integrals again are just functions of the geometry. I designate them I and I
2 

respec
tively and write 

EIMb ⁄ [E1 I1 + E2 I2 ] = 1 ⁄ ρ or Mb ⁄ ( ) = 1 ⁄ ρ 

Here then is our moment curvature relationship for pure bending of a compos-

ite beam. It looks just like our result for a homogeneous beam but note 

•	 Plane cross sections remain plane and perpendicular to the longitudinal 
axis of the beam. Compatibility of Deformation requires this as before. 

•	 The neutral axis is located not at the centroid of area but at the centroid of 
the E-weighted area of the cross section. In computing the moments of 
inertia I

1
, I

2
 the integrations must use y measured from this point. 

•	 The stress distribution is linear within each material but there exists a dis
continuity at the interface of different materials. The exercise below illus
trates this result. Where the maximum normal stress appears within the 
cross section depends upon the relative stiffnesses of the materials as well 
as upon the geometry of the cross section. 

We will apply the results above to loadings other than pure bending, just as we 

did with the homogeneous beam. We again make the claim that the effect of shear 

upon the magnitude of the normal stresses and upon the deflected shape is small 

although here we are skating on thinner ice – still safe for the most part but thin-

ner. And we will again work up a method for estimating the shear stresses them-

selves. The following exercise illustrates: 

Exercise 9.3 

A composite beam is made of a solid polyurethane core and aluminum face 
sheets. The modulus of elasticity, E for the polyurethane is 1/30 that of alu-
minum. The beam, of the usual length L, is simply supported at its ends and 

h 

t 

t 

b 

foam 

x 

carries a concentrated load P at midspan. If the ratio of the thickness of the 
aluminum face sheets to the thickness of the core is t/h = 1/20 develop an 
estimate for the maximum shear stress acting at the interface of the two 
materials. 
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P We first sketch the shear force and bending 

moment diagram, noting that the maximum 

bending moment occurs at mid span while the 

maximum shear force occurs at the ends. 

P/2 Watch this next totally unmotivated step. I am P/2 
going to move to estimate the shear stress at 

V 

Mb 

the interface of the aluminum and the core. I 

show an isolation of a differential element of 

the aluminum face sheet alone. I show the 

x normal stress due to bending and how it varies 

both over the thickness of the aluminum and 

as we move from x to x+∆ x. I also show a dif-

ferential element of a shear force ∆Fyx acting 

on the underside of the differential element of 

the aluminum face sheet. I do not show the 

shear stresses acting of the x faces; their 

resultant on the x face is in equilibrium with 

their resultant on the face x  + ∆x. 

σx + ∆σ

σx 

b∆x 
Equilibrium in the x direction will be sat-

isfied if 
x

∆x∆F = ∫ ∆σxdAalyx 
∆FyxAal 

where A is the cross-sectional area of the alumi- y
al 

num face sheet. Addressing the left hand side, we 
set 

∆F = σ b∆xyx yx

where σ is the shear stress at the interface, the 
yx

quantity we seek to estimate. Addressing the right 
hand side, we develop an expression for ∆ σ  

foam 

b 

x 
using our pure bending result. From the moment curvature relationship for a composite 

EIcross section we can write Mb ⁄ ( ) = 1 ⁄ ρ 

The stress distribution within the aluminum face sheet is then7 

EIσ = –Eal ⋅ y ⁄ ρ which is then σ = –Eal ⋅ yMb ⁄ ( )x x 

7. Note the similarity to our results for the torsion of a composite shaft. 

 x 
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Taking a differential view, as we move a small distance ∆ x and noting that the only thing 
that varies with x is M

b
, the bending moment, we have 

∆σ = - [ E
al

 y Mb / (EI)]]∆Mb(x) 

But the change in the bending moment is related to the shear force through dif-

ferential equation of equilibrium which can be written ∆ M
b 

= - V(x)∆ x. Putting 

this all together we can write 


( )  ⋅ -----------dσyx ⋅ b∆x = 

 
Eal ⋅ V x

y
Aal  ⋅ ∆x 

EI ∫ ( ) Aal 

Eal(V b)⁄
or, in the limit σ = ----------------------- ∫ y ⋅ dAalyx 

EI 
Aal 

This provides an estimate for the shear stress at the interface. Observe: 

•	 This expression needs elaboration. It is essential that you read the phrase 
∫
Aal 

ydA correctly. First, y is to be measured from the E-weighted centroid 
of the cross section (which in this particular problem is at the center of the 
cross section because the aluminum face sheets are symmetrically dis
posed at the top and the bottom of the cross section and they are of equal 
area). Second, the integration is to be performed over the aluminum cross 
section only. More specifically, from the coordinate y= h/2, where one is 
estimating the shear stress up to the top of the beam, y = h/2 +t. This first 
moment of area may be approximated by 

(y ⋅ dAal = bt h ⁄ 2)∫ 
Aal 

•	 The shear stress is dependent upon the change in the normal stress compo
nent σ with respect to x. This resonates with our derivation, back in chap-

x 
ter 3, of the differential equations which ensure equilibrium of a 
differential element. 

•	 The equivalent EI can be evaluated noting the relative magnitudes of the 
elastic moduli and approximating the moment of inertia of the face sheets 
as I

al
 = 2(bt)(h/2)2 while for the foam we have I  = bh3/12. This gives

f

⁄EI = (5 9)(Eal ⋅ bth2 ) 

Note the consistent units; FL2 on both sides of the equation. The foam con
tributes 1/9th to the equivalent bending stiffness. 

•	 The magnitude of the shear stress at the interface is then found to be, with 
V taken as P/2 and the first moment of area estimated above,

σ ⁄ P 
=	 (9 10  ) ⋅ ------yx interface bh 
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•	 The maximum normal stress due to bending will occur in the aluminum8. 
Its value is approximately 

⁄ P Lσ = (9 2) ⋅ ------ ⋅ ---x max bh h 
which, we note again is on the order of L/h times the shear stress at the inter
face. 

As a further example, we con- y 

sider a steel-reinforced concrete b σc 
beam which, for simplicity, we take 

as a rectangular section. 

We assume that the beam will be 

loaded with a positive bending 

moment so that the bottom of the 

beam will be in tension and the top 

in compression. 

We reinforce the bottom with 

steel rods. They will carry the ten-

sile load. We further assume that the concrete is unable to support any tensile 

load. So the concrete is only effective in compression, over the area of the cross 

section above the neutral axis. 

σs 

Mb 

d 

Total area = n*As 
βh 

h 

neutral axis 

In proceeding, we identify the steel material with material #1 and the concrete 

with material #2 in our general derivation. We will write 

E1 = E = 30e06 psi and E2 = E = 3.6e06 psis	 s 

The requirement that the resultant force, due to the tensile stress in the steel 

and the compressive stress in the concrete, vanish then may be written

∫ σs ⋅ dAs + ∫ σ ⋅ dA = 0 or ∫ –Es ⋅ (y ⁄ ρ) ⋅ dAs + ∫ –E ⋅ (y ⁄ ρ) ⋅ dA = 0c c	 c c 

A A	 A As c	 s c 

which since the radius of curvature of the neutral axis is a constant relative to the integra
tion over the area, can be written: 

Es ∫ y ⋅ dA + Ec ∫ y ⋅ dA = 0s c 

A As c 

The first integral, assuming that all the steel is concentrated at a distance (d -

βh) below the neutral axis, is just 

–E (d – βh)nAs s 

where the number of reinforcing rods, each of area As, is  n. The negative sign reflects the 
fact that the steel lies below the neutral axis. 

8.	 The aluminum is stiffer; for comparable extensions, as compatibility of deformation requires, the aluminum 
will then carry a greater load. But note, the foam may fail at a much lower stress. A separation due to shear at 
the interface is a possibility too. 
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The second integral is just the product of the distance to the centroid of the 

area under compression, (h-d)/2 , the area b(h-d), and the elastic modulus. 

(h d) ( – 
E ⋅ ----------------- ⋅ b h  – d)c 2 

The zero resultant force requirement then yields a quadratic equation for d, or 

d/h, putting it in nondimensional form. In fact 

d d 2EsnAs  2

– (2 + λ) ⋅ ------   + (1 + βλ)= 0 where we define λ = ------------------      E bhh h c

d (This gives --- = ---
1 ⋅ [(2 + λ) ± (2 + λ)2 – 4 1 + βλ)]

h 2 

There remains the task of determining the stresses in the steel and concrete. For this we 
need to obtain and expression for the equivalent bending stiffness, EI. 

The contribution of the steel rods is easily obtained, again assuming all the area is concen
trated at the distance (d-bh) below the neutral axis. Then 

I = (d – βh)2nAs s 

The contribution of the concrete on the other hand, using the transfer theorem for moment 
of inertia, includes the "local" moment of inertia as well as the transfer term. 

h d 2 b h  – d)3 

c (  
–
2 

⋅ ( 
12

I = b h  – d) ⋅  ------------ + --------------------------

Then EI = E ⋅ I + E ⋅ I and the stress are determined accordingly, for the steel,s s c c 
by 

(d – βh)
= Mb ⋅ Es ⋅ --------------------σs tension EI 

y
while for the concrete σ = Mb ⋅ Ec ⋅ ------c compression EI 
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9.6 Problems - Stresses in Beams 

9.1 In some of our work we have approximated the moment of inertia of the 

cross-section effective in bending by 

b b 

I ~ 2 (h/2)2(bt) 
tw tw = t th 

h=b 

t 
It t/h ~ 0.01, or 0.1, estimate the error made by comparing the number obtained 

from this approximate relationship with the exact value obtained from an integra-

tion. 

