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Prerequisites

The prerequisites of this course include (but not limited to) the following:

e An understanding of electromagnetic theory and propagation principles (Maxwell’s equations, plane
waves, ..etc.).

e A general knowledge of transmission lines theory.
e An understanding of basic calculus (integration, matrix algebra, differential equations, ..etc.).

e An intermediate level in English so the student can understand the lectures and their handouts. Arabic
glossary for some difficult words may be provided when they appear in the lecture notes for the first
time.

Learning Objectives

This course aims to help the students understanding the basics of Microwave theory and techniques. It also
intends to introduce the applications of Microwave Engineering in the modern communication and radar
systems.

By the end of this course, the students should be able to understand basic Microwave electromagnetic struc-
tures, analyze Microwave networks, and design simple passive and active Microwave components.



Microwave Engineering

Course Book

Course Contents

Subject

Detalils

Duration
(Hours)

Introduction to Microwave Engineering

Introducing the concept of Microwave Engineer-
ing and its difference from other fields of sci-
ence. in addition, various applications of devices
and systems realized by applying Microwave En-
gineering principles will be explored.

Review of Electromagnetic Theory

This review will focus on different theoretical and
mathematical aspects of electromagnetic theory
that are relevant to Microwave Engineering.

Microwave Rectangular and Circular
Waveguides

Introducing waveguides and their usage in mi-
crowave systems, solving Helmholtz equation in
rectangular and cylindrical coordinates, applying
the solution of Helmholtz equations to waveguides
with rectangular and circular cross section. Solv-
ing for TE and TM modes and their propagation
parameters, description of power flow in waveg-
uides.

Microwave and RF Transmission Lines

Introduction to transmission lines, equivalent cir-
cuit representation of transmission lines, trans-
mission line equation, traveling voltage and cur-
rent waves, lossless transmission line model, pla-
nar transmission lines (microstrip and striplines),
terminated lossless transmission lines, special ter-
mination conditions.

The Smith Chart

The relation between reflection coefficient and
load impedance, impedance and admittance

transformation, parallel and series connections.

Impedance Matching

Matching with lumped elements, single stub tun-
ing, double stub tuning, quarter wave trans-
former.

Microwave Network Analysis

Impedance and equivalent voltages and currents,
impedance and admittance matrices, the scatter-
ing matrix, ABCD network representation, prac-
tical measurements of S-parameters.

Microwave Resonators

Series and parallel resonant circuits, transmission
line resonators, rectangular and circular waveg-
uide resonators.

Microwave and RF Passive Compo-
nents

Power dividers, directional couplers, waveguide
T-junctions, the quarter (900) hybrid.

Microwave and RF Active Components

RF Diodes, BJTs, RF FETs, High Electron Mo-
bility Transistors (HEMTSs).

Modeling of Active Components

Large and small-signal BJT and FET models,
measurement of active RF and microwave de-
vices.

Dr. Ghassan N. Jawad, Uni. of Baghdad

Page 2 of 77




Microwave Engineering Course Book

Biasing Active Components A.ml.)liﬁer classes of operation, BJT biasing, FET 9
biasing.
Characteristics of amplifiers, stability considera-
Microwave and RF Amplifier Design tions, two port power gain, single stage amplifiers, | 6
multistage amplifiers.

Marks Distribution

The marking of this course will be distributed as follows:

e 28% Calculated from the average of different tests taken during the course.

o 2% Attendance.

e 70% Final Exam.

Homework assignments will be given throughout the course. Extra marks will be given to the first five
students who submit a correctly answered assignment via email. The first student with correct
assignment will receive 3 marks, the second student will receive 2 marks. Third, fourth and fifth
students will receive 1 mark each. No answered assignment will be considered after receiving the first five

correct ones.
By the end of the course, the average homework score will be added to the total mark for each student.
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Definition of Microwaves

In general, the term Microwaves refers to the Alternating Current (AC) signals with fre-
quency range between 300 MHz and 300 GHz. This frequency range corresponds to a
wavelength (A = ;= @) between 1 m and 1 mm. Figure (1) illustrates the location of
the microwave frequencies within the electromagnetic spectrum. Microwave frequencies are

further divided into bands, each having a designated letter as illustrated in Table (1).

Reasons for Studying Microwave Engineering

The main reason for studying microwave theory and technique as a dedicated branch of
Electrical engineering is the relationship between the wavelength of operation (\) and the
dimensions of the circuit elements.

Generally speaking, Maxwell’s equations are the universal tool that can be used to analyze
any circuit regardless of its dimensions in terms of its electromagnetic fields. However,
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Figure 1: The location of the microwave frequency range within the electromagnetic spectrum

Table 1: Microwave frequency bands

Band Designator | Frequency (GHz) ‘

UHF 0.3to1
L band 1to 2
S band 2 to 4
C band 4to 8
X band 8 to 12
Ku band 12 to 18
K band 18 to 27
Ka band 27 to 40
V band 40 to 75
W band 75 to 110
mm-Wave band 110 to 300
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Figure 2: A comparison between the wavelength of a microwave signal and the dimensions
of an arbitrary circuit component

solving Maxwell’s equations is an extremely hard task, and it takes experts very long time
to provide a solution for any electrical circuit based on the solution of Maxwell’s equations.
Hence, a number of approximations had to be introduced to simplify circuit analysis and
provide a fast, easy to use methodologies to study and design electrical circuits.

In the case of circuits operating with wavelengths much larger than their own dimensions,
the time taken for the electromagnetic field to propagate from one point of the circuit to
another is a small fraction of its period. Hence, the simple lumped circuit theory is applied,
which represents a simplification of Maxwell’s equations.

In the opposites case, i.e., when the objects of the circuit elements are much larger than the
wavelength, optical laws, which are another type of simplification of Maxwell’s equations,
are applied. In this approximation, electromagnetic fields are treated as optical traces and
the circuit components are no longer treated as lumped elements.

The microwave range corresponds to those cases when the wavelengths are of the same order
(roughly, from one-tenth to 10 times) as the circuit dimensions (as shown in Figure (2b)), so
that neither one nor the other approximation is permissible: Maxwell’s equations must be
solved in their entirety.

