Information theory and coding

In the context of communications, information theory deals with

mathematical modeling and analysis of a communication system rather than
with physical sources and physical channels. In particular, it provides

answers to two fundamental questions (among others):

1. What is the irreducible complexity, below which a signal cannot be

compressed?

2 What is the ultimate transmission rate for reliable communication over a

noisy channel?

The answers to these two questions lie in the entropy of a source and the

capacity of a channel, respectively:

I. Entropy is defined in terms of the probabilistic behavior of a source of

information; it is-SoEmred=in-deference-t

_theumodynamies.
2
2. Capacity is defined as the intrinsic ability of a channel to convey

information; it is naturally related to the noise characteristics of the channel.

A remarkable result that emerges from information theory is that if the
entropy of the source is less than the capacity of the channel, then, ideally,
error-free communication over the channel can be achieved. It is, therefore,
fitting that we begin our study of information theory by discussing the

relationships among uncertainty, information, and entropy.

On the other hand, coding theory is mainly concerned with explicit methods

for efficient and reliable data transmission or storage, which can be roughly




divided into data compression and error control techniques. Of the two, the
former attempts to compress the data from a source in order to transmit or
store them more efficiently. The latter adds extra data bits to make the

transmission of data more robust to channel disturbance.

Model and basic operations of information processing system

Communication system can be regarded as an example of information
processing systems. The detailed functional blocks of the transmitter and the

receiver of a digital communication system is represented in the figure and

the description is as follows:

1. Source encoder-decoder
2. Channel encoder decoder

3. Modulator-demodulator
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The information source may be many things; for example, text, music, or

video are all information sources in daily life.

The source encoder transforms the source output into a digital sequence. It

removes redundant information from the message signal, and is responsible




for the efficient use of the channel. The resulting sequence of symbols is

called the source codeword.

The source codeword which is sent as data stream is processed next by the

channel encoder, which produces a new sequence of symbols called the

channel codeword. Channel codeword is longer than the source codeword

because the redundancy bits are built into this channel codeword.

Discrete symbols are not suitable for transmission over a physical channel.
The modulator represents each symbol of the channel codeword by
corresponding analog symbols, appropriately selected from a finite set of
possible analog symbols. The sequence of analog symbols produced by the
modulator called a waveform. This is suitable for transmission over the

channel.

Typical transmission channels include telephone lines, high frequency radio

links, microwave links, satellite links, and so on.

The information conveyed through the channel must be recovered at the
destination and processed to restore its original form. The signal processing
performed by the receiver can be viewed as the inverse of the function
performed by the encoder. The output of the decoder is then presented to the
final user which is called the information sink. The physical channel usually
produces a received signal which differs from the original input signal. This
is because of signal distortion and noise introduced by the channel.
Consequently, the receiver can only produce an estimate of the original

information message.
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Source coding

10.7 SOURCE CODING

A conversion of the output of a DMS into a sequence of binary symbols (binary code word) is
called source coding. The device that performs this conversion is called the source encoder (Fig. 10-6).

x1=001

Discrete Source

memoryless P encoder —m— X2:Oll m:4

source !

sequence | x3=1001 13
x4=11 |4

An objective of source coding is to minimize the average bit rate required for representation of the
source by reducing the redundancy of the information source.

A. Code Length and Code Efficiency: \

Let X be a DMS with fi entropy H(X) and an alphabet {xi,...,x,,} with corresponding
probabilities of occurrence P(x;)(i = 1,...,m). Let the binary code word assigned to symbol x; by
the encoder have length n;, measured in bits. The length of a code word is the number of binary digits
in the code word. The average code word length L, per source symbol is given by

L= ip(x,-)ni (10.49)

i=1

The parameter L represents the average number of bits per source symbol used in the source coding
process.
The code efficiency n is defined as
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Lmin
L

where L, is the minimum possible value of L. When 5 approaches unity, the code is said to be

efficient.
The code redundancy v is defined as

10.50)

n=

y=1-y (10.51)