9.2  For a beam with a T section as shown in the problem above: 

i) Locate the centroid of the section. 

ii) Construct an expression for the moment of inertia about the centroid. 

iii) Locate where the maximum tensile stress occurs and express its magni
tude in terms of the bending moment and the geometry of the section. Do 
the same for the maximum compressive stress. In this assume the bending 
moment puts the top of the beam in compression. 

iv) If you take b equal to the h of the I beam, so that the cross-sectional areas 
are about the same, compare the maximum tensile and compressive stresses 
within the two sections. 

9.3 A steel wire, with a radius of 0.0625 in, with a yield strength of 120x103 

psi, is wound around a circular cylinder of radius R = 20 in. for storage. What if 

your boss, seeking to save money on storage costs, suggests reducing the radius of 

the cylinder to R = 12in. How do you respond? 

9.4 The cross-section of a beam made 

of three circular rods connected by three 

thin “shear webs” is shown. 

i) Where is the centroid? 

ii) What is the moment of inertia of the 

cross-section? 
60o 60o 

a 

radius=R 
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9.5 For the “C” section shown at the below: Locate the centroid in x and y. 

203.0 mm 

x 

Verify the values given for the mass/length, the cross-sectional area, and the two 

moments of inertia. (Note that Moment of Inertia (xx) refers to the moment of 

inertia about the “x-x” axis, what we have labeled, “I”). That is 

I = I ( )  = ∫ y 
2 ⋅ A d xx

A 

The (yy) refers to the moment of inertia about the “y-y” axis. 

9.6 A beam is pinned at its w0
left end and supported by a roller 

at 2/3 the length as shown. The 

beam carries a uniformly 

distributed load, w0 , <F/L> 

i) Where does the maximum 

normal stress due to bending 

occur. 

ii) If the beam has an I cross 

section with 

2/3 L 1/3 L 

x 

y V 
Mb 

flange width = .5” 

section depth = 1.0 “ 

and tw = t = 0.121 “ 

and the length of the beam is 36” and the distributed load is 2 lb/inch, deter-

mine the value of the maximum normal stress. 

iii) What if the cross section is rectangular of the same height and area? What 

is the value of the maximum normal stress due to bending? 
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9.7 A steel reinforced beam is to be made such that the steel and the concrete 

fail simultaneously. 

If Es = 30 e06 psi steel 

σ
σ

σc 

σs 

Mb 

d 

y 

s 

βh 

b 

h 

Total area = n*A

neutral axis 

Ec= 3.6 e06 psi concrete 

and taking 

failure steel = 40,000 psi 

failure concrete = 4,000 psi (compression) 

how must β be related to d/h for this to 

be the case? 

Now, letting 
λ 

2 Es nAs ⋅ ⋅ 
Ec bh⋅ 

--------------------------= 
find d/h and β values for a range of “realis-

tic” values for the area ratio, (nAs/bh), hence for a range of values for Λ. 

Make a sketch of one possible composite cross-section showing the location of 

the reinforcing rod. Take the diameter of the rod as 0.5 inches. 



------

10 

Deflections due to Bending 

10.1 The Moment/Curvature Relation 

Just as we took the pure bending construction to be accurate enough to produce 

useful estimates of the normal stress due to bending for loadings that included 

shear, so too we will use the same moment/curvature relationship to produce a dif-

ferential equation for the transverse displacement, v(x) of the beam at every point 

along the neutral axis when the bending moment varies along the beam. 

Mb 

EI 
-

sd 
dφ = 

The moment/curvature relation-

ship itself is this differential equa-

tion. All we need do is express the 

curvature of the deformed neutral 

axis in terms of the transverse dis-

placement. This is a straight for-

ward application of the classical 

calculus as you have seen perhaps 

but may also have forgotten. That’s 

ok. For it indeed can be shown 

that1: 
x 

v(x) φ~ dv/dx 

ρ 

v(x) 

s 

2 
d v  

dφ dx 2 

= -------------------------------
3 
2 

sd ---

dv 2 

1 +  
 xd 

1. Note in this exact relationship, the independent variable is s, the distance along the curved, deformed neutral, 
x axis. 
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There now we have it – once given the bending moment as a function of x all 

we need do is solve this non-linear, second order, ordinary differential equation 

for the transverse displacement v(x). 

But hold on. When was the last time you solved a second order, non linear dif-

ferential equation? Leonhard Euler attacked and resolved this one for some quite 

sophisticated end-loading conditions back in the eighteenth century but we can get 

away more cheaply by making our usual assumption of small displacement and 

rotations. 

dv 2 

That is we take   < 1 which says that the slope of the deflection is small  x d 
with respect to 1.0. Or equivalently that the rotation of the cross section as mea-

sured by φ ≈ (dv/dx) is less than 1.0, one radian. In this we note the dimensionless 

character of the slope. Our moment curvature equation can then be written more 

simply as 

x 2 

2 

d 

d v  Mb x( )  
EI 

-= 

Exercise 10.1 

Show that, for the end loaded beam, of length L, simply supported at the left 
end and at a point L/4 out from there, the tip deflection under the load P is 

PL3 

given by ∆ = (3 16  ) ⋅ ---------⁄ 
EI 

P 

A B C 

L/4 
L 

The first thing we must do is determine the bending moment distribution as a 

function of x. No problem. The system is statically determinate. We first deter-

mine the reactions at A and B from an isolation of the whole. We find R = 3  P,
A 

directed down, and R
B

 = 4P directed up. 

____
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An isolation of a portion to 
Pthe right of the support at B RA = P (L - a)/a

looks very much like Galileo’s 

cantilever. In this region we find B 

a constant shear force equal in 

magnitude to the end load and a a 
Llinearly varying bending 

moment which, at x=L/4 is equal RB = P L/a
to -(3/4)PL. V(x) 

We note that the shear between x= 0 
P (L - a)/aand x < L/4 equals R , the reaction 

A
at the left end, and that the bending 
moment must return to zero. The 

xdiscontinuity in the shear force at B 
allows the discontinuity in slope of 

- PM
b
 at that point. 

Our linear, ordinary, second 
Mb(x) 

order differential equation for 

the deflection of the neutral axis 

becomes, for x < L/4 x 

2 - P(L-a)  x > a 
xd v  Mb( )  3P x < a

dx 2
= --------------- = –------- ⋅ x 

Mb = -Px (L/a -1)
 Mb= - P(L-x)

EI EI 

Integrating this is straight forward. I must be careful, though, not to neglect to 

introduce a constant of integration. I obtain 

3Pdv = – ------- ⋅ (x 2 ⁄ 2) + C1x d EI 
This is the slope of the deflected neutral axis as a function of x, at least within 

the domain 0<x<L/4. Integrating once more produces an expression for the dis-

placement of the neutral axis and, again, a constant of integration. 

3P 
v x( ) = – ------- ⋅ (x 3 ⁄ 6) + C1 ⋅ x + C2EI 

Here then is an expression for the deflected shape of the beam in the domain 

left of the support at B. But what are the constants of integration? We determine 

the constants of integration by evaluating our expression for displacement v(x) 

and/or our expression for the slope dv/dx at points where we are sure of their val-

ues. One such boundary condition is that, at x=0 the displacement is zero, i.e., 

v x( ) = 0 
x 0 = 

Another is that, at the support point B, the displacement must vanish, i.e., 

v x( ) = 0 
x = L ⁄ 4 
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PL2 

These yield C2 = 0 and C1 = ----------------- and we can write, for x < L/4
(32EI ) 

P 
v x( ) = –--------- ⋅ (x 3 – x ⁄ 16)

2EI 
So far so good. We have pinned down the displacement field for the region left 

of the support point at B. Now for the domain L/4 < x  < L . 
The linear, ordinary, second order differential equation for the deflection, 

again obtained from the moment/curvature relation for small deflections and rota-

tions, becomes 

2 
d v  P  –= –------ ⋅ (L x)

EIdx 2 

Integrating this twice we obtain, first an expression for the slope, then another 

for the displacement of the neutral axis. To wit: 

dv P = –------ ⋅ (Lx – x 2 ⁄ 2) + D1x d EI 

and 

P 3 v x( ) = –------ ⋅ [ Lx2 ⁄ 2 – x ⁄ 6] + D1 ⋅ x + D2EI 

Now for some boundary conditions: It appears at first look that we have but 

one condition, namely, at the support point B, the displacement must vanish. Yet 

we have two constants of integration to evaluate! 

The key to resolving our predicament is revealed by the form of the equation 

for the slope; we need to fix the slope at some point in order to evaluate D . We do  
1

this by insisting that the slope of the beam is continuous as we pass over the sup-

port point B. That is, the two slopes, that of v(x) evaluated at the left of B must 

equal that of v(x) evaluated just to the right of B. Our boundary conditions are 

then, for x  > L/4: 

dv PL2 

v x( ) = 0 and    = –------------
x d x = L ⁄ 4   x = L ⁄ 4 16EI 

where the right hand side of this last equation has been obtained by evaluating the slope to 
the left of B at that support point. Sparing you the details, which you are encouraged to 
plough through at your leisure, I - and I hope you - obtain 

PL2 PL3 

⁄ ⁄D1 = (5 32  ) ⋅ --------- and D2 = –(1 96  ) ⋅ ---------
EI EI 
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So, for L/4 < x < L we can write: 

v x
PL3 

⁄ ⁄ 2 ⁄( ) = – ------------ ⋅ [1 – 15  (x L) + 48(x L) – 16(x L)3 ] 96EI 
Setting x=L we obtain for the tip deflection: 

PL3 

v L ⁄( ) = –(3 16  ) ⋅ ---------
EI 

where the negative sign indicates that the tip deflects downward with the load directed 
downward as shown. 