For microwave frequencies, the finite propagation velocity of electromagnetic waves can lo
longer be neglected. For these frequencies, the time delay associated with signal propagation
from one end of a component to the other is an appreciable fraction of the signal period, and
thus lumped-element description are no longer adequate to describe electrical behavior. The
time delay associated with finite wave propagation velocity that gives rise to the distributed
circuit effects is a distinguishing feature of the mindset of Microwave Engineering.

In addition to the above, other physical effects that are negligible at lower frequencies be-

Dr. Ghassan N. Jawad, Uni. of Baghdad Page 3 of 6



Microwave Engineering Lecture #1

come increasingly important at high frequencies. Two of these effects are the skin effect

and radiation losses. The skin effect is a function of frequency; the depth of penetration is
1

e

of the material. As the expression indicates, d, decreases with increasing frequency, and so

given by 0, = where p is the permeability, f is the frequency and o is the conductivity
the electromagnetic fields are confined to the regions increasingly near the surface as the
frequency increases. This results in the microwave currents flowing exclusively along the
surface of the conductor, significantly increasing the effective resistance (and thus the loss)
of metallic interconnections. Radiation loss also become increasingly important as the signal
wavelengths approach the component and interconnection dimensions. For conductors and
other components of comparable size to the signal wavelengths, standing waves caused by
reflection of the electromagnetic waves from the boundaries of the components can greatly
enhance the radiation of electromagnetic energy. These standing waves can be easily estab-
lished either intentionally (in the case of antennae and resonant structures) or unintentionally
(in the case of abrupt transitions, poor circuit layout, or other imperfections). Careful at-
tention to transmission line geometry, placement relative to other components, transmission
lines, and ground planes, as well as circuit packaging is essential for avoiding excessive signal
attenuation and unintended coupling due to radiation effects.

A Brief History of Microwave Engineering

The foundations of modern electromagnetic theory were formulated in 1873 by the Scottish
scientist James Clerk Maxwell. All of the practical applications of electromagnetic theory
owe their existence to the theoretical work of Maxwell.

During the 1880s, German scientist Heinrich Hertz has conducted experiments that proved
Maxwell’s theories. For the first time, Hertz has used operation frequencies around 500 MHz,
where the physical dimensions of the experimental apparatus were a significant fraction of
the wavelength.

In 1894, Guglielmo Marconi began experiments in Italy sending a signal using Morse code 1.
Later, Marconi received Nobel prize after successfully sending a message across the Atlantic
Ocean from England to USA in 1901.

In the beginning of the 1900s, most of the radio technology was in the high frequency
(HF) and very high frequency (VHF) range due to the lack of components working at the
microwave frequency range. However, in 1932, Robert Watson-Watt came up with the idea
of Radio Direction Finding (RDF) technique, which was later called RAdio Detection And
Ranging, or RADAR. During the 1940s, the development of radar for the use in the World
War II gave Microwave theory and technology substantial interest.

The successful record of radar systems WWII urged many scientist in the United States to
start researching in the field of microwave technology. This led to establishing the Radiation

'Morse code: Is a system of sending messages that uses long and short sounds or dots and dashes to
represent letters and numbers. The video here will show you the history of this system.
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Laboratory (or RadLab) at Massachusetts Institute of Technology (MIT). By the end of
the 1904s, scientist at Radlab were able to develop the radar technology by improving the
efficiency of the microwave sources.

During that period, Percy Spencer, one of the scientists at RadLab, noticed that a chocolate
bar in his pocket melted when he walked in front of a high-power microwave source. This
led to the invention of the microwave oven in 1949.

During the 1950s and the 1960s, communications systems using the microwave technology
began to be developed, benefiting from the work originally made for the radar systems. By
the 1970s, Computer-Aided design industry began to help engineers designing and optimizing
microwave passive and active circuits.

In 1975, Ray Pengelly proposed a new class of microwave circuits called the Microwave
Monolithic Integrated Circuits, or MMIC. This technology combines various semiconductor
and metallization layers on a single wafer of gallium arsenide or silocon to provide a circuit in
a very small area. This led to a huge reduction in the cost of microwave circuit fabrication,
and marked the beginning of the modern satellite and mobile communications revolution.

Applications of Microwave Engineering

The use of microwave frequencies is spurred by a number of advantages. One of the major
advantages is the reduced dimensions of the circuit components. Antennas, for example, can
be miniaturized when using higher frequencies since the antenna size is inversely proportional
to the frequency of operation. In addition, the speed of data transmission depends on the
frequency band employed. Hence, the use of higher frequencies allows one to increase the
channel capacity and thus to increase the data transmission rate.

Line-of-sight propagation is another advantage of microwave signals, which makes satellite
and terrestrial communication links with very high capacities possible, with frequency reuse
at minimally distant locations.

Microwave applications can be divided into five main sectors, as follows:

1. Communications: This includes satellite and mobile communications, Wireless Local
Area Networks (WLAN), Local Multipoint Distribution Systems (LMDS) and Multi-
point Multichannel Distributed System (MMDS).

2. Radar: Radar systems can be divided into two sectors: the first is dedicated for
Military applications, such as surveillance, navigation and guidance of weapons. The
second sector is used for civilian purposes. Such applications include air traffic control,
ship traffic control, remote sensing and weather forecasting.

3. Industrial: Microwave technology can be used for process control, monitoring, sensing
and food processing.
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4. Biomedical: Microwave imagining is used for investigation and diagnosis of different
types of diseases. Microwave hyperthermia is also used for cancer treatment.

5. Scientific: Microwaves are utilized in many scientific fields, such as radio astronomy
for space exploration, and for remotely monitoring water resources.
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1 A Review of Some Fundamentals

We will start this course by reviewing some fundamental concepts that have to be fully
understood before studying microwave electromagnetic analysis. These concepts include the
representation of waves with time and distance, and the representation of fields as vectors.