B. Source Coding Theorem:

The source coding theorem states that for a DMS X with entropy H(X), the average code word
length L per symbol is bounded as

L=HX) (10.52)
and further, L can be made as close to H(X) as desired for some suitably chosen code.
Thus, with L;, = H(X), the code efficiency can be rewritten as
_HX)

T (10.53)

C. Classification of Codes:

Classification of codes is best illustrated by an example. Consider Table 10-1 where a source of
size 4 has been encoded in binary codes with symbol 0 and 1.

ix-free
\[/ Table10-1 Binary c.,{i?; \l/ prefix-f

X; Code 1 Code 2 Code 3 Code 4 Code 5 Code 6

x 00 0 0 0 1

% \J/ 01 0t 1 10 ot 01

X 10 00 110 011 001

X4 1l 11 11 111 o111 0001
| 1. Fixed-Length Codes: | code 1, code?

A fixed-length code is one whose code word length is fixed. Code 1 and code 2 of Table 10-1 are
fixed-length codes with length 2.

2. Variable-Length Codes: |
| : . code3,4,5,6
A variable-length code is one who! fixed. All codes of Table 10-1 except

codes 1 and 2 are variable-length codes.

| 3. Distinct Codes: |

A code is distinct if each code word is distinguishable from other code words. All codes of Table
10-1 except code 1 are distinct codes—notice the codes for x; and x;.

| 4. Prefix-Free Codes: |

A code in which no code word can be formed by adding code symbols to another code word is
called a prefix-free code. Thus, in a prefix-free code no code word is a prefix of another. Codes 2, 4,
and 6 of Table 10-1 are prefix-free codes.
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00 x3
5| Uniquely Decodable Codes: 11 x4

A distinct code is uniquely decodable if the original source sequence can be reconstructed perfectly
from the encoded binary sequence. Note that code 3 of Table 10-1 is not a uniquely decodable code.
For example, the binary sequence 1001 may correspond to the source sequences x;x3x; or XpX1X1X;.
A sufficient condition to ensure that a code is uniquely decodable is that no code word is a prefix of

another. Thus, the prefix-free codes 2, 4, and 6 are uniquely decodable codes. Note that the prefix-free
condition is not a necessary condition for unique decodability. For example, code 5 of Table 10-1 does
not satisfy the prefix-free condition, and yet it is uniquely decodable since the bit 0 indicates the
beginning of each code word of the code.

6. Instantaneous Codes:

A uniquely decodable code is called an instantaneous code if the end of any code word is
recognizable without examining subsequent code symbols. The instantaneous codes have the property
previously mentioned that no code word is a prefix of another code word. For this reason, prefix-free
codes are sometimes called instantaneous codes.

7. Optimal Codes:

A code is said to be optimal if it is instantaneous and has minimum average length L for a given
source with a given probability assignment for the source symbols.

10.8 ENTROPY CODING

The design of a variable-length code such that its average code word length approaches the
entropy of the DMS is often referred to as entropy coding. In this section we present two examples of
entropy coding.

A. Shannon-Fano Coding:

An efficient code can be obtained by the following simple procedure, known as

Shannon-Fano algorithm:

1. List the source symbols in order of decreasing probability.

2. Partition the set into two sets that are as close to equiprobable as possible, and assign 0 to the
upper set and 1 to the lower set.
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3. Continue this process, each time partitioning the sets with as nearly equal probabilities as possible
until further partitioning is not possible.

An example of Shannon-Fano encoding is shown in Table 10-2. Note that in Shannon-Fano
encoding the ambiguity may arise in the choice of approximately equiprobable sets. (See Prob.
10.33))

0.3+0.25=

0.55

Table 10-2 Shannon-Fano Encoding

\ ; P(x;) Step 1 Step 2 Step 3 Step 4 Code 5

~~0.30 @ 0 00
x| Ne2s 1 01

+0.08
+0.05
=0.45

0.25+0.12

< X 0.20 0 10
Xa 0.12 1 0 110
X5 0.08 1 1 0 1110
Xe 0.05 1 1 1 1111

H(X) = 2.36b/symbol
L =2.38b/symbol
n=HX)/L=099

B. Huffman Encoding:

In general, Huffman encoding results in an optimum code. Thus, it is the code that has the highest
efficiency (Prob. 10.34). The Huffman encoding procedure is as follows:

1. List the source symbols in order of decreasing probability.

2. Combine the probabilities of the two symbols having the lowest probabilities, and reorder
the resultant probabilities; this step is called reduction 1. The same procedure is repeated until
there are two ordered probabilities remaining.