The process and the results obtained above prompt the following observations: 

•	  The results are dimensionally correct. The factor PL3/(EI) has the dimen-
sions of length, that is FL3/[(F/L2)L4] = L. 

•	 We can speak of an equivalent stiffness under the load and write
EI

P = K∆ where K = (16 ⁄ 3) ⋅ ------
L3 

E.g., an aluminum bar with a circular cross section of radius 1.0in, and 
4length 3.0 ft. would have, with I = πr /4 = 0.785 in4, and E = 10x106 psi, 

an equivalent stiffness of  K=898 lb/inch. If it were but one foot in 
length, this value would be increased by a factor of nine. 

•	 This last speaks to the sensitivity of stiffness to length: We say “the stiff-
ness goes as the inverse of the length cubed”. But then, the stiffness is 
even more sensitive to the radius of the shaft: “it goes as the radius to the 
fourth power”. Finally note that changing materials from aluminum to 
steel will increase the stiffness by a factor of three - the ratio of the E’s. 

•	 The process was lengthy. One has to carefully establish an appropriate set 
of boundary conditions and be meticulous in algebraic manipulations2. It’s 
not the differential equation that makes finding the displacement function 
so tedious; it’s, as you can see, the discontinuity in the loading, reflected in 
the necessity of writing out a different expression for the bending moment 
over different domains, and the matching of solutions at the boundaries of 
these regions that makes life difficult. 

Fortunately, others have labored for a century or two cranking out solutions to 

this quite ordinary differential equation. There are reference books that provide 

full coverage of these and other useful formulae for beam deflections and many 

other things. One of the classical works in this regard is Roark and Young, FOR-

MULAS FOR STRESS AND STRAIN, 5th Edition, McGraw-Hill, 1975. We sum-

marize selected results as follow. 

2.	 It took me three passes through the problem to get it right. 
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End-loaded Cantilever 

v(x) 

L 

v(x) 

P For 0<x<L v(x) = [ PL3/(6EI)][3(x/L)2-(x/L)3] 

v|  = PL3/(3EI) at x=L 
max

Couple, End-loaded Cantilever 

v(x) For 0 < x <L v(x) =[ ML2/(2EI)] (x/L)2 

Mb v|  = ML2/(2EI)              at x=L 

L 

v(x) max

Uniformly Loaded Cantilever 

v(x) For 0 <x  <L

L 

v(x) 

wo(x) v(x) = [ w L4/(24EI)] (x/L)2[(x/L)2 - 4(x/L) + 6]
o 

v|  = w L4/(8EI) at x=L 
max o 

Uniformly Loaded Simply-Supported Beam


wo (x) 
v(x) 

L 

v(x) = [w 
0 

L4/(24EI)] (x/L) [1 - 2(x/L)2 + (x/L)3] 

0 < x  <L 

v|
max

 = [5w
o 
L4/(384EI)] =L/2 

For

          at x
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Couple, End-loaded Simply-Supported Beam

Point Load, Simply-Supported Beam

With these few relationships we can construct the deflected shapes of beams

subjected to more complex loadings and different boundary conditions. We do this

by superimposing the solutions to more simple loading cases, as represented, for

example by the cases cited above.

Exercise 10.2

Show that the expression obtained for the tip deflection as a function of end
load in the previous exercise can be obtained by superimposing the dis-
placement fields of two of the cases presented above.

We will consider the beam deflection at the tip to be the sum of two parts: One

part will be the deflection due to the beam acting as if it were cantilevered to a

wall at the support point B, the middle figure below, and a second part due to the

rotation of the beam at this imagined root of the cantilever at B —the figure left

below.

We first determine the rotation of the beam at this point, at the support B. To

do this we must imagine the effect of the load P applied at the tip upon the

deflected shape back within the region 0 < x <L/4. This effect can be represented

as an equivalent force system at B acting internally to the beam. That is, we cut

v(x)

L Mb

For 0  < x  <L

         v|
max

 = [ ML2/(9√3 EI)]              at x=L/√3

          v(x) =  -   [ML2/(6EI)] (x/L) [1 - x2/L2]

(x)

L

b

P
For 0<x<(L-b)

v(x) = [PL3/(6EI)] (b/L) [ -(x/L)3 + (1-b2/L2)(x/L) ]

For (L-b) <x  <L
                      v(x) = [ PL3/(6EI)] (b/L) { (L/b) [(x/L)- (1-b/L)]3- (x/L)3+(1-b2/L2)(x/L)}

v|  = PL3/[9√3 EI)] (b/L)[1-  b2/L2]3/2 at  x=(L/√3)√(1-b2/L2)
max

A B +
BA

rigid

P
P

BA
P
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away the portion of the beam x>L/4 and show an equivalent vertical force acting

downward of magnitude P and a clockwise couple of magnitude P(3L/4) acting at

B.

Now the force P produces no deflection. The couple M produces a rotation

which we will find by evaluating the slope of the displacement distribution for a

couple, end-loaded, simply supported beam. From above we have, letting lower

case l stand in for the span from A to B,

This yields, for the slope, or rotation at the support point B,
dv/dx|

B
 = - Ml/(3EI) .   The couple is M =3PL/4 so the rotation at B is

The deflection at the tip of the beam where the load P is applied due to this

rotation is, for small rotations, assuming this portion rotates as a rigid body, by

where the negative sign indicates that the tip displacement due to this effect is downward.3

We now superimpose upon this displacement field, the displacement of a beam

of length 3L/4, imagined cantilevered at B, that is a displacement field whose

slope is zero at B. We have, for the end loaded cantilever, that the tip displacement

relative to the root is -Pl3
/(3EI) where now the lower case “l” stands in for the

length 3L/4 and we have noted that the load acts downward. With this, the tip

deflection due to this cantilever displacement field is

So the final result, the total deflection at the tip is, as before,
∆ = ∆rigid body + ∆cantilever = - 3PL

3
/(16EI).

3. In this problem M is taken positive in opposition to our usual convention for bending moment. I have left off
the subscript b to avoid confusion.

A B

P

M = P (3L/4)

φB

l=L/4

L

v(x)= -[ Ml2/(6EI)] (x/l) [1-x2/l2]

  so   dv/dx = - [Ml/(6EI)] (1-  3x2/l2)

φB
PL2

16EI
------------–=

∆rigid body 3 4⁄( ) LφB⋅ 3PL3

64EI
-------------–= =

BA P

(3/4)L

∆
cantilever

 = - 9PL3/(64EI)
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Exercise 10.3

Estimate the magnitude of the maxi-
mum bending moment due to the uni-
form loading of the cantilever beam
which is also supported at its end away
from the wall.

Deja vu! We posed this challenge back

in an earlier chapter. There we made an

estimate based upon the maximum bending

moment within a uniformly loaded simply supported beam. We took w
0

L2
/8 as

our estimate. We can do better now.

We use superpositioning. We will consider the tip deflection of a uniformly
loaded cantilever. We then consider the tip deflection of an end loaded cantilever

where the end load is just the reaction force (the unknown reaction force because

the problem is statically indeterminate) at the end. Finally, we then sum the two

and figure out what the unknown reaction force must be in order for the sum to be

zero. This will be relatively quick and painless, to wit:

 For the end-loaded cantilever we obtain ∆
R

 = R L3
/(3EI) where the deflec-

tion is positive up.

For the uniformly loaded cantilever we have ∆wo= -w0L
4/(8EI). The two sum to zero if

and only if

We have resolved a statically indeterminate problem through the consideration

of displacements and insisting on a deformation pattern compatible with the con-

straint at the end – that the displacement there be zero. With this, we can deter-

mine the reactions at the root and sketch the shear force and bending moment

distribution. The results are shown below.

L

wo, force/length

wo (x)+
L

R

∆
R
 = R L3/(3EI)

∆wo= -w0L
4/(8EI)

R 3 8⁄( ) wo L⋅ ⋅=
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We see that there are two positions

where the bending moment must be

inspected to determine whether it attains

a maximum. At the root we have |M
b
| =

(1/8)woL
2

while at x=(5/8)L its magni-

tude is (9/128)woL
2
. The moment thus

has maximum magnitude at the root. It

is there where the stresses due to bend-

ing will be maximum, there where fail-

ure is most likely to occur4.

10.2 Buckling of Beams

Buckling of beams is an example of a failure mode in which relatively large

deflections occur while no member or part of the structure may have experienced

fracture or plastic flow. We speak then of elastic buckling.

Beams are not the only structural elements that may experience elastic buck-

ling. Indeed all structures in theory might buckle if the loading and boundary con-

ditions are of the right sort. The task in the analysis of the possibility of elastic
instability is to try to determine what load levels will bring on buckling.

Not all elastic instability qualifies as failure. In some designs we want buck-

ling to occur. The Tin Man’s oil-can in The Wizard of Oz was designed, as were

all oil cans of this form, so that the bottom, when pushed hard enough, dished in

with a snap, snapped through, and displaced just the right amount of oil out the

long conical nozzle. Other latch mechanisms rely upon snap-through to lock a fas-

tener closed.