1.1 Representation of Waves

Let’s consider a sinusoidal wave traveling in the z-direction. A general equation for such a
wave 1s:

A(z,t) = Age” Y cos(wt — Bz + @) (1)

Here we let A(z,t) represent the value of the wave at some point (z) at a specific time ().
The amplitude, Age~**, is made up of the initial amplitude at z = 0 (Ap), and an exponential
term to account for attenuation of the wave as it propagates.
The phase inside the cosine argument consists of three parts: wt, where w is the angular
frequency (w = 27 f), with units of radians per second (rad/s); Bz, where [ is the phase
constant in radians per meter (rad/m); and a phase shift (¢).
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Figure 1: A plot of A(0,t) versus time at z =0
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Figure 2: A plot of A(0,t) versus time at z = 0 with ¢ = —45° compared to the same

function without phase shift.

Let’s assume that the phase shift (¢) is zero, we can look at the wave versus time when

z = 0. We have the equation:
A(0,t) = Agecos(wt — B x 0+ 0) = Agcos(wt) (2)

This wave is plotted in Figure (1). A characteristic of a sine or cosine wave is that it repeats
every 2m radians (or 360°). So, we have cos(wt) = 1 for wt = n x 27, where n = 0,1,2, ...
The period T is the time elapsed for one cycle, or wT' =1 x 27. Hence, we can see that:

27 1
T=—=- 3
- Q
Now, assuming a phase shift of ¢ = —45°, the new trace will lead the original one by 45°,

as shown in Figure (2). Now, let’s look at the wave versus position (z) when the time (¢)
is zero (which is called the pattern of the wave). Assuming a lossless medium (« = 0), we
have:

A(2,0) = Ape™*cos(w x 0 — Bz + 0) = Agcos(—fz) (4)

This wave is plotted in Figure (3). We again have the 27 radians per cycle, or cos(—fz) =
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Figure 3: A plot of A(z,0) versus distance (z) at t =0

=
©

A(z,0)
O
3
2
o
)

Figure 4: A plot of A(z,0) versus distance (z) at t =0

cos(Bz) = 1 when Bz = n x 27. One cycle is a wavelength long, or S\ = 1 x 27. This is
rearranged to give the relation between wavelength and phase constant!

2
== o)

Now, if we insert the attenuation to the expression in equation (4), we will get:
A(z,0) = Age”**cos(—Pz) (6)

As plotted in Figure (4), the amplitude is decreasing with increasing z. The rate of decrease
is given by the attenuation constant (), in nepers per meter (Np/m), where the neper is a
dimensionless unit.

Now, let’s consider a traveling wave, i.e., varying in both time and distance. Considering a
lossless medium (a = 0), Figure (5) shows the wave amplitude versus position at progressive

values of time using:

A(z,t) = A" cos(wt — B2) (7)

IThe reciprocal of the wavelength 1/ is the spatial frequency, and it is sometimes called the wavenumber.
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Figure 5: A plot of A(z,t) versus distance (z) at progressive times showing wave travel. The
dots indicate arbitrary phase points.

For each trace, a dot has been added representing a constant phase point on the wave. We
see that as time increases, this phase point is moving in the 4+z—direction, so we call this
+z traveling wave. The phase point moves like a surfer riding a wave. To find the velocity
of this phase point, let’s consider the phase:

wt—pz=P (8)

where P is an arbitrary constant representing a constant phase point such as the dots in
Figure (5). If we take the time derivative of both side of the above expression, we have:

0z

which can be rearranged as:
0z w
=== 10
Vp ot /6 f ( )
The phase velocity (or, the propagation velocity) of the wave is (v,). This is determined
by the permeability and permittivity of the medium, as will be shown later.

1.2 Vectors in the Cartesian Coordinate System

A scalar field represents the mapping of a scalar quantity as it varies with position. In
electromagnetics, we usually deal with vector quantities, which have both a magnitude and
a direction. For instance, at a point in space relative to earth, there is a gravity vector that
decreases in magnitude as you move further out into space, but it always points toward the
center of the earth. A wvector field can represent a mapping of these vectors in space.

Determining the precise location of a point in a three-dimensional space can be accomplish
using the Cartesian coordinate system. In this course, we will mostly work with the Cartesian
system. However, we might review other systems (such as cylindrical and spherical) when
they are needed. This system is a right-handed system of orthogonal coordinates axes: x,y
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and z. The term orthogonal means that each axis is mutually perpendicular to the other two.

These coordinates are right-handed because if the fingers of the right hand point in the z—

direction and are curled toward the y—direction, the thumb will point in the z—direction.

In general, a vector in the Cartesian coordi-
nate system is written as:

A= A,a, + Ayjay, + A,a,

(11)
Even though in most books, a vector is an-
notated in boldface letter (such as A). In
this course we will write it as a letter with a
bar (as in A).

The magnitude of this vector is found by ex-
tending the Pythagorean theorem to three
dimensions:

A=Al = /A2 + A2+ A2

(12)

y

=)

z

Figure 6: Cartesian coordinate system.

There are many operations that can be performed on a vector. The most important of these

operations are the follows:

e Divergence: The divergence is a dot product between the derivative operator (V)

and a vector, and it produces a scalar.

o, 0 0
VA= —A,+—A,+—A, 13
ox + oy Y + 0z (13)
e Gradient: The Gradient is an operation on a scalar that produces a vector.
oV A% oV
V=—ay+— —a, 14
\Y4 9 a dy a, + P a (14)

e Curl: It is a cross product between the differential operator (V) and a vector. This

operation produces a vector as well.

VX A=

ax ay, a,

0 o 0
% By 92 (15)
A, A, A,

e Laplacian: This operation is applied to a scalar and produces another scalar:

o*V. 9V 9V

2
V= 16
v 0x? * Oy? * 022 (16)
Laplacian can also be applied to a vector to produce another vector:

~ 9%A 0%2A A

2 _ €z y Z
VA = Wax ayz ay + 072 s A (17)
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2 Static Electric and Magnetic Fields

Microwaves are characterized by electric and magnetic fields which are, generally, perpen-
dicular to each other. We will first review the concepts of static electric and magnetic
fields. These fields are constant with time, which mean they don’t change in intensity or
direction over time.