3. Start encoding with the last reduction, which consists of exactly two ordered probabilities. Assign
0 as the first digit in the code words for all the source symbols associated with the first probability;
assign 1 to the second probability.

4. Now go back and assign 0 and 1 to the second digit for the two probabilities that were combined
in the previous reduction step, retaining all assignments made in Step 3.

5. Keep regressing this way until the first column is reached.

An example of Huffman encoding is shown in Table 10-3.
H(X) = 2.36b/symbol
L =2.38b/symbol
n=0.99
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ENTROPY CODING

[CHAP. 10

10.32. A DMS X has four symbols x;, xy, x3, and x; with P(x)) =}, P(x;) = §, and P(x;) = P(x,) = L.
Construct a Shannon-Fano code for X; show that this code has the optimum property that

n; = I(x;) and that the code efficiency is 100 percent,

The Shannon-Fano code is constructed as follows (see Table 10-7):

Table 10-7
X; P(x;) Step 1 Step 2 Step 3 Code
X % 0 0
X L 1 0 10
X3 3 1 1 0 110
55 1 1 1 1 11
1 1
I(xl):—10g2§= 1=mn I(x2)=—10g22=2=112

1 1
I(x;) = ~log, @ 3=ny I(xg)=-log, 7= 3=mny

d i 1 1
HX)= _ZP(x,-)I(x;) = 5(1) + Z(Z) +§(3) + %(3) =175

=]

4 1 1 1 1
L=) Pxn=-()+-2)+-(3)+3)=L75
; AL GEA L
r]:—H;—X)z 1 =100%

10.33. A DMS X has five equally likely symbols.

(@) Construct a Shannon-Fano code for X, and calculate the efficiency of the code.

(b) Construct another Shannon-Fano code and compare the results.
(¢) Repeat for the Huffman code and compare the results.

(a) A Shannon-Fano code [by choosing two approximately equiprobable (0.4 versus 0.6) sets] is

constructed as follows (see Table 10-8):

Table 10-8
X; P(x) Step 1 Step 2 Step 3 Code
X 0.2 0 0 00
X, 0.2 0 l 01
X3 0.2 1 0 10
Xq 0.2 1 I 0 110
X5 0.2 1 1 1 111
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5
HX) == P(x;) logy P(x;) = 5(-0.2 log; 0.2) = 2.32

i=1

5
L=> PG =022+2+2+3+3)=24

i=l

The efficiency 7 is

_HX)_232_ oo
n= R 0.967 = 96.7%

(h) Another Shannon-Fano code [by choosing another two approximately equiprobable (0.6 versus 0.4)
sets] is constructed as follows (see Table 10-9):

Table 10-9
X; P(x;) Step 1 Step 2 Step 3 Code
X 0.2 0 0 00
X3 0.2 0 1 0 010
X3 0.2 0 1 1 011
Xy 0.2 1 0 10
s 0.2 I 1 11

5
L=Y Pxn=02Q+3+3+2+2) =24

i=1

Since the average code word length is the same as that for the code of part (a), the efficiency is the same.
(¢) The Huffman code is constructed as follows (see Table 10-10):

5
L=3 POn;=022+3+3+2+2)=24

Since the average code word length is the same as that for the Shannon-Fano code, the efficiency is also

the same.
Table 10-10
x; P(x;) Code
01 1
X 02 04 Y | g 0
000 01 00
X 0.2 0.2 0.4 —\J[ 0.4 —
001
% 02 02 LD 0.2
10 o
Xy 02— 0.2
001
x5 0.2 -
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