But generally, buckling means failure and that failure is often catastrophic. To

see why, we first consider a simple mechanism of little worth in itself as a

mechanical device but valuable to us as an aid to illustrating the fundamental phe-

4. If we compare this result with our previous estimate made back in exercise 3.9, we find the latter was the
same magnitude! But this is by chance; In the simply supported beam the maximum moment occurs at mid-
span. Here it occurs at the left end.

x

x

Mb(x)

wo

5woL/8
3woL/8

  woL2/8

V(x)

(5/8)L

5woL/8

+3woL/8

Mb|max = (9/128)woL2

 woL2/8
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nomenon. The link shown below is to be taken as rigid. It is fastened to ground

through a frictionless pin but a linear, torsional spring of stiffness K
T

resists rota-

tion, any deviation from the vertical. A weight P is suspended from the free end.

We seek all possible static equilibrium

configurations of the system. On the left is

the one we postulate working from the per-

spective of small deflections and rotations;

that is up until now we have always con-
sidered equilibrium with respect to the
undeformed configuration. We can call

this a trivial solution; the bar does not

rotate, the reaction moment of the torsional

spring is zero, the rigid link is in compres-

sion.

The one on the right is more interesting.

But note; we consider equilibrium with
respect to a deformed configuration.

Moment equilibrium requires that M
T
= P∆= PLsinφ

or, assuming a linear, torsional spring ie., M
T
= K

T
φ:

Our challenge is to find values of φ which satisfy this equation for a given load

P. We wish to plot how the load varies with displacement, the latter measured by

either ∆ = Lsinφ or φ itself. That is the traditional problem we have posed to date.

But note, this equation does not solve so easily; it is nonlinear in the displace-

ment variable φ. Now when we enter the land of nonlinear algebraic equations,

we enter a world where strange things can happen. We might, for example,

encounter multi-valued solutions. That is the case here.

One branch of our solution is the trivial solution φ = 0 for all values of P. This

is the vertical axis of the plot below. (We plot the nondimensional load (PL/K
T
)

versus the nondimensional horizontal displacement (∆/L). But there exists another

   P

L
P

KT

φ

∆

M
T
 - P∆ = 0

KT

PL
------- 

  φ⋅ φsin– 0=

φ

(KT/PL)
1

(KT/PL)<1
(KT/PL)>1

y=(KT/PL) φ

y=sinφ

PL/KT

∆/L

1

trivial

non-trivial
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branch, one revealed by the geometric construction at the right. Here we have

plotted the straight line y = (K
T
/PL)φ, for various values of the load parameter,

and the sine function y = sinφ on the same graph.

This shows that, for (K
T
/PL) large, (or P small), there is no nontrivial solution.

But when (K
T
/PL) gets small, (or P grows large), intersections of the straight line

with the sine curve exist and the nonlinear equilibrium equation has nontrivial

solutions for the angular rotation. The transition value from no solutions to some

solutions occurs when the slope of the straight line equals the slope of the sine

function at φ = 0, that is when (K
T
/PL)=1, when

Here is a critical, very special, value if there ever was one. If the load P is less

than K
T
/L, less than the critical value then we say the system is stable. The link

will not deflect. But beyond that all bets are off.

What is the locus of equilibrium states beyond the critical load? We can, for

this simple problem, construct this branch readily. We find nontrivial solutions,

pairs of (PL/K
T
) and φ values that satisfy equilibrium most readily by choosing

values for φ and using the equation to compute the required value for the load

parameter. I have plotted the branch that results above on the left.

You can imagine what will happen to our structure as we approach and exceed

the critical value; up until the critical load any deflections will be insensible, in

fact zero. This assumes the system has no imperfections say in the initial alignment of the link relative to ver-

tical. If the latter existed, the link would show some small angular rotations even below the critical load. Once

past the critical load we see very large deflections for relatively small increments

in the load, and note the rigid bar could swing either to the right or to the left.

Another way to visualize the effect of exceeding the critical load is to imagine

holding the mechanism straight while you take the load up, then, once past the

critical value, say by 20%, let go... and stand back. The system will jump toward

either equilibrium state possible at that load to the left or to the right5.

The critical value is called the buckling load, often the Euler buckling load.

Before turning to the buckling of beams, we make one final and important

observation: If in the equilibrium equation taken with respect to the deformed

configuration, we say that φ, the deviation from the vertical is small, we can

approximate sinφ ≈ φand our equilibrium equation takes the linear, homogeneous
form

5. In reality the system would no doubt bounce around a good bit before returning to static equilibrium.

PL
KT
------- 1=

1
PL
KT
------- 

 – φ⋅ 0=
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Now how do the solutions of this compare to what we have previously

obtained? At first glance, not very well. It appears that the only solution is the

trivial one, φ = 0. But look! I can also claim a solution if the bracket out front is

zero. This will happen for a special value, an eigenvalue, namely when

PL/K
T
 = 1.0.

Now that is a significant result for, even though we cannot say very much about

the angular displacement, other than it can be anything at all, we have determined

the critical buckling load without having to solve a nonlinear equation.

We will apply this same procedure in our analysis of the buckling of beams. To

do so we need to develop an equation of equilibrium for a beam subject to a com-

pressive load that includes the possibility of small but finite transverse displace-

ments. We do this by considering again a differential element of a beam but now

allow it to deform before writing equilibrium. The figure below shows the

deformed element acted upon by a compressive load as well as a shear force and

bending moment.

Force equilibrium in the horizontal direction is satisfied identically if we allow

no variation of the axial load6. Force equilibrium of the differential element in the

vertical direction requires

while moment equilibrium about the station x yields

6. The buckling of a vertical column under its own distributed weight would mean that P would vary along the
axis of the beam.

∆x

wo(x)

P

V

P

V

Mb

+ ∆V

x

P

wo(x)

∆x

Mb + ∆Mb

V wo ∆x⋅–– V ∆V+( )+ 0=

Mb wo
∆x( )2

2
-------------⋅– V ∆V+( ) ∆x⋅ Mb ∆Mb+( ) P ∆v⋅+ + +– 0=
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The last term in moment equilibrium is only there because we have taken equi-
librium with respect to the slightly deformed configuration. In the limit as ∆ x
→ 0 we obtain the two differential equations:

It is important to distinguish between the lower case and upper case vee; the

former is the deflection of the neutral axis, the latter the shear force. We obtain a

single equilibrium equation in terms of displacement by first differentiating the

second equation with respect to x, then eliminate the term dV/dx using the first

equation. I obtain

We now phrase the bending moment in terms of displacement using the linear-

ized form of the moment-curvature relation, M
b
/(EI) = d2v/dx2

 and obtain

Along the way I have assumed that the applied distributed load w
0
(x) is zero.

This is no great loss; it will have little influence on the behavior if the end load

approaches the buckling load. It is a straight forward matter to take its effect into

account. In order to focus on the buckling mechanism, we leave it aside.

This is a fourth order, ordinary, linear differential, homogeneous equation for

the transverse displacement of the neutral axis of a beam subject to an end load, P.

It must be supplemented by some boundary conditions on the displacement and its

derivatives. Their expression depends upon the particular problem at hand. They

can take the form of zero displacement or slope at a point, e.g.,

xd
dV

wo x( )=

and

xd

dMb V P
xd

dv⋅+ + 0=

x2

2

d

d Mb P
x2

2

d

d v⋅+ wo x( )–=

EI( )
x4

4

d

d v⋅ P
x2

2

d

d v⋅+ 0=

v 0= or
xd

dv 0=
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They can also involve higher derivatives of v(x) through conditions on the

bending moment at a point along the beam, e.g., a condition on

This last is a restatement of the differential equation for force equilibrium

found above, which, since we increased the order of the system by differentiating

the moment equilibrium equation, now appears as a boundary condition

Exercise 10.4

A beam of Length L, moment of inertia in bending I, and made of a material
with Young's modulus E, is pinned at its left end but tied down at its other
end by a linear spring of stiffness K. The beam is subjected to a compres-
sive end load P.

Show that the Euler buckling load(s) are determined from the equation

Show also that it is possible for the system to go unstable without any elastic

deformation of the beam. That is, it deflects upward (or downward), rotating about

the left end as a rigid bar. Construct a relationship an expression for the stiffness

of the linear spring relative to the stiffness of the beam when this will be the case,

the most likely mode of instability.

We start with the general solution to the differential equation for the deflection

of the neutral axis, that described by the function v(x).

Letting λ2 = (P/EI) this can be written more simply as

In this, c1, c2, c3, and c4 are constants which will be determined from the

boundary conditions. The latter are as follows:

Mb EI( )
x2

2

d

d v⋅=

or on the shear force

V EI( )–
x3

3

d

d v⋅ P
xd

dv
–=

P

v(x)

x

L

EI

P
KL
------- 

  1– PL2 EI( )⁄sin 0=

v x( ) c1= c2x c3
P
EI
------xsin c4

P
EI
------xcos+++

v x( ) c1= c2x c3 λxsin c4 λxcos+++
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At the left end, x=0, the displacement vanishes so v(0) = 0 and since it is

pinned, free to rotate there, the bending moment must also vanish Mb(0) =0 or

d2v/dx2 =0 while at the right end, x=L, the end is free to rotate so the bending

moment must be zero there as well: Mb(L) =0       or   d2v/dx2 =0

The last condition (we need four since there are four constants of integration)

requires drawing an isolation of the end. We see from force equilibrium of the tip

of the beam that

where F is the force in the spring, positive if the end moves upward, and V, the shear force,
is consistent with our convention set out prior to deriving the differential equation for v(x).
Expressing V in terms of the displacement v(x) and its derivatives we can write our fourth
boundary condition as:

d3v/dx3 + (P/EI)dv/dx - (K/EI) v(L) = 0 or d3v/dx3 + λdv/dx - β v(L) = 0

where I have set  β = K/EI.