2.1 Static Electric Field

Many ancient civilizations have recorded many observations on static electricity. around
600 BCE, the Greek philosopher Thales noted that amber (ke 45) after being rubbed on

silk (), could pick up pieces of straw (_al). This was one of the earliest documented

accounts of static electricity 2. In the late 18th century, the French engineer Charles Augustus
Coulomb found that the force between charges is proportional to the product of the two

charges, inversely proportional to the square of the distance between the charges, and acts

1

in a line containing them. The proportionality constant was found to be where ¢ is

4rmeq?
the free space permittivity = 8.85 x 107'2F/m. This Coulomb force is expressed by:
= Q102
F=——7 18
dmeg R, iz (18)

If we consider the charge @, to be a test charge, the electric field intensity, F, is defined
as the coulombs force due to a fixed charge (Q)1) on a unit test charge (Qs), or

F

E=— 19
Q 19)
Hence, electric field intensity due to a certain charge in the free space is expressed by:
_ Q _
EF=—— 20
4deg R? ar (20)

where @ is the value of the charge (in Coulombs), and R is the distance between the charge
and the testing point (in meters). Here, ag is a unit vector directed from the charge to the
testing point, which is the direction of the electric field intensity vector E. The units of the
electric field intensity are Volts per meters, or V/m.

Now, let’s consider the two metallic spheres shown in Figure (7). The inner sphere is charged
with a positive charge, and then it was placed inside a neutral (not charged) outer sphere
with about 2 cm of dielectric material between them. A negative charge will be induced on
the outer sphere with magnitude equal to the charge on the inside sphere regardless of the

2The term (Electric) originates from the Latin word (electricus), which means (like amber). Similarly,
the Arabic word (sb_45) comes from the same origin ((le 45).
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dielectric material that separates the two spheres. This relationship between the two spheres
that is independent on the medium is called the electric flux, or ¥, and it is measured in
Coulombs.

Let’s look again at Figure (7), at the surface
of the inner sphere, ¥ coulombs of electric

Metal Insulating or
flux are produced by the charge () coulombs  conducting dielectric
spheres - material

distributued uniformly over a surface having
an area of 4ra®. The density of the flux at
this surface is ¥ /4ma?. This is an important
quantity called the Electric flux density,
or D, and it is measured in coulombs per
square meters.

Now, if we have a single charge (@) in the

free space, the flux density at any point R Figure 7: Electric flux in the region betwen

meters away from the charge will be: two charged spheres.
= ——aj 21
inR2OR (21)
By comparing this expression to that in equation (20), we can conclude that:
D = EQE (22)

This relation between D and F is only valid in free space. For general media, as we will see
later, the relation becomes D = ¢E, where ¢ is the material’s permittivity.

The advantage of using electric flux density (D) rather than electric field intensity (E) is
that the former relates to the number of flux lines emanating from one set of charge and
terminating on the other, independent of the media.

We can conclude from the experiments with concentric spheres shown in Figure (7) that
the electric flux passing through any imaginary sphere between the two metallic spheres is
equal to the charge enclosed by the surface of that imaginary sphere. This concept can be
generalized by saying that the electric fluxz passing through any closed surface is equal to the
total charge enclosed by that surface. This is known as Gauss’s law. In mathematical form,
this law is written as:

¢ D.dS = Qene (23)

where the circle on the integral indicates the integration is performed over a closed surface.
Equation (23) is called the integral form of Gauss’s law. There is another form of this law,
which is the differential form, which uses the Divergence operation as follows:

V.D = p, (24)

Here, p, is the volume charge density in Coulomb per cubic meters, or C'/m?. Equation (24)
is the first of Maxwell’s four equations.
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2.2 Static Magnetic Field:

More than 4500 years ago, the Chinese discovered that certain types of iron could attract
each other and certain metals. Later, Greeks found similar materials near a city called Mag-
nesia, in what is present-day Turkey. Magnetism and electricity were considered distinct
phenomena until 1820, when the Danish physicist Hans Christian Orsted showed that a
current-carrying wire can produce magnetic field.

Static magnetic field can be produced by permanent magnets, steady electric currents and
time-varying electric currents. The field from a permanent magnet arises from quantum
mechanical electron spinning, which is outside the scope of this course. It is more important
to focus on the steady electric current as the origin of static magnetic fields. We will deal
with the time-varying current as a source of magnetic field in the next lecture.

After Oersted’s discovery that currents produce magnetic fields, Jean Baptiste Biot (1774-
1862) and Felix Savart (1791-1841) came up with a mathematical relation between the mag-
netic field intensity and the current:

_%hﬂxaR

47 R? (25)

where the integration § is for all the current elements (/dL), R is the distance between the
current element and the point of measurement, I is the current, dL is the length of the
current element. The cross product in equation (25) above indicates that the direction of
the magnetic field intensity (H) is normal to both the direction of the current (L) and the
unit vector directed to the wire (ar). The units of the magnetic field intensity are Ampere
per meter, or A/m.

For static electric fields, we found that Gauss’s law can be used to find the electric flux
density around an electric field source. A similar concept exists for the static magnetic field,
which is known as Ampere’s circuital law. This law states that the line integral of H about
any closed path is exactly equal to the direct current enclosed by that path, or:

fHdE:J (26)

Figure (8) shows a circular wire carrying a
direct current I, three line integrals of H ¢
about the closed paths lettered a and b re-

sult in an answer of I. However, the integral

about the closed path ¢ gives an answer less a
than [ since it passes through the conduc-
tor.

Ampere’s circuital law has another form,
which is called the point form or the curl 178
form:

Figure 8: A circular wire carrying a direct cur-

VxH=J (27)  rent with three line integrals.
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where J is the current density (current per unit area) and it is measured by Amperes per
square meters (A/m?). Unlike Gauss’s law, which uses the divergence operation and produces
a scalar (p,), Ampere’s law uses the curl operation and produces a vector J. Equation (27)
is another one of Maxwell’s equations when applied to static fields.

When applying a similar concept to the static electric field, the line integral of E about any
closed path is always equal to zero:

§ Bl =0 (28)
This equation is a generalized form of Kirchhoff’s voltage law, and it can also be written as:
VxE=0 (29)

This is another one of Maxwell’s equations for static electric field.
As it was sometimes more convenient to deal with electric flux (D) lines than with static
electric fields, it is also possible to work with magnetic flux density, or B when dealing with
static magnetic fields. The magnetic flux density is related to the magnetic field intensity in
free space by:

B = pol (30)
where pg is the free space permeability, given in units of henrys per meter (H/m), and equal
to 4m x 10~"H/m.