To apply these to determine the c’s, we need expressions for the derivatives of

v(x), up to third order. We find

dv/dx = c2 + c3λ  cosλx - c4 λ  sinλx

d2v/dx2= - c3λ2 sinλx - c4 λ2cosλx

d3v/dx3= - c3λ3 cosλx + c4 λ3 sinλx
With these, the boundary conditions become

at x= 0.

v(0)=0:                c1                                                     +  c4      = 0

d2v/dx2= 0:   +  c4      = 0

at x = L.

d2v/dx2= 0:                                        (λ2sin λL) c3                  = 0

   ( λ2 - βL )c2             - (sin λL) c3                   = 0

Now these are four, linear homogeneous equations for the four constants, c1-
c4. One solution is that they all be zero. This, if your were to report to your boss

would earn your very early retirement. The trivial solution is not the only one. In

fact there are many more solutions but only for special values for the end load P,

P
V

F=K v(L) v positive up

          V+F=0       or         V +Kv(L) = 0
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(λ). We know from our prior studies of systems of linear algebraic equations that

the only hope we have for finding non zero c's is to have the determinant of the

coefficients of the linear system be zero. The eigenvalues are obtained from this

condition.

Rather than evaluate the determinant, we will proceed by an alternate path, no

less decisive. From the second equation we must have c4 =0. Then, from the first

we must have c1=0.
Turning to the third equation, we might conclude that c3 is zero as well. That

would be a mistake. For we might have sinλL =0.

Now consider the last two as two equations for c2 and c3. The determinant of

the coefficients is

which, when set to zero, can be written

This can be made zero in various ways.

•  We can have

                              (P/KL) = 1

•  or we can set

sin [PL2/(EI)]1/2= 0 which has roots PL2/(EI) = π2, 4π2, 9π2,...

The critical eigenvalue will be the lowest one, the one which gives the lowest

value for the end load P. We see that this depends upon the stiffness of the linear

spring relative to the stiffness of the beam as expressed by EI/L3. For the mode of

instability implied by the equation (P/KL) = 1, we must have

                 P = KL < π2EI/L2  or           K/ (EI/L3) < π2

If this be the case, then the coefficient of c2 in the last of our four equations will be zero.
At the same time, sinλL will not be zero in general so c3 must be zero. The only non-zero
coefficient is c2 and, our general solution to the differential equation is simply

                                                          v(x)= c2x
This particular buckling mode is to be read as a rigid body rotation about the

left end.

If, on the other hand, the inequality goes the other way, then another mode of

instability will be encountered when

                                                      P = π2EI/L2

Now c2 must vanish but c3 can be arbitrary. Our deflected shape is in accord

with

                                                         v(x) = c3 sin λx

λ2 β L⋅–( ) λL( )sin⋅

P
KL
------- 

  1– PL2 EI( )⁄sin 0=
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and is sketched below. Note in this case the linear spring at the end neither extends nor
contracts.

Observe

•  There are still other special, or eigenvalues, which accompany other,
higher, mode shapes.  The next one, corresponding to PL2/EI = 4π2,
would appear as a full sine wave   But since the lower critical mode is the
most probable, you would rarely see this what remains as but a mathemat-
ical possibility.

• If we let K be very large relative to (EI/L3), we approach a beam pinned at
both ends. The buckled beam would appear as in the figure above.

• Conversely, If we let K be very small relative to the beam’s stiffness, we
have a situation much like the system we previously studied namely a
rigid bar pinned at an end but restrained by a torsional spring. In fact, we
get the same buckling load if we set the KT of the torsional spring equal to
KL2.

• We only see the possibility of buckling if we consider equilibrium with
respect to the deformed configuration.

10.3 Matrix Analysis of Frame Structures

We return to the use of the computer as an essential tool for predicting the behav-

ior of structures and develop a method for the analysis of internal stresses, the

deformations, displacements and rotations of structures made up of beams, beam

elements rigidly fixed one to another in some pattern designed to, as is our habit,

to support some externally applied loads. We call structures built up of beam ele-

ments, frames.

Frames support modern skyscrapers; your bicycle is a frame structure; a canti-

levered balcony might be girded by a frame. If the structure’s members are

intended to support the externally applied loads via bending, the structure is a

frame.

P

L

A
v(x) = A sin λx
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As we did with truss structures, structures that

are designed to support the externally applied

loads via tension and compression of its mem-

bers, we use a displacement method. Our final

system of equations to be solved by the machine

will be the equilibrium equations expressed in

terms of displacements.

The figure shows a frame, a building frame,

subject to side loading, say due to wind. These

structural members are not pinned at their joints.

If they were, the frame would collapse; there

would be no resistance to the shearing of one floor relative to another. The struc-

tural members are rigidly fixed to one another at their joints. So the joints can

transmit a bending moment from one element to another.

The figure at the left shows how we might

model the frame as a collection of discrete,

beam elements. The number of elements is

quite arbitrary. Just how many elements is

sufficient will depend upon several factors,

e.g., the spatial variability of the externally

applied loads, the homogeniety of the materi-

als out of which the elements are made, the

desired "accuracy" of the results.

In this model, we represent the structure as an

assemblage of 16 elements, 8 horizontal, two

for each floor, and 8 vertical. At each node

there are three degrees of freedom: a horizon-

tal displacement, a vertical displacement, and

the rotation at the node. This is one more

degree of freedom than appeared at each node of our (two-dimensional) truss

structure. This is because the geometric boundary conditions at the ends, or junc-

tion, of a beam element include the slope as well as the displacement.

With 12 nodes and 3 degrees of freedom per node, our structure has a total of

36 degrees of freedom; there are 36 displacements and rotations to be determined.

We indicate the applied external force components acting at but two of the nodes:

X1, Y1 act at node 1 for example; M1 stands for an applied couple at the same

node, but we do not show the corresponding components of displacement and

rotation.

Equilibium in terms of displacement will require 36 linear, simultaneous equa-

tions to be solved. This presents no problem for our machinery.

We will construct the system of 36 equilibrium equations in terms of displace-

ment by directly evaluating the entries of the whole structure’s stiffness matrix. To

do this, we need to construct the stiffness matrix for each individual beam ele-

ment, then assemble the stiffness matrix for the entire structure by superimposi-

tioning.  What this means will become clear, I hope, in what follows.

X1

Y1

M1

X2

Y2

M2

3

4

5               9

6

7              11

8               12

10
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Our approach differs from the way we treated truss structures. There we con-

structed the equilibrium equations by isolating each node of the truss; then wrote

down a set of force-deformation relations for each truss member; then another

matrix equation relating the member deformations to the displacement compo-

nents of the nodes. We then eliminated the member forces in terms of these nodal

displacements in the equilibrium equations to obtain the overall or global stiffness

matrix for the entire truss structure. Only at this point, at the end of our construc-

tion, did we point out that that each column of the stiffness matrix can be inter-

preted as the forces required to maintain equilibrium for a unit displacement

corresponding to that column, all other displacements being held to zero. This is

the way we will proceed from the start , now, constructing first the stiffness matrix

for a horizontal beam element.

The figure at the right shows such an

element. At each of its end nodes, we

allow for an axial, a transverse force

and a couple. These are assumed to be

positive in the directions shown. The

displacement components at each of the

two ends - v1, v2, in the transverse direc-

tion, u1, u2, in the axial direction - and

the slopes at the ends, φ1 and φ2, are also

indicated; all of these are positive in the

directions shown.

The bottom figure shows a possible

deformed state where the displacements

an rotations are shown more clearly

(save u2).

Our first task is to construct the entries in the stiffness matrix for this beam

element.  It will have the form:

A basic feature of matrix multiplication,

of this expression, is the following: each

column may be interpreted as the force

and moment components, the left side of

the equation, that are required to main-

tain a deformed configuration of a unit

displacement corresponding to that col-

umn and zero displacements and rota-

tions otherwise. For example, the entries

in the first column may be interpreted as

F1, S1...Q2 for the displacement

           u1 =1    and v1= φ1 = u2 = v2 =   φ2 = 0

S1, v1 S2, v2

Q1, φ1 Q2 φ2

F1, u1 F2 u2

φ1

u1

v1

v2

φ2

F1

S1

Q1

F2

S2

Q2

u1

v1

φ1

u2

v2

φ2

=
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This turns out to be a particularly

easy column to fill in, for this deforma-

tion state, shown in the figure, only

requires axial forces F1 and F2 to

induce this displacement and maintain

equilibrium.

In fact, if u1 =1, then the force required to produce this uint displacement is

just (AE/L) 1. This meand that F2, in this case, must, in order for equilibrium to

hold, be equal to - (AE/L). No other forces or moments are required or engen-

dered. Hence all other elements of the first column of the stiffness matrix, the

column corresponding to u1, must be zero.

The elements of the fourth col-

umn, the column corresponding to

the displacement u2, are found just

as easily. In this case F2 = (AE/L)

and F1 = - (AE/L) for equilibrium.

Our stiffness matrix now has the

form shown at the right. We con-

tinue considering the second column

and envision the displace configura-

tion

v1 = 1 and u1 = φ1 = u2 = v2 = φ2

=0.

The figure at the left shows the

deformed state. In this it appears we

will require a S1 and a Q1 but no axial

force. Remember, we assume small dis-

placements and rotations so the axial

force does not effect the bending of the

beam element (and, similarly, bending of the beam does not induce any axial

deformation). Only if we allow greater than small displacements and rotations

will an axial load effect bending; this was the case in buckling but we are not

allowing for buckling.

To determine what end force S1, and what end couple, Q1, are required to make

the vertical displacement at the end of a cantilever equal 1 and the slope there zero

- it’s a cantilever because the vertical displacement and rotation at the right end

must be zero -we make use of the known expressions for the tip displacement and

rotation due to an end load and an end couple, then superimpose the two to ensure

a vertical displacement of 1 and rotation of zero.

For a vertical, end load S1, we have from the relationships given on page 182 ,

F1, u1 F2

F1

S1

Q1

F2

S2

Q2

AE
L

-------- ? ? AE
L

--------– ? ?

0 ? ? 0 ? ?

0 ? ? 0 ? ?

AE
L

--------– ? ?
AE
L

-------- ? ?

0 ? ? 0 ? ?

0 ? ? 0 ? ?

u1

v1

φ1

u2

v2

φ2

=

 V1=1

Q1

S1

Q2

S2
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 For an end couple, Q1, we have

If both a vertical force and a couple

act, then, superimposing, we obtain the

following two equations for determining

the vertical displacement and the rotation

at the end of the beam:

Now we set the vertical displacement

equal to unity, v1 = 1, and the slope zero,

φ1 =0, and solve these2 equations for the required end load S1 and the required end

couple Q1. We obtain:

S1 = (12EI/ L3)        and        Q1 = (6EI/L2)

The force and couple at the right end of the element are obtained from equilib-

rium.  Without even drawing a free body diagram (living dangerously) we have:

S2 = - (12EI/ L3)        and        Q2 = (6EI/L2)

Thus the elements of the second col-

umn of the matrix are found and our

stiffness matrix now has the form

shown.

v1
L3

3EI
--------- 

  S1⋅= and
xd

dv

1

φ=
1

L2

2EI
--------- 

  S1⋅–=

v1
L2

2EI
--------- 

 – Q1⋅= and φ1
L

EI
------ 

  Q1⋅=

S1

-φ1

v1

End load.

φ1

-v1

End couple

Q1

v1
L3

3EI
--------- 

  S1⋅=
L2

2EI
--------- 

 – Q1⋅

φ1
L2

2EI
--------- 

  S1⋅–
L

EI
------ 

  Q1⋅+=

 v1=1

Q1

S1

Q2

S2
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The elements of the third

column, corresponding to a

unit rotation φ1 = 1 and all

other displacements and

rotations zero, are found

again from two simulta-

neous equations but now we

find, with v1 = 0 and φ1 = 1:

S1 = (6EI/ L2) and Q1 =
(4EI/L)

Again, the force and

couple at the right end of

the element are obtained

from equilibrium. Now we

have:

S2 = - (6EI/ L2)     and        Q2 = (2EI/L)

With this, our stiffness matrix becomes as shown.

F1

S1

Q1

F2

S2

Q2

AE
L

-------- 0 ? AE
L

--------– ? ?

0
12EI

L
3

------------ ? 0 ? ?

0
6EI

L2
--------- ? 0 ? ?

AE
L

--------– 0 ?
AE
L

-------- ? ?

0
12EI

L3
------------– ? 0 ? ?

0
6EI

L2
--------- ? 0 ? ?

u1

v1

φ1

u2

v2

φ2

=

F1

S1

Q1

F2

S2

Q2

AE
L

-------- 0 0 AE
L

--------– ? ?

0
12EI

L
3

------------
6EI

L2
--------- 0 ? ?

0
6EI

L2
---------

4EI
L

--------- 0 ? ?

AE
L

--------– 0 0
AE
L

-------- ? ?

0
12EI

L3
------------– 6EI

L2
---------– 0 ? ?

0
6EI

L2
---------

2EI
L

--------- 0 ? ?

u1

v1

φ1

u2

v2

φ2

=
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Proceeding in a

similar way at the

right end of the beam

element, we can con-

struct the elements

of the final two col-

umns corresponding

to a unit displace-

ment, v2 =1 (the fifth

colunm) and a unit

rotation at the end,

φ2 = 1, (the sixth col-

umn). Our final

result is:

Exercise 10.5

Construct the stiffness matrix for the
simple frame structure shown.

We employ the same approach as used in

constructing the stiffness matrix for the sin-

gle, horizontal beam element. We consider a

unit displacement of each degree of freedom

— U1, V1, Φ1, U2, V2, and Φ2 — constructing

the corresponding column of the stiffness

matrix of the whole structure in turn. Note how we use capital letters to specify

the displacements and rotations of each node relative to a global coordinate refer-

ence frame.

We start, taking U1 = 1, and consider what

force and moment components are required to

both produce this displacement and ensure

equilibrium at the nodes. Since all other dis-

placement and rotation components are zero,

we draw the deformed configuration at the left.

Refering to the previous figure, we see that we

must have a horizontal force of magnitude AE/

a + 12EI/b3 applied at node #1, and a moment

of magnitude 6EI/b2 to maintain this deformed

configuration. There is no vertical force

required at node #1.

At node #2, we see we must apply, for equilibrium of the horizontal beam ele-

ment, an equal and opposite force to X1= AE/a. No other externally applied forces

are required.

F1

S1

Q1

F2

S2

Q2

AE
L

-------- 0 0
AE
L

---------– 0 0

0
12EI

L
3

------------
6EI

L2
--------- 0

12EI

L3
------------–

6EI

L2
---------

0
6EI

L2
---------

4EI
L

--------- 0
6EI

L2
---------–

2EI
L

---------

AE
L

--------– 0 0
AE
L

-------- 0 0

0
12EI

L3
------------–

6EI

L2
---------– 0

12EI

L
3

------------
6EI

L2
---------–

0
6EI

L2
---------

2EI
L

--------- 0
6EI

L2
---------–

4EI
L

---------

u1

v1

φ1

u2

v2

φ2

=

X1,U1

Φ1
Μ1 Μ2 Φ2

X2,U2

Y1,V1 Y2,V2

a

b

X1= AE/a

a X2= -AE/a

b

12EI/b3

=1U1

Φ1
= 0

= 0V1

6EI/b2
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Thus, the first column of

our stiffness matrix appears as

shown at the right:

Entries in the second col-

umn are obtained by setting

V1 = 1 and all other displace-

ment components zero. The

deformed state looks as below;

The forces and moments required to engender this state and maintain equilib-

rium are obtained from the local stiffness matrix for a single beam element on the

previous page. Thus, the second column of our stiffness matrix can be filled in:

Continuing in this way, next setting F1 = 1, all other displacements zero,

sketching the deformed state, reading off the required force and moment compo-

nents to maintain this deformed state and superimposing corresponding compo-

X1

Y 1

M1

X2

Y 2

M2

AE
a

--------
12EI

b
3

------------+ ? ? ? ? ?

0 ? ? ? ? ?

6EI

b2
--------- ? ? ? ? ?

AE
a

--------– ? ? ? ? ?

0 ? ? ? ? ?

0 ? ? ? ? ?

U1

V 1

Φ1

U2

V 2

Φ2

=

 12EI/a3

a

b

=1V1

Φ1
= 0

= 0Y1

AE/b 6EI/a2

-12EI/a3

6EI/a2

X1

Y 1

M1

X2

Y 2

M2

AE
a

--------
12EI

b
3

------------+ 0 ? ? ? ?

0 AE
b

--------
12EI

a
3

------------+ ? ? ? ?

6EI

b
2

---------
6EI

a
2

--------- ? ? ? ?

AE
a

--------– 0 ? ? ? ?

0
12EI

a
3

------------– ? ? ? ?

0
6EI

a
2

--------- ? ? ? ?

U1

V 1

Φ1

U2

V 2

Φ2

=
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nents at each of the two nodes, produces the stiffness matrix for the whole

structure. We

obtain:

10.4 Energy Methods

Just as we did for Truss Stuctures, so the same perspective can be entertained for

beams.

 A Virtual Force Method for Beams

The intent here is to develop a way of computing the displacements of a (stati-

cally determinate) beam under arbitrary loading and just as arbitrary boundary

conditions without making explicit reference to compatibility condiditions, i.e.

without having to integrate the differential equation for transverse displacements.

The approach mimics that taken in the section on Force Method #1 as applied to

statically determinate truss structures.

We start with the compatibility condition

which relates the curvature, κ = 1/ρ, to

the transverse displacement, v(x),

X1

Y 1

M1

X2

Y 2

M2

AE
a

--------
12EI

b
3

------------+ 0 6EI

b
2

---------
AE
a

---------– 0 0

0 AE
b

--------
12EI

a
3

------------+
6EI

a2
--------- 0

12EI

a3
------------–

6EI

a2
---------

6EI

b
2

---------
6EI

a
2

---------
4EI

b
---------

4EI
a

---------+ 0
6EI

a2
---------–

2EI
a

---------

AE
a

--------– 0 0 AE
a

--------
12EI

b
3

------------+ 0 6EI

b
2

---------

0
12EI

a3
------------–

6EI

a2
---------– 0 AE

b
--------

12EI

a
3

------------+
6EI

a2
---------–

0
6EI

a2
---------

2EI
a

---------
6EI

b
2

---------
6EI

a2
---------– 4EI

a
---------

4EI
b

---------+

U1

V 1

Φ1

U2

V 2

Φ2

=

ρ

v(x)

v(x)

x

κ
x2

2

d

d
v x( )=
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and take a totally unmotivated step, multiplying both side of this equation by a function of

x which can be anything whatsoever, we integrate over the length of the beam:

This arbitrary function bears an asterisk to distinguish it from the actual bending moment
distribution in the structure.