The units of B are webers per square meter, or Wb/m?.

A fundamental feature of magnetic fields that distinguishes them from electric fields is that

the field lines form closed loops. Figure (9) shows the magnetic field lines in a bar magnet,
where the lines are shown extending through the bar forming closed loops. This is quite
different from electric field lines, which start on positive charge and termninate on negative
charge.

From this characteristic of magnetic fields,

it is easy to see that the net magnetic flux

passing through a Gaussian surface (a closed o
surface as sbown in Figure (9)) must be zero. e //’:’d

What goes into the surface must come back ( N s

out. Thus we have Gauss’s law for static T
|
/

magnetic field:
fédgzo (31)

Another form of this law is written in terms ga;ssian
ace
of a divergence operation as follows: ;
V.B=0 (32) Figure 9: Magnetic field lines form closed

which is another one of Maxwell’s equations. loops, so the net flux through a Gaussian sur-
face is zero.
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3 Maxwell’s Equations for Static Fields

Now we can present all the four of Maxwell’s equations for static fields in differential (or
point) form:

V.D = p,, (33)
V x E=0, (34)
VxH=/J, (35)

V.B=0 (36)

In the next lecture, we will explore the same set of equations for dynamic fields, i.e., when
the fields are changing with time.The similarities and differences between the two sets of
equations will also be discussed.

End of Lecture #2
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1 Dynamic Electric and Magnetic Fields

We have so far assumed no time variation in our electric and magnetic fields. This was
done to build a sense of comfort in working with vectors and coordinate systems to get a
first understanding of Maxwell’s equations. Now we turn our attention to the dynamic case,
where electric and magnetic fields do change with time.

1.1 Faraday’s Law

Following Oersted’s discovery, Michael Faraday thought that if a current in a wire can
produce a magnetic field, then perhaps a magnetic field can produce a current in a wire.
However, he observed later that current can only be induced in a circuit if the magnetic flux
linking the circuit changed with time.

Figure (1a) shows a conductive loop in a plane normal to a magnetic field that increases with
time. Since the magnetic flux through the area bounded by the loop is changing, a current
I;nq is induced in the loop as indicated by the ammeter. Note the direction of the induced
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(a) (b)

Figure 1: An increasing magnetic field out of the page induces a current in (a) or an emf in

(b).

current. The flux produced by the induced current acts to oppose the change in flux. This
statement is called Lenz’s law.

By taking the ammeter out of the loop in Figure (1la), the current induced in the loop
establishes a potential difference across the terminal known as the electromotive force. This

electromotive force, V¢ (or just emf), is related to the change of flux linking a circuit by
Faraday’s law:

d
Vs = 22 (1

The negative sign in the equation is a consequence of Lenz’s law. If we consider a single
loop, Faraday’s law can be written as:

dé  d [ -
Vg = =1 = —a/B.dS 2)

Generating emf requires a time-varying magnetic flux linking the circuit. This occurs if the
magnetic field changes with time (called transformer emf, or if the surface containing the
flux changes with time (called motional emf).

The emf is measured around the closed path enclosing the area through which the flux is
passing, and it can also be written as:

Vinj = ]{ E.dL (3)

This is a big contrast with the static field case, where § F.dL = 0. Using equation (3), we
can rewrite Faraday’s law as:

o d .

Vg = y{E.dL - —a/B.ds (4)
In this equation, the direction of the circulation integral is related to the differential surface
vector direction via right hand rule. For instance, in Figure (1b) we choose dS pointing into
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the page, and so the path for teh circulation integral is in the same direction as that assumed
for the induced current, then a V,,,; with the shown polarity will result.
If the field is varying with time and the surface stays constant, we can pull the time derivative
in equation (4) inside the integral in the right side as follows:
OB
Vo = = [ 58 5

Equation (4) can be written in another form as:

_ OB
VxE——E (6)

this is called the point form of Faraday’s law, and it is one of Maxwell’s equations for dynamic
fields.

1.2 Displacement Current

Recall Ampere’s law from the last lecture:
VxH=J, (7)

Here, the ¢ subscript in J, has been added to the current density term to identify it as the
conduction current density, which is related to the electric field by Ohm’s law:

J.=ocF (8)

The current is a result of the drift of charge carriers in response to electric field. In a vacuum
where 0 = 0, J, = 0.

For dynamic fields, Maxwell’s has found out that an additional term should be added to
Ampere’s circuital law in (7) as:

Vxﬁ:jc+jd (9)

The additional term, called displacement current density, is the rate of change of the electric
flux density:

_ 0D
Jg=— 10
=5 (10)
Thus, ampere’s law for dynamic fields can be written as:
_ _ 0D
VxH=J.+— 11
X + ot (11)

Although the displacement current density doesn’t represent current in the conventional
sense of charge flow, it does allow a time-varying electric field to be an additional source of
magnetic field.
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2 Maxwell’s Equations

After his inclusion of displacement current in Ampere’s circuital law, Maxwell was able to
unify all of the theories of electricity and magnetism into one concise set of formulas known
as Mazwell’s equations. Table (1) illustrates all these equations alongside the constitutive
relations for material media.

Table 1: Maxwell’s equations in point form

Maxwell’s Equation Expression (point form)

Gauss’s Law VD =p,
Gauss’s Lavxf for Magnetic VE—0
Field
F— 98
Faraday’s Law VX E=—%

Ampere’s Circuital Law Ea
D=c¢cFE
Constitutive relations B=uH
J.=0FE

where € = €&, and ¢, is the relative permittivity of the medium. Similarly, u = pop,-, where
[y is the relative permittivity of the medium?.

2.1 Maxwell’s Equations in Phasor Form

A general time-harmonic field is a function of position (z,y,z) and time (¢) and can be
written in instantaneous form as follows:

E(x,y,2,t) = E(x,y, z)cos(wt + ) (12)
Now, using Euler’s identity: ¢/’ = cosf) + jsinf), we can also write this as:

E(z,y,2,t) = Re [E(:v,y, z)ej(w“”z’)} (13)
This can be reorganized and written as:

E(z,y,2,t) = Re {E‘(a:,y, z)ejwtejﬂ (14)
where the phasor form of the field is:

E = E(z,y,2)e’? (15)

'Both ¢, and p, are unitless quantities.
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where the time dependence term e/*? is omitted for brevity.