At this point, the function M* could be any function we wish, but now we

manipulate this relationship, integrating the right hand side by parts and so obtain

Integrating by parts once again, we have

then consider the function M*(x) to be a
bending moment distribution, any bend-
ing moment distribution that satisfies the
equilibrium requirement for the beam, i.e.,

So p*(x) is arbitrary, because

M*(x) is quite arbitrary - we can envi-

sion many different applied loads functions.

With this our compatibility relationship pre-multiplied by our arbitrary func-

tion, now read as a bending moment distribution, becomes

κ
0

L

∫ M* x( ) xd⋅ ⋅ M* x( )
x2

2

d

d⋅
0

L

∫ v x( ) xd⋅=

κ
0

L

∫ M* x( ) xd⋅ ⋅ M*

xd
dv⋅

0

L

xd
dv

xd
dM*

xd⋅ ⋅
0

L

∫–=

κ
0

L

∫ M* x( ) xd⋅ ⋅ M*

xd
dv⋅

0

L

xd
d

M*
( ) v⋅

0

L

– v
x2

2

d

d M*

xd⋅ ⋅
0

L

∫+=

v(x)

v(x)

x

x

y V
Mb

p(x)

0                                   L

p(x)

x2

2

d

d
M* x( ) p* x( )=

κ
0

L

∫ M* x( ) xd⋅ ⋅ M*

xd
dv⋅

0

L

xd
d

M*
( ) v⋅

0

L

– p* x( ) v x( ) xd⋅ ⋅
0

L

∫+=
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(Note: the dimensions of the quantity on the left hand side of this last equation

are force times length or work. The dimensions of the integral and boundary

terms on the right hand side must be the same).

Now we choose p*(x) in a special way; we take it to be a unit load at a single

point along the beam, all other loading zero. For example, we take

a unit load in the vertical direction at a distance a along the x axis.

Carrying out the integration in the equation above, we obtain just the displace-

ment at the point of application, at x = a, i.e.,

We can put this last equation in terms of bending moments alone using the

moment/curvature relationship, and obtain:

And that is our special method for determining displacements of a statically

determinate beam. It requires, first, solving equilbrium for the "actual" bending

moment given the "actual" applied loads. We then solve another equilibrium

problem - one in which we apply a unit load at the point where we seek to deter-

mine the displacement and in the direction of the sought after displacement. With

this bending moment distribution determined from equilibrium, we carry out the

integration in this last equation and there we have it.

Note: We can always choose the "starred" loading such that the "boundary

terms" in this last equation all vanish. Some of the four terms will vanish because

of vanishing of the displacement or the slope at a boundary. (The unstarred quan-

tities must satisfy the boundary conditions on the actual problem).Granting this,

we have more simply

We emphasze the difference between the two moment distributions appearing

in this equation; M(x), in plain font, is the actual bending moment distribution in

the beam, given the actual applied loads. M*(x), with the asterisk, on the other

hand, is some originally arbitrary, bending moment distribution which satisfies

equilibrium - an equilibrium solution for the bending moment corresponding to a

unit load in the vertical direction at the point x=a.

p* x( ) 1 x a–( )δ⋅=

v a( ) κ
0

L

∫ M* x a;( ) xd⋅ ⋅ M*

xd
dv⋅

0

L

xd
d

M*
( ) v⋅

0

L

–+=

v a( ) M x( )
EI

-------------

0

L

∫ M* x a;( ) xd⋅ ⋅ M*

xd
dv⋅

0

L

xd
d

M*
( ) v⋅

0

L

–+=

v a( ) M x( )
EI

-------------

0

L

∫ M* x a;( ) xd⋅ ⋅=
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As an example, we consider a cantile-

ver beam subject to a distributed load

p(x), which for now, we allow to be any

function of distance along the span.

We seek the vertical displacement at

x=a.

We determine the bending moment dis-

tribution corresponding to the unit load

at a. This is shown in the figure at the

left, at the bottom of the frame. With

this, our expression for the displace-

ment at a becomes:

Note that:

i) M* at x= L and S* (= dM*/dx) at x=L
are zero so the two boundary terms in

the more general expression for v(a)
vanish.

ii) At the root, v=0 and f (= dv/dx) =0 so the two boundary terms in the more

general expression for v(a) vanish.

iii) Finally, note that since the bending

moment M*(x;a) is zero for x>a, the limit

of integration in the above equation can be

set to a.

We now simplify the example by tak-

ing our distributed load to be a constant,

p(x)= p0.

From the free body diagram at the

right, we find

and so the integral left to evaluate is:

x

x=L

p(x)

p*(x) = 1δ(x-a)

a

v(x)

p*(x) = 1δ(x-a)

a

a

M*(x;a)= 1(a-x)

                       M*(x;a)=0

1a
v a( ) M x( )

EI
-------------

0

a

∫ a x–( ) xd⋅ ⋅=

x

v(x) p(x) = p0

 p0

(L-x)

M(x)

M x( ) p0 L x–( )2⋅ 2⁄=

v a( )
p0 L x–( )2⋅ 2⁄

EI
------------------------------------

0

a

∫ a x–( ) xd⋅ ⋅
p0

2EI
--------- L x–( )2

0

a

∫ a x–( ) xd⋅ ⋅ ⋅= =



292           Chapter  10

which, upon evaluation yields

Again, the significant thing to note is that we have produced an expression for

the transverse displacement of the beam without confrontation with the differen-

tial equation for displacement! Our method is a force method requiring only the

solution of (moment) equilibrium twice over.

    A Virtual Displacement Method for Beams

The game now is to construct the stiffness matrix for a beam element using dis-

placement and deformation/displacement considerations alone. We consider a

beam element, uniform in cross-section and of length L, whose end displacements

and rotations are presecribed and we are asked to determine the end forces and

moments  required to produce this system of displacements.

In the figure at the right, we show the

beam element, deformed with prescribed

end displacements v1, v2, and prescribed

end rotations φ1, φ2. The task is to find

the end forces, S1, S2 and end moments

Q1, Q2, that will produce this deformed

state and be in equilibrium and we want

to do this without having to consider

equilibrium explicitly.

We start with equilibrium:7

and take a totally unmotivated step, multiplying the first of these equations, the one ensur-
ing force equilbirium in the vertical direction, by some function v*(x) and the second, the
one ensuring moment equilbrium at any point along the element, by another function
φ∗ (x), then integrate the sum of these products over the length of the element.

The functions v*(x) and φ*(x) are quite arbitrary; at this stage in our game they could be
anything whatsoever and still the above would hold true, as long as the shear force and
bending moment vary in accord with the equilibrium requirements. They bear an asterisk

7. Note: our convention for positive shear force and bending moment is given in the figure.
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to distinguish them from the actual displacement and rotation at any point along the beam
element.

Now we manipulate this relationship, integrating by parts, noting that:

and write

Now from the figure, we identify the internal shear force and bending moments

acting at the ends with the applied end forces and moments, that is

S1 = - V(0), Q1 = - M(0),   S2 = + V(L),      and Q2 = +M(L).

so we can write

We now restrict our choice of the arbitrary functions v*(x) and φ*(x)8. We

associate the first with a transverse displacement and the second with a rotation

while requiring that there be no transverse shear deformation, i.e, plane cross sec-

tions remain plane and perpendicular to the neutral axis. In this case

so the first term in the integral on the right hand side vanishes, leaving us with the follow-
ing;

8. Actually we have already done so, insisting that they are continuous to the extent that their first derivatives
exist and are integrable, in order to carry through the integration by parts.
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We can cast the integrand into terms of member deformations alone (and member stiff-
ness, EI), by use of the moment curvature relationship

and write

And that will serve as our special method for determining the external forces

and moments, acting at the ends, given the prescribed displacement field v(x).
The latter must be in accord with equilibrium, our starting point; that is

Thus v(x), our prescribed displacement along the beam element, has the form:

and

With this, our relationship among end forces, end moments, and prescribed

displacements becomes

The coeficients a2 and a3, as well as a0 and a1, can be related to the end displacements and
rotations, v1, φ1, v2 and φ2 but we defer that task for the moment.

Instead, we choose a v*(x) to

give a unit displacement v1* = 1 and

the other end displacement and rota-

tions to be 0. There are many func-

tions that will do the job; we take
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differentiate twice, and carry out the integration to obtain

Now we relate the a’s to the end displacements and rotations.  With

we solve for the a’s and obtain

which then yields the following result for the end force required, S1, for prescribed end
displacements and rotations v1, φ1, v2, and φ2.

The same ploy can be used to

obtain the end moment Q1 required for

prescribed end displacements and

rotations v1, φ1, v2, and φ2. We need

but choose our arbitrary function

v*(x) to give a unit rotation φ1* =
dv*/dx = 1 at the left end, x=0, and

the other end displacements and rota-

tionsto be 0.  There are many functions that will do the job; we take
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differentiate twice, and carry out the integration to obtain

which then yields the following result for the end moment required, Q1, for prescribed end
displacements and rotations v1, φ1, v2, and φ2.

In a similar way, expressions for the end force and moment at the right end,

x=L are obtained. Putting this all together produces the stiffness matrix:

Once again we obtain a symmetric matrix; why this should be is not made clear

in taking the path we did. That this will always be so may be deduced from the

boxed equation on a previous page, namely

by choosing our arbitrary function v*(x) to be identical to the prescribed displacement
field, v(x). We obtain: Now a2 and a3 may be expressed in terms
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of the prescribed end displacements and rotations via the relationships derived earlier,
which, in matrix form, is

Our basic equation then becomes:

so the symmetry is apparent.

If you carry through the matrix multiplication and the integration with respect

to x you will recover the stiffness matrix for the beam element.
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Design Exercise 10.1

Your task is to design a classroom demonstration which shows how the tor-

sional stiffness of a structure depends upon material properties and the geometry

of its stuctural elements.

Your professor has proposed the following as a way to illustrate torsional stiff-

ness and, at the same time, the effects of combined loading on a shaft subjected to

bending and torsion. A small number, N, circular rods or tubes are uniformly dis-

tributed around and fastened to two relatively rigid, end plates.

The rods are rigidly fixed to one of the end plates, say the plate at the left

shown above. The other ends of the rods are designed so that they can be either

free to rotate about their axis or not; that is, the right ends can be fixed rigidly to

the plate or they can be left free to rotate about their axis.

If the rods are free to rotate about their axis, then all resistance to rotation of

the entire structure is due to the resistance to bending of the N rods. (Note not all

N rods are shown in the figure). If, on the other hand, they are rigidly fixed at both

ends to the plates, then the torsional stiffness of the overall structure is due to

resistance to torsion of the N rods as well as bending.

A preliminary design of this apparatus is needed. In particular:

• The torsional stiffness of the entire structure due to bending of the rods is
to be of the same order of magnitude as the torsional stiffness of the entire
structure due to torsion of the rods.

• The overall torsional stiffness should be such that the rotation can be made
visible to the naked eye for torques whose application does not require
excess machinery.

• The apparatus should not fail, yield or break during demonstration.

• It should work with rods of two different materials.

• It should work with hollow tubes as well as solid shafts.

• Attention should be paid to how the ends of the rods are to be fastened to
the plates.
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Design Exercise 10.2

Back to the Diving Board

Reconsider the design of a diving board where now you ar to rely on the elas-

ticity of the board to provide the flexibility and dynamic response you desire. The

spring at a will no longer be needed; a roller support will serve instead. In your

design you want to consider the stresses due to bending, the static deflection at the

end of the board, and its dynamic feel.

a

L
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10.5 Problems - Stesses/Deflections, Beams in Bending

10.1 A force P is applied to the end of a

cantilever beam but the end also is restrained

by a moment M so that it can not rotate, i.e.,

the slope of the deflected curve is zero at both
ends of the beam.  The end is free to deflect

vertically a distance ∆. We can write:

P = K ∆
The beam is made from a material of

Young’s modulus E and its (symmetric) cross-

section has bending moment of inertia I.
Develop an expression for the stiffness K in terms of E, I and L, the length of the

beam.

10.2   A cantilever beam is supported

mid-span with a linear spring.  The

stiffness of the spring, k, is given in

terms of the beam’s stiffness as

• Determine the reactions at the wall,
and the way the shear force and bend-
ing moment vary along the beam.

• Compare the tip deflection with that of a cantilever without mid-span sup-
port.

• What if α gets very large? How do things change?

• What if α gets very small? How do things change?

10.3  Determine the reactions at

the three rollers of the redundantly

supported beam which is uniformly

loaded.

Sketch the shear force and bend-

ing moment distribution.

∆

P

L

M

L/2L/2 P

k = α(3EI/L3)

L/2                      L/2

w0
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10.4 A cantilever beam carries a

uniformly distributed load. Using

Matlab, and the derived, beam

element stiffness matrix, (2

elements) determine the

displacements at midspan and at

the free end.  Compare with the

results of engineering beam

analysis provided in the text.

In this, choose a steel beam to support a distributed load of 1000 lb/ft, and let

the length be 20 ft.

Run Frameworks with 2, 3, 4 elements and compare your results.

10.5    The cantilever beam AB

carries a uniformly distributed

load w0 = 31.25 lb/in

Its lenght is L = 40 in and its

cross section has dimensions

b= 1.5 in      & h = 2  in

Take the Elastic Modulus to be

that of Aluminum, E = 10 E

+06

a) Show that the tip deflection,

according to engineering beam

theory is

v(L) = -1.0 in

b) What is the beam deflection at

mid-span?

c) Model the beam using Frameworks, in three ways; with 1, 2 and 4 elements.

“Lump” the distributed load at the nodes in some rational way. Compare the tip

and midspan deflections with that of engineering beam theory.

10.6 For the beam subject to "four point bending",determine the expression for

the mid-span displacement as a function of P, L and a.

Do the same for the

displacement of a point

where the load is applied.

L/2                 L/2

wo

L

A B

w0

1 element

2 elements

4 elements

b

h

2ba a

    L

P P
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10.7   Given that the tip deflection of

a cantilever beam, when loaded

midspan, is linearly dependent upon the

load according to

Pm = km δm where km = 1000 N/

mm

and given that the tip deflection of a

cantilever beam, when loaded at its free
end, is linearly dependent upon the load

according to Pe= ke δe where ke = 300

N/mm and given that the deflection of a

spring when loaded is linearly depen-

dent upon the load according to

Fs = ks δs   where ks  = 500 N/mm

Develop a compatibility condition expressing the tip displacement (with the

spring supporting the end of the beam) in terms of the load at mid-span and the

force in the spring. Expressing the tip displacement in terms of the force in the

spring using the third relationship above, show that

10.8  A beam is pinned at its left

end and supported by a roller at 2/

3 the length as shown.  The beam

carries a uniformly distributed

load, w0  ,  <F/L>

Derive the displacement function

from the integration of the

moment-curvature relationship,

applying the appropriate boundary and matching conditions..

10.9   The roller support at the

left end of the beam of problem

above is replace by a cantilever

support - i.e., its end is now fixed -

and the roller support on the right is

moved out to the end.

Using superpositioning and the

displacement functions given in the

text :

i) Determine the reaction at the

roller.

ii) Sketch the bending moment distribution and determine where the maximum

bending moment occurs and its value in terms of w0L

δS

FsL/2

L

δm

Pm

L

δe

                             Pe

Fs

ks

km 1 ks ke⁄+( )⋅
-------------------------------------- Pm⋅=

2/3 L                          1/3 L

w0

L

w0
x

y V
Mb
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iii) Where is the displacement a maximum?  Express it in terms of w0L4/EI

10.10 A beam, pinned at both ends, is

supported by a wire inclined at 45 degrees as

shown. Both members are two force members

if we neglect the weight of the beam. So it is a

truss. But because the beam is subject to an

axial compressive load, it can buckle and we

must analyze it as a beam-column.

The wire resists the vertical motion of the end
where the weight is applied just as a linear spring if
attached at the end would do; so the buckling prob-
lem is like that of exercise 10.4 in the textbook.

If both the wire and the beam are made of the same material, (with yield stress σy:

i) Determine when the beam would buckle, in terms of the applied end load, W, and the
properties of wire and beam. In this, consider all possible modes.

ii) What relationship among the wire and beam properties would have the wire yield at the
same load, W, at which the beam buckles?

10.11  For small

deflections and

rotations but with

equilibrium taken

with resped to the

deformed

configuration, we

derived the

following

differential

equation for the

transverse

displacement of the end-loaded, “beam-column”

At x = -L/2 and x = +L/2,

L
W

45o

EI

AE

x

v(x)

PP

x= - L/2                                                        x= + L/2

v(x)=?

EI

x4

4

d

d v λ2

x2

2

d

d v⋅+ 0=

where

λ2 P
EI
------=

v 0 ;=
xd

dv 0=
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       The general solution is:

Given the boundary conditions above, set up the eigenvalue problem for deter-

mining (1) the values of L for which you have a non-trivial solution (the eigenval-

ues) and (2) the relative magnitudes of the “c” coeficients which define the

eigenfunctions.

10.12 We want to find an expression

for the off-center displacement, v(b),
of the beam, Experiment #6, 1.105. We

will do this in three ways:

•  By superpositioning the known solu-
tion for the beam carrying but a single
(off-center) load.

• By the “virtual force” method of sec-
tion 10.4 of the text.

• By a finite element computation using Frameworks.

We will take L = 22 in.             a = 8 in.     b = 4 in. in what follows.

By superpositioning the known solution for
the beam carrying but a single (off-center)
load.  For a point load, at distance a from the
left end, we have

For x < a:

For x > a:

Find the displacement at x=b, v(b), for the case in which two loads are symmetrically

applied. Express your results in the form v(b) = (Some number) * PL3/3EI

v x( ) c1= c2x c3 λxsin c4 λxcos+++

x
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v
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10.13 By the “virtual force”

method of section 10.4 of the

text:

Here we have that

where M*(x) is the bending
moment distribution due to a unit,
virtual force acting at x=b. Mb(x)

is the real bending moment distri-
bution due to the applied loads.

Because of the piecewise nature of
the descriptions of these two func-
tions of x, we must break the inte-
gration up into four parts:

We have, as shown in class (after correction of error):

Also, as shown in class, we non-dimensionalize setting

This gives:

Now alpha and beta are just numbers.  So what is within the curly brackets is itself just a
number; so once again we can express your results in the form v(b) = (Some number) *

PL3/3EI.  Do this and compare with the first formulation.
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10.14 By a finite element

computation using Frameworks.

I suggest you use 6 elements as
shown at the right.

If you choose P, E and I so that the

factor PL3/EI is some power (posi-
tive or negative) of ten, then the
value of v(b) you obtain as output
vertical displacement at node #1
will be easily compared with the
two previous solutions.

x
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P
L

v
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