For the rest of this course, we will write all the fields in phasor form, assuming them
to have ¢/“! time dependency. However, we might need to include the time dependency in
some cases and convert the fields back to the instantaneous form using the aforementioned
relations.

Jwt

Knowing that %e is jw, we can write Maxwell’s equations in phasor form, as illustrated

in Table (2).

Table 2: Maxwell’s equations in phasor form

Maxwell’s Equation Expression (point form)

V.D = p,
Gauss’s Law
Gauss’s Law for Magnetic V.B=0
Field
V x E=—jwB

Faraday’s Law

Ampere’s Circuital Law VxH=J.+jwD

3 Plane Waves

In free space, the constitutive parameters are 0 = 0, u. = 1 and &, = 1, so Ampere’s circuital
law and Faraday’s law equations become:

V x H = jweyE (16)
V x E = —jwuH (17)

If we consider that at some point in such space, there is a source of time-varying electric field,
then by Ampere’s circuital law we know that a magnetic field is induced in the surrounding
region. As this magnetic field is also changing with time, by Faraday’s law it in turn induces
an electric field. Energy is passed back and forth between E and H fields as they radiate away
from the source point at the speed of light. These fields constitute waves of electromagnetic
energy radiating away from the source point.

The waves radiate spherically, but at a remote distance away from the source they resemble
uniform plane wave, as depicted in Figure (2). In a uniform plane wave, the £ and H are
orthogonal (or transverse), to the direction of propagation.

The magnitude and phase of the field vectors in a uniform plane wave is equal at every point
on the wavefront, a plane transverse to the direction of propagation.
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Uniform plane
wave

N

\\ Spherical wave

front

Radiating point source

Figure 2: At a remote distance away from a point source, the waves appear to be planar.

3.1 General Wave Equation

Here, we will use Maxwell’s equations to derive formulas governing electromagnetic wave
propagation. We'll consider that the medium is free of any charge, or:

V.D=0 (18)

Then, Maxwell’s equations can be written as:

V x H=0FE+ jwek (19)
V x E = —jwuH (20)
V.E=0 (21)
V.H=0 (22)

To begin, let’s take the curl of both sides of Faraday’s law in equation (47):

VX (VxE)=Vx(—jwuH) = —jwu(V x H) (23)

Exchanging Ampere’s circuital law equivalence for the curl of H in equation (19) gives us:
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V x (VX E)=—jwu(cE + jweE) = —jwucE + w?ueE (24)

We can now manipulate the left side of the equation by invoking a vector identity, relating

the curl of a curl of any vector field (A) to a divergence and a Laplacian of the field as:

VxVxA=V.A-VA (25)
So applying the above identity to equation (24), we now have:

V.E—-V?E = —jwucE + W uck (26)

Because our medium is charge-free, the divergence of E is zero (V.E = 0), and equation
(26) becomes:

V?E = jupcE — w*uekl (27)
This is the Helmholtz wave equation for E. A similar expression can be found for H as
follows:

V?H = jwpcH — w?ueH (28)

Helmholtz equation is usually written in the form:

V?E —7*E =0 (29)

where 7 is the propagation constant, defined as:

v =/ jwp(o + jwe) (30)

Since the square root of a complex number is itself complex, ~ is equal to a real part (the
attenuation, «, in nepers per meter) and an imaginary part (the phase constant, or 3, in
radians per meter). So we have:

= \an(o ¥ 7%) = a + 8 &

For magnetic field we have:

V2H —~+*H =0 (32)

To make use of Helmhotz equations, let’s consider an x— polarized plane wave traveling in
the z—direction. Our electric field can be expressed by:

E =E,a, (33)

Since the uniform plane wave do not change in the transverse direction (i.e., the direction
transverse to the direction of propagation, which is in this case the x — y plane), the electric
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field in equation (33) is a function of z only. The Laplacian of £ becomes a straightforward
second derivative with respect to z, and Helmholtz equation for E becomes:

A*E,
dz?
This is a second-order, linear, homogeneous differential equation. A possible solution for this

—vE, =0 (34)

equation is:

E, = Ae™ (35)

where A and \ are arbitrary constants. It is then easy to show that:

dQEx 2 Az
and equation (35) becomes:
M AeM — 424 =0 (37)
or
M-~ =0 (38)
This is easily factored as:
A+7NA=7)=0 (39)

The first solution of this equation is A\ = —, which gives:

E, = Ae™* (40)

To examine this solution in its instantaneous form we substitute a + j/ for ~, multiply by
e?“t apply Euler’s identity, and take the real part to find:

Eu(z,t) = Ae”**cos(wt — Bz) (41)

We can substitute for A the more informative constant Eg, which represents the electric
field amplitude of the +z traveling wave at z = 0. Reinserting the vector and position and
time dependencies, equation (41) becomes:

E(z,t) = Ef e **cos(wt — B2)a, (42)

Hence for this first solution of equation (39) we have a wave propagating and attenuating in
the +z direction with an amplitude Ej at z = 0.

If we had chosen the second solution of equation (39), A = ++, we would have come to the
solution:
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Tz = E(;€+7Z (43)
or

E(z,t) = Ey e cos(wt + B2)a, (44)

This represents a wave propagating and attenuating in the —z direction with an amplitude
E, at z = 0. The general solution for F, is the linear superposition of the two solutions:

E = (Efe ™ + Eyet")a, (45)

and then the general instantaneous solution is:

& = Ef e “cos(wt — B2)a, + Ey e cos(wt — f2)a, (46)

The magnetic field can be found by applying Faraday’s law.

V x E=—jwuH (47)

to equation (45). Evaluating the curl for E we have:

VxE= (—nyO*e*'YZ + vEO*e”Z) ay (48)

Dividing equation (48) by —jwu we can solve for H:

_ Ef Ey
H= (7 0 e77% — 7.06”2) a, (49)
Jwp Jwp
this can be expressed as:
H = (Hfe "+ Hyet")a, (50)

Comparing equations (45) and (50), we can find a relationship between Ej and H; (and
Ey and Hy). Let’s define the intrinsic impedance 1 of the medium as being the ratio of Ej
and Hy , that is:

Ey  jwp

0 Y
Since the units of Ef and Hy are volt per meter and amperes per meter, respectively, we
see that the units of 7 are ohms. Inserting the expression for v from equation (30), we find:

JWh
o+ jwe

Further inspection of (45) and (50) reveals that

n= (52)
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n=——= (53)

The intrinsic impedance is a useful parameter for relating the electric and magnetic field
amplitudes. Like the propagation constant, it is calculated from the operating frequency
(w=27f) and the medium’s constitutive parameters (o, ¢ and p).

End of Lecture #3
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1 Rectangular Waveguides

One of the early milestones in microwave engineering was the development of waveguide and
other transmission lines of low-loss transmission of microwave power.

A rectangular waveguide is a hollow metallic tube with a rectangular cross section. The
conducting walls of the guide confine the electromagnetic fields and thereby guide the elec-
tromagnetic waves. When the waves travel longitudinally down the guide, the plane waves
are reflected from wall to wall. This process results in a component of either electric or
magnetic field in the direction of propagation of the resultant wave; therefore the wave is no
longer a transverse electromagnetic (TEM) wave.

It is possible to propagate several modes of electromagnetic waves within a waveguide. These
modes correspond to solutions of Maxwell’s equations for particular waveguides. A given
waveguide has a definite cutoff frequency for each allowed mode. If the frequency of the
impressed signal is above the cutoff frequency for a given mode, the electromagnetic en-
ergy can be transmitted through the guide for that particular mode without attenuation.
Otherwise the electromagnetic energy with a frequency below the cutoff frequency for that
particular mode will be attenuated to a negligible value in a relatively short distance. The
dominant mode in a particular waveguide is the mode having the lowest cutoff frequency. 1t
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is advisable to choose the dimensions of a guide in such a way that, for a given input signal,
only the energy of the dominant mode can be transmitted through the guide.

1.1 Solution of Wave Equation in Rectangular Coordinates

A rectangular (cartesian) coordinate system is shown in Figure (1), where a metallic tube
with a rectangular cross section is filled with a material of constitutive parameters € and p.
As explained earlier, the electric and mag-
netic wave equations can be written as:

V2E = 12E (1)

V2H = 2H 2)

where v = \/jwpu(o + jwe) = a+ jf. These

are called the vector wave equations.

Rectangular coordinates are the usual right-

hand system. The rectangular components 0

of E or H satisfy the complex scalar wave '
Figure 1: Rectangular coordinates.

Vi =%y 3)

The scalar wave equation can be written in rectangular coordinates as:

0%y 0% 0% 9
= 4
8x2+8y2+822 7Y (4)

equation:

This is a linear and inhomogeneous partial differential equation in three dimensions. By the
method of separation of variables, the solution is assumed in the form of:

= X(2)Y(y)Z(2) (5)

where X (z) = a function of the x coordinates only, Y (y) = a function of the y coordinates
only, and Z(z) = a function of the z coordinates only.
Substitution of equation (5) in equation (4) and division of the resultant by equation (5)
yields:
1 d*’X 14 1d*Z 9
S =y (6
XdX? YdYy? ZdzZ?
Since the sum of the three terms on the left hand side is a constant and each term is
independently variable, it follows that each term must be equal to a constant.
Let the three terms be k2, k; and k2, respectively; then the separation equation is given by:

—ky — ky — k2 =1 (7)
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The general solution of each differential equation in (6) is:

d*X

— = kX

X e ®)

d’Y 5

d*Z

— =—klZ 10

2 i (10)

will be in the form of:

X = A sin(kyz) + B cos(k,x) (11)
Y = C sin(kyy) + D cos(kyy) (12)
Z = E sin(k,z) + F cos(k,z) (13)

The total solution of the scalar wave equation in rectangular coordinates is:
Y = [A sin(ky,x) + B cos(kyx)] [C sin(kyy) + D cos(kyy)| [E sin(k.z) + F cos(k.z)] (14)

The propagation of the wave in the guide is conventionally assumed in the positive z direction.
It should be noted that the propagation constant «, in the guide differs from the intrinsic
propagation constant « of the dielectric, and it is assumed to be equal to —k,. Hence:

Vo= k4 =7+ k (15)

where k. = \/kZ + k; is usually called the cutoff wavenumber. For a lossless dielectric,

7v? = —w?pe. Then:
vy = £/ wiue — k? (16)
There are three cases for the propagation constant v, in the waveguide.
e Case I. There will be no wave propagation (evanescene) in the guide if w?ue = k2

and vy, = 0. This is the critical condition for cutoff propagation. The cutoff frequency
is expressed as:

fe k2 + k2 (17)

1
- 2m e
e Case II. The wave will be attenuated if w?pe < k? and:
_ _ fe
Vg = o, = Fw\/ue 7)) 1 (18)

This means that if the operating frequency is below the cutoff frequency, the wave
will decay exponentially with respect to a factor of —ay2z and there will be no wave
propagation because the propagation constant is real quantity.
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e Case III. The wave will be propagating in the guide if w?pue > k2 and:

2
vy = £jBy = jw/peq |1 — (%) (19)

This means that the operating frequency must be above the cutoff frequency in order
for a wave to propagate in the guide. Therefore the solution to the Helmholtz equation
in Cartesian coordinates is given by:

Y = [Asin(kyz) + Beos(k,x)] [Csin(k,y) + Dcos(k,y)] e 7P (20)

1.2 TE Modes in Rectangular Waveguides

It has been previously assumed that the waves are propagating in the positive z—direction
in the waveguide, where the considered coordinates are shown in Figure (1).

The TE, modes in a rectangular waveguide are characterized by F, = 0. In other words,
the z—component of the magnetic field, H,, must exist in order to have energy transmission
in the guide. Consequently, from a given Helmholtz equation,

V2H, = +*H, (21)

a solution is in the form of:

) + B,,cos (m;rxﬂ X [C’nsm (%) + D, cos (%)] e~z (22)

will be determined in accordance with the given boundary conditions, where k, = mn/a

mmnx

H, = [Amsm< "

and k, = nm/b are replaced. For a lossless dielectric, and assuming e/** time dependence,
Maxwell’s curl equations are:

V x E=—jwuH (23)

V x H = jweE (24)
In Cartesian coordinates, their components are:

0. _ 0F,

oy s —jwpkH, (25)
O 0% junH, (26)
- G = —deul. @7)
S~ o = JweE (28)
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0H, O0H, |
5 O = jwekE, (29)
0H, O0OH, .
_8xy ~ By = jwek, (30)

With the substitution 0/0z = —jf, and E, = 0, the foregoing equations are simplified to:

BoEy = —wpH, (31)
BoEy = wpH, (32)
o a;;w — —jupd. (33)
5y +iHy = jweE (34)
—jBgH, — % = jwekE, (35)
% — aa—h;” =0 (36)

Solving these six equations for E,, E,, H,, and H, will give the TE-mode field equations in
rectangular waveguides as:

Be=—%, (37)
_ JwpOH,

y kg or (38)

E,=0 (39)
_ —jB, OH.

He = k? Oz (40)
_]ﬁg a1T_Iz

=== 41

H, = equation (22) (42)

where k? has been replaced by w?ue — 53.
Differentiating equation (22) with respect to x and z and then substituting the results in
equations (37) through (41) yield a set of field equations. The boundary conditions are
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applied to the newly found field in such a manner that either the tangent E field or the
normal H field vanishes at the surface of the conductor. Since E, = 0, then 9H,/Jy = 0 at
y =0, b. Hence C,, = 0. Since E, =0, then 0H,/0x =0 at = 0, a. Hence A,, = 0.

It is generally concluded that the normal derivative of H, must vanish at the conducting
surfaces-that is,

OH,
=0 43
o (43)
at the guide walls. Therefore the magnetic field in the positive z—direction is given by:
H, = Hy,cos (m7r;1:> cos (%) e IBe% (44)
a

where Hy, is the amplitude constant.
Substituting equation (44) into equations (37) through (41) yields the TE,,, field equations
in rectangular waveguides as:

E, = Ey,cos (m7r£> sin <@> e IPaz (45)
a b

E, = Ey,sin (@) cos <@> e IPoz (46)
a b
E. =0 (47)

H, = Hy,sin (mmc> cos <@> e Ihaz (48)
a b

Hy = Hoycos (“- ) sin ("—Zy) e80% (49)
a

where m =0, 1, 2, ... n=0, 1, 2, ..., and m = n = 0 case is excepted.

For TE, it can be seen from the above equations that £, is the only electric field component
available in the waveguide. From equation (46), E, can be plotted as shown in Figure (2-a).
As for the magnetic field, both H, and H, are available for this mode, as shown in Figure
(2-b) and Figure (3).

The cutoff wavenumber k., as defined by equation (15) for the TE,,, modes, is given by:

= Y () =i o

where a and b are in meters. The cutoff frequency, as defined in equation (17) for the TE,,
1 /m2  n?
.= — 4+ = 51
J 2 /e N a? + b2 (51)
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Figure 2: Tangential components of (a) electric and (b) magnetic fields distribution for TE;g mode
across the waveguide
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Figure 3: Magnetic field distribution for TE;y mode along the waveguide

The propagation constant (or the phase constant here) f,, as defined in equation (16) is
expressed by:

By = w /|1 (f7) (2

The phase velocity in the positive z—direction for the TE,,,, modes is shown as:
w Vp

Vg=— = ———— (53)
B NI=(F])?
where v, = 1/,/pi€ is the phase velocity in an unbounded dielectric.
The characteristic wave impedance of TE,,, modes in the guide can be derived from equations
(31) and (32):

E, E
Z:_:__y—%——n (54)

COH,  Heo By J1=(f/f)
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where n = /p/e is the intrinsic impedance in an unbounded dielectric. The wavelength A,
in the guide for the TE,,, modes is given by:

A

S A —
V1_<fc/f)2

where A = v,/ f is the wavelength in an unbounded dielectric.

(55)

Since the cutoff frequency shown in equation (51) is a function of the modes and guide di-
mensions, the physical size of the waveguide will determine the propagation of the mode.
Whenever two or more modes have the same cutoff frequency, they are said to be degen-
erate modes. In a rectangular guide the corresponding TE,,, and TM,,, modes are always
degenerate. In a square guide the TE,,,, TE,,, TM,,, and TM,,, modes form a foursome of
degeneracy. Rectangular guides ordinarily have dimensions of a = 2b ratio. The mode with
the lowest cutoff frequency in particular guide is called the dominant mode. The dominant
mode in a rectangular guide with a > b is the TE;y mode. Each mode has a specific mode
pattern (or field pattern).

It is normal for all modes to exist simultaneously in a given waveguide. The situation is not
very serious, however. Actually, only the dominant mode propagates, and the higher modes
near the sources or discontinuities decay very fast.

End of Lecture #4
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1 Examples about Rectangular Waveguides

Example 1:

An air-filled rectangular waveguide of inside dimensions 7 x 3.5 cm operates in the dominant
TE;o mode as shown in Figure (1). (a) Find the cutoff frequency.

(b) Determine the phase velocity of the wave in the guide at a frequency of 3.5 GHz.

(c) Determine the guided wavelength at the same frequency.

Solution:
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solution (continued)
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Example 2:

Consider a length of Teflon-filled (¢, = 2.08) rectangular waveguide, having dimensions
a = 1.07 cm and b = 0.43 cm. Find the cutoff frequencies of the first five propagating
modes. If the operating frequency is 15 GHz, and the peak electric field E,y is 1000 V/m,
find the average power transmitted through the waveguide.

Solution:
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Example 3:

An air-filled waveguide with a cross section 2 x 1 ¢cm transports energy in the TE;y mode at
the rate of 373 Watt. The impressed frequency is 30 GHz. What is the peak value of the
electric field occurring in the waveguide?

Solution:
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Example 4:

An attenuator can be made using a section of waveguide operating below cutoff, as shown in
Figure (2). If a = 2.286 cm and the operating frequency is 12 GH z, determine the required
length of the below-cutoff section of waveguide to achieve an attenuation of 100 dB between
the input and output guides. Ignore the effect of reflections at the step discontinuities.

Solution:
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solution (continued)

End of Lecture #5-A